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THE CONVERGENCE THEOREMS FOR THE
McSHANE-STIELTJES INTEGRAL

JU HAN YOON AND BYunGg Moo KiMm

ABSTRACT. In this paper, we define the uniformly sequence for the vector valued
McSane-Stieltjes integrable functions and prove the dominated convergence theorem
for the McShane-Stieltjes integrable functions .

1. Introduction and Preliminaries

It is well known that the Riemann-Stieltjes integral is not adequate for advanced
mathematics, since there are many functions that are not Riemann-Stieltjes inte-
grable, and since the integral does not possess sufficiently strong convergence theo-
rems. In the late 1960’s, McShane [8] proved that the Lebesque integral is indeed
equivalent to a modified version of the Henstock integral (cf. Henstock [5]). Yoon,
Eun and Lee [9] defined the McShane-Stieltjes integral for real-valued function which
is the generalization of the McShane integral and investigated some properties of this
integral. Gordon [3| generalized the definition of the McShane integral for real-valued
functions to functions taking values in Banach spaces and investigated some of its
properties. Many authors have studied McShane integral (cf. [3], [4]).

In this paper, we define the uniformly sequence for the Banach-valued McShane-
Stieltjes integrable functions and prove the dominated convergence theorem for the
McShane-Stieltjes integrable functions. Throughout this paper, X is a Banach space
and we always assume that « is an increasing function on [a,b] unless otherwise
stated. We begin with some definitions.

Definition 1.1. Let §(-) be a positive function defined on the interval [a,b]. A free
tagged interval (z,[c,d]) consists of an interval [c,d] C [a,b] and a point = € [a,b].
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The free tagged interval (z, [c,d]) is subordinate to § if
le,d] C (z - &(z),z + 6()).

The letter P will be used to denote finite collections of non-overlapping free
tagged intervals. Let P = {(z;, [ci,di] : 1 <4 < n} be such a collection in [a,b]. We
adopt the following terminology.

(1) The points {z; : 1 < i < n} are the tags of P and the intervals {[c;,d;] : 1 <
i < n} are the intervals of P.

(2) If (i, [ci, di]) is subordinate to § for each 7, then P is subordinate to 4.

(3) If P is subordinate to § and {a,b] = J;_,[ci,di] , then P is a free tagged
partition of [a, b] that is subordinate to 4.

Let P = {(zi,[ci,di]) : 1 < 4 < n} be a finite collection of non-overlapping free
tagged intervals in [a,b], let f : [a,b] — R, and let a be an increasing function on

[a,b]. We will use the following notations:

FP) =) fmi)(di — ;)
i=1

and
n

FEP) =D f@i)(el(ds) — a(e)).

i=1
Definition 1.2. The function f : {a,b] — X is the McShane integrable on {a,b]
if there exists a vector z in X with the following property:

For each € > 0 there exists a positive function d on [a, b] such that
| f(P) — z|| < € whenever P is subordinate to § on [a, b].
The function f is McShane integrable on a measurable set E C [a, b] if the function
fxg is McShane integrable on [a, b].

Definition 1.3. The function f : [a,b] = X is the McShane-Stieltjes integrable
function with respect to a if for each € > 0 there exists a positive function § on [a, b]
such that | f*(P) — z |< € whenever P = {(t;,[ai,b;]) : 1 <3 < n} is a McShane
partition of [a,b] that is subordinate to §. In this case, we write z = f: fda.
A function f : [a,b] = X is McShane-Stieltjes integrable with respect to « on a
measurable set E C [a,b] if fx, is McShane-Stieltjes integrable with respect to «
on [a,b].
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2. The Convergence Theorems for the McShane-Stieltjes Integral

We now mention Henstock’s Lemma for real-valued McShane integrable functions.
For the proof, see Gordon [4].

Lemma 2.1 (Saks Henstock Lemma). Let f : [a,b] & R be McShane integrable on
[a,b]. Let F(z) = [7 f for each z € [a,b], and let € > 0. Suppose that & is a positive
function on [a, b} such that | f(P) — F(P) |< € whenever P is a free tagged partition
of [a,b] that is subordinate to §. If Py = {(i,[ci,di]) : 1 < i < n} is subordinate to
8, then

Z\fwl &) — (F(ds) - F(eo))| < 2.

We state a weak version of Saks-Henstock Lemma which holds for the real-valued
McShane-Stieltjes integrable functions, whose proof is identical to the real-valued
McShane-integrable function case (See [4, Theorem 3.7}).

Lemma 2.2 (Weak Saks-Henstock Lemma). Let f : [a,b] — R be McShane-Stieltjes
integrable on [a, b] with respect to a. Let F*(z) = [ fda for each z € [a,b], and let
e > 0. Suppose that f is a positive function on [a,b] such that | f*(P)—F*(P)|<e¢
whenever P is a free tagged partition of [a,b] that is subordinate to 4.

If Po = {(zi, [ci,di]) : 1 < i < n} is any collection of non-overlapping free tagged
intervals that is subordinate to 8, then

Z‘f z:)( - a(e;)) = (F*(b) — F*(a))| < 2e.

We define the uniform McShane-Stieltjes integrability for a sequence of McShane-
Stieltjes integrable functions.

Definition 2.3. Let a be an increasing function on [a, b] and let {f,,} be a sequence
of vector-valued McShane-Stieltjes integrable functions on [a, b] with respect to a.
The sequence {f,} is uniformly McShane-Stieltjes integrable functions on [a, b] with
respect to a if for each € > 0, there exists a positive function § defined on [a, b] such
that || f2(P f fndal| < € for all n whenever P is a free tagged partition of [a, b]
that is subordmate to d.

Theorm 2.4. Let {f,} be a sequence of vector-valued McShane-Stieltjes integrable
functions defined on [a,b] and suppose that {fn,} converses pointwise to f on [a,b].
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If {fn} is uniformly McShane-Stieltjes integrable on [a,b] with respect to a, then f
is McShane-Stieltjes integrable on [a,b] with respect to a and

b b
/ fda = lim / fnda.
a n—oo a

Proof. Let a be an increasing function on [a, b]. Since {f,} is uniformly McShane-
Stieltjes integrable on [a,b] with respect to a, there exists a free tagged partition
Py of [a, b] such that | f2(Py)— [, : fnda |< € for all n. Since {f,} converges pointwise
to f on [a,b], for a free tagged partition Py = {(zi, (¢i,d;)) 14 =1,---, k}

1£2(Po) = £(Po ||—||an (2:)(ald:) - ale: zfm z:)(ald:) - o(c))|
<Z fa(x:) = frn(z:)
k

= (a(b) - a(a)) )

i=0

(a(b) - afa))

Fa(®:) = fm(2i))|-

For each z;, there exists s positive integer K;(z;) such that
|f(@) - fa@)l < 7 foralln,m > K.
Set N = max{K;:1<¢<k}. Then
12 (Po) = fm(Po)ll < & for allm,n > N.

There exists a positive integer N such that || fZ(Po) — f&(Po)|| < € for all m,n > N.

Then
b
da — / fmdaH
b a

do — £2(Po)|| + 1£2(Po) - £

3P0~ [ fmda

< 3e

for all m,n > N. It follows that { i) : fnda} is a Cauchy sequence in Banach space X.

Let L = limp 0 : fda. We need to show that | : fda = L. Hence, it is sufficient
to show that [ : fda = L. Let € > 0. By hypothesis, there exists a positive function
§ on [a,b] such that || f(P) ~ [ : fade|| < € for all n whenever P is a free tagged
partition of [a, b] that is subordinate to 4. Since {f,} converges pointwise to f, there
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exists k > N such that || f*(P) — f#(P)|| < . Hence

/ fkda

It follows that f is McShane-Stieltjes integrable on [a b] with respect to a and
f fda = lim,, o f fr da. O

IF%(P) = LIl < If*(P) = fi(

Now, we will prove the Dominated Convergence Theorem for McShane-Stieltjes
integrable functions.

Theorm 2.5 (Dominated Convergence Theorem). Let o be an increasing func-
tion on [a,b]. Let {fn} be a sequence of vector-valued McShane-Stieltjes integrable
functions on [a,b] with respect to a and suppose that {f,} converges pointwise
to f on [a,b]. Let FX(z) = [ fanda. If there exists a real-valued McShane-
Stieltjes integrable function g on [a,b] such that ||fa|| < g for all n and if {F}
is a Cauchy sequence in X, then f is McShane-Stieltjes integrable on [a,b] and
[P fda =limuseo [0 foder.

Proof. Let € > 0, and G*(z) = [’ gda. Then G is absolutely continuous on [a, b},
and there exists > 0 such that

|3 - e <
i=1

whenever {[c;,d;] : 1 < ¢ < k} is a finite collection of non-overlapping intervals in
[a, b] that satisfy Zle(di —¢;) < n. By Egoroff’s Theorem, there exists an open set
O with the Lebesgue measure u(0) < i such that {f,} convergence uniformly to f
on [a,b] — O. Choose a positive integer N such that

l /abfnda_/abfmda ” <e and | fo(z) = fm(z)] <€

for all m,n > N and for all z € [a,b] — O. Let §, be a positive function on [a, b]
such that

|g°‘(7’)—/ab9da| <e and “f,?(P)—/abfndaH <e

for 1 < n < N whenever P is a free tagged partition of [a,b] that is subordinate
to §g. Define a positive function § on [a, b] by

_ ) 44(=), ifz € [a,b] —
o(@) = {min{ég(w),p(w,Oc)}, ifzeO
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where p(z,0°) = inf{|z — y| : y € O°}. Suppose that P is a free tagged partition
of [a,b] that is subordinate to § and fix n > N. Let P; be the subset of P that
had tags in [a,b] — O and let P2 = P — P;. Using the weak Saks-Henstock lemma
(Lemma 2.2) and p(P2) < §

[f2(P) = FRPI < 1£2(Pr) = RPN+ 1 f2 (P2) — fFR(P2)Il
< e(ad) — ala)) + g%(P2)

< e(a(b) - ala)) + |g%(P2) — G*(P2)| + |G*(P2)]

e(a(db) —ala)) + 2 +¢

(o (a) +3).

J/\

e(a(b) — a(a

Hence,

- [ e

b
$2P) = [ fwda
<ela(d) —ala)+2)+e+e.

—/abedaH+H/abeda——/abfnda“

Hence {fp} is uniformly McShane-Stieltjes integrable on {a,b] with respect to .
By Theorem 2.4, f is McShane-Stieltjes integrable on [a,b] with respect to o and

[P fda = limp o0 f° fda. O
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