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ISOMORPHISMS OF CERTAIN TRIDIAGONAL ALGEBRAS

TAEG YoOUNG CHOI AND SI Ju KM

ABSTRACT. We will characterize isomorphisms from the adjoint of a certain tridiag-
onal algebra AlgL2, onto AlgLan. In this paper the followings are proved:

A map @ : (Alglan)* — AlgLa, is an isomorphism if and only if there exists
an operator S in AlgL2, with all diagonal entries are 1 and an invertible backward
diagonal operator B such that ®(A) = SBAB~15-1.

1. Introduction

The study of self-adjoint operator algebras on Hilbert space is well established,
with a long history including some of the strongest mathematicians of the twentieth
century. By contrast, non-self-adjoint algebras, particularly reflexive algebras, are
only beginning to be studied; the seminar paper of Arveson [1] in 1974 represents
the beginning of widespread interest in reflexive algebras. Of particular interest
to mathematicians are reflexive algebras with commutative lattices of invariant
subspaces. The tridiagonal algebra is one of the most important classes of non-self-
adjoint reflexive algebras. These algebras possess many surprising properties. Jo
[6] investigates the isometries of tridiagonal algebras. Choi [2,7] characterizes the
isomorphisms of these tridiagonal algebras and another tridiagonal algebras AlgLay,.

In this paper, We will investigate the isomorphisms from the adjoint algebra of
AlgLs, onto the algebra AlgLs,.

First we will introduce the terminologies which are used in this paper. Let H be
a complex Hilbert space and let A be a subalgebra of B(#), the class of all bounded
operators acting on H. A is called a self-adjoint algebra provided A* is in A for
every A in A, otherwise, A is called a non-self-adjoint algebra.
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If £ is a lattice of orthogonal projections acting on H, then AlgL denotes the
algebra of all bounded operators acting on H that leave invariant every orthogonal
projection in £. A subspace lattice £ is a strongly closed lattice of orthogonal
projections acting on H, containing 0 and 1. Dually, if A is a subalgebra of B(#H),
then LatA is the lattice of all orthogonal projections invariant for each operator
in A. An algebra A is reflexive if A = AlgLatA and a lattice £ is reflexive if
L = LatAlgL. A lattice £ is commutative if each pair of projections in £ commutes.
If £ is a commutative subspace lattice, then AlgL is called a CSL-algebra.

Let £; and £, be commutative subspace lattices. By an isomorphism & :
AlgLy — AlgL, we mean a strictly algebraic isomorphism, that is, a bijective, lin-
ear, multiplicative map. An isomorphism & : AlgL; — AlgL; is said to be spatially
implemented if there is a bounded invertible operator T' such that ®(A) = TAT !
for all A in AlgLy. If 1, z2, - -+, T, are vectors in some Hilbert space, we denote
by [z1, Z2, - - -, Zn] the closed subspace spanned by the vectors 1, z2, - -+, Zn. Let ¢
and j be positive integers. Then E;; is the matrix whose (i, j)-component is 1 and
all other entries are zero. An n X n matrix J,, is said to be the backward identity
matrix if the (4,n — % + 1)-component is 1 for all ¢ = 1,2,---,n and all other entries
are zero.

Let H be 2n-dimensional complex Hilbert space with an orthonormal basis
{e1,e2, - -+, €an} and let Aj, be the tridiagonal algebras discovered by Gilfeather
and Larson: that is, A, = AlgL, where £ is the subspace lattice of orthogonal
projections generated by {[e1], [es], - - -, [e2n—1], [€1, €2, €3], [e3, €4, €5, - -, [€2n_3,
€2n_2, €an—1], |€1,€2n-1, €2n] }. The isomorphisms of Az, need not be spatially
implemented. In [2], it was investigated that the necessary and sufficient condition
that isomorphisms of Aj, are spatially implemented. Let L3, be the subspace lat-
tice of orthogonal projections generated by {[e1], [es], - -, [ean—1], [e1, €2, €3], [es,
e4, es), **+, [€an—3, €2n—2, €2n-1), [€2n—1, €2x] }. Then AlgLo, is the tridiagonal
algebra consisting of all bounded operators, acting on #, that are of the form

*
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where all non-starred entries are zero and with an orthonormal basis {e;, ez, -,
ean}. Of course, AlgLs, is a non-self-adjoint reflexive CSL-algebra. Jo and Choi
[7] have proved that the isomorphisms of AlgL,, are spatially implemented.

In this paper, we will prove that the isomorphisms from the adjoint algebra of
AlgLo, onto AlgLy, are spatially implemented and we will find the implemented
matrix T of these isomorphisms.

2. Isomorphisms from (AlgL,,)* onto AlgLl,,

Before we investigate the general isomorphisms @ : (AlgLa,)* — AlgLay,, we will
consider special isomorphisms p : (AlgLan)* — (AlgLan)* satisfying p(Ei;) = Ey

fori=1,2,---,2n.

Theorem 2.1. Let p : (AlgLlon)* — (AlgLon)* be an isomorphism defined by
p(Eis) = Ej; fori=1,2,---,2n. Then there exist 2n — 1 nonzero complez numbers
Y2i,2i—1 for i =1,2,---,n and 25,2541 for j =1,2,---,n — 1 such that

p(B2i2i-1) = Y2i,2i~1B2i2i-1 for all i=1,2,---,n; and

P(E2j254+1) = Y25.2i+1E2j,2j41 for all j=1,2,---,n— 1.
PTOOf. Since EZi,2i—1 = E2i,2iE2i,2i—1E2i-—1,2i—1, for all 1 = 1, 2, ce, N, We have

p(E2i2i-1) = p(E2i2iE2i2i-1F2i-1,2i-1) = E2:2:p(E2i2i—1)E2i—1,2i-1.

Hence p(E2i,2i—1) = 72i,2i—1F2i 2i—1 for some nonzero complex number Y2i,2i—1 for
alli=1,2,---,n.

In exactly the same way, we show that p(Eg;254+1) = 725,2j+1FE2j,2j+1 for some
nonzero complex number 7;;2541 forall j =1,2,---;n—1. O

Theorem 2.2. A map p : (AlgLy,)* — (AlgLay)* is an isomorphism such that
p(Ei) = Ey; for i =1,2,---,2n if and only if there exists an invertible diagonal
operator D such that p(A) = DAD™! for all A in (AlgLs,)*
Proof. Suppose that p : (AlgLon)* — (AlgLan)* is an isomorphism such that p(E;;)
= Ey; for all ¢ = 1,2,--+,2n. By Theorem 2.1, there exist 2n — 1 nonzero complex
numbers -y;; for all 4, j(i # j) with E;; in (AlgLsy,)* such that

p(E2i,2i—1) = ")’21’,2,;_1E2,',2i_1 for all 1= 1,2, R [ and

P(E2j2j+1) = 125,2j+1F25,2j41 forall j =1,2,-- - n — 1.
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Let D = [d;;] be the invertible diagonal operator, where

dip = 1,
daz = Y21,
i-1 i-1
-1
dpi—12i-1 = | | Vak2k-1(] ] 72r.2641) 7%, and
k=1 k=1

1 i—1
-1
daizi = [ [ vak.26-1(J ] vori2ns1)
k=1 k=1

for all i = 2, ---,n. Then p(A) = DAD™ for all A in (AlgLs,)*. O

From now on we will prove that the isomorphism & : (AlgLs,)* — AlgLs, is spa-
tially implemented and we will find implemented matrix T of these isomorphisms.

Theorem 2.3 [5]. Let L1 and Lo be commutative subspace lattices on Hilbert spaces
Hi and Ha, respectively, and suppose that ® . AlgL; — AlgLs is an algebraic
isomorphism. Let M be a mazimal abelian self-adjoint subalgebra (masa) contained
in AlgL,. Then there exists o bounded invertible operator Y : Hi — Ho and an
automorphism p: AlgLy — AlgL; such that

(i) p(M)= M for all M in M, and
(i) ®(A) =Y p(A)Y ! for all A in AlgL,.

Theorem 2.4. Let @ : (AlgLan)* — AlgLa, be an isomorphism. Then there exists
an invertible operator T such that ®(A) = TAT ! for all A in (AlgLa2,)*.

Proof. Since (AlgLap)* N AlgLs, is a masa of (AlgLs,)* and since E;; is in
(AlgLon)* N AlgLo, for all i = 1,2,---,2n, by Theorem 2.3 there exists an invert-
ible operator Y in B(H) and an isomorphism p : (AlgLq,)* — (AlgLs,)* satisfying
p(Ei;) = Ey; for all § = 1,2, -+,2n such that ®(A) = Yp(A)Y ~1. By Theorem 2.2,
there exists an invertible diagonal operator D such that p(A) = DAD~!. Hence

®(A) =Yp(A)Y ' =YDAD 'YL

Let T = Y D. Then ®(A4) = TAT! for all A in (AlgLs,)*. O
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Theorem 2.5. Let ® : (AlgLsy,)* — AlgLa, be an isomorphism. Then, for each
i(1<i< ),
®(E;;) = E11 — a12E12  for some complex number ai2,
®(Ey) = Eog—1,2k-1 + Qok—1,2k—2F0k 1,262 + 2k 1,2k Bok—1,2k
for some complex numbers azg_1 2k—2 and agk—1,2k (2 < k < n),
®(Eii) = Eog 2k + 02k-1,28Eok—1,26 + 02k+1,2k Bak 41,2k
for some complex numbers agk_1,2k and cgxt12k (1 <k <n—1), or
®(Ei;) = Eonon + Q2n—1,2nFon-1,2n for some complez number ogn_1,2n.
Proof. Let ®(E;;) = [apq] be in AlgLy,. Then
[apq]2 = (I’(Eii)2 = ‘I’(Ei) = ®(Eii) = [opq)-
Hence opp, = 1 or 0 for all p = 1,2,---,2n. Since app = 0 for all p = 1,2,---,2n
implies [apq]? = [apq] = 0, we have apy, = 1 for some p=1,2,---,2n. If agq # 0 for
some ¢ such that ¢ # p and 1 < ¢ < 2n, then the (p, p)-component and the (q, g)-
component of ®(E;;) are 1. So there exists j(j # 7,1 < j < 2n) such that one of the
(p, p)-component or the (g, ¢)-component of ®(E;;) is 1. Hence 0 = ®(E;;E;;) =
®(E;;)®(E;;) # 0 which contradicts. Thus ap, = 1 for one and only one p.

If agk—1,2k—1 = 1 for some £ =1,2,---,n, then
n n-1
®(E;;) = Eop—1,2k—1 + Z aoj_1,2F2j 1,25 + Z 241,25 E2j41,25-

Since ®(FE;;) = ®(Ei;)?, we have
®(E;ji) = E11 — 0a2Fq2, or
®(E;;) = Eop—1,2k-1 + 02k—1,2k~2F0k—1,2k—2 + @2k 1,2k Fok—1,2k

for some k = 2,3,---,n.

If cgp 2k = 1 for some k =1,2,---,n, then

n n—1
®(Ei;) = Eokor + E aoj_1,2;E2j_12; + E Q2j41,2j E2j41,25.
=1 =1 ‘

Since ®(E;;) = ®(E;;)?, we have
®(E;;) = Eok ok + 02k—1,26Fok—1,2k + Q2k+1,2k F2k+1,2%
for some k=1,2,---,n—1, or

®(Eii) = Fonon + on—12nF2n-12,. O
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Theorem 2.6. Let & : (AlgLs,)* — AlgLa, be an isomorphism.
(1) If the (2k — 1,2k — 1)-component of ®(E;;) is 1, then i is an even number.
(2) If the (2k,2k)-component of ®(E;;) is 1, then i is an odd number.

Proof. (1) Suppose the (2k — 1,2k — 1)-component of ®(E;;) is 1. Then

®(E;ji) = Evi + ana B, or
®(F;i) = Fog—1,2k-1 + 0ok—1,2k—2F2k 1,262 + Q21,26 B2k 1,2k,
for some k=2,3,---,n.

Suppose 7 is an odd number, say i = 2l — 1. Let ®(Eqy; 2;—1) = [Apq] be in AlgLo,.
If (p(Eii) = F11 + a12F2, then

®(Eg01-1) = ®(Eo1,20)®(EFa1,21-1)®(E21-1,21-1)
= ®(Fa1,21)(M1E11 + An1a12E12).

Since ®(Eq 21-1) # 0, the (1,1)-cemponent of ®(Ey;,9;) is 1. It is a contradiction
to the (1,1)-component of ®(FEqg;_12—1) is 1. Hence 7 is an even number. If

®(E;;) = Eok—1,2k-1 + 02k—1,2k-2F0k—1,2k—2 + Q21,26 B2k 1,2k

for some k = 2,3,---,n, then

O(Eg121-1) = P(Fau,21)2(Fa1,21-1)P(Far-1,21-1)
= ®(Eq1,21)(A2k—1,26—1F2k—~1,2k~1 + A2k—1,2k—1Q2k—1,2k—2F2k—1,2k—2

+ Aok—1,2k—102k—1,2k Eok—1,2k)-

Since ®(Eq221-1) # 0, the (2k — 1,2k — 1)-component of ®(Ey ) is 1. It is a
contradiction because the (2k — 1,2k — 1)-component of ®(Eg;_1,21—1) is 1. Hence
1 is an even number.

(2) In exactly the same way, we can show that ¢ is an odd number. 0O

Theorem 2.7. Let ® : (Alglan)* — AlgLy, be an isomorphism. Suppose that
the (p,p)-component of ®(E;) is 1 and the (q,q)-component of ®(E;;) is 1. If
|t — 7] =1, then |p—gq| = 1.

Proof. Suppose that p = 1. Then ®(E;;) = E11 + a12E12 for some complex number
o12. By Theorem 2.6, ¢ is an even number, say ¢ = 2[. Let j =i+ 1 =2/ 41 and
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®(E;;) = ®(Far,2141) = [Apg)- Then

®(E;;) = ®(Ea2141) _
= ®(Eq,21)®(Fa1,2141)®(EFai41,2141)
= (M1 E11 + (M2 + @12222) B12) ®(Eai41,2141)-

Since ®(E;;) = ®(Ea21+1) # 0,
B(Eoi41,2141) = ®(Ej;) = Eog + B12E12 + B32E32

for some complex numbers (312 and SB32. Hence ¢ = 2 and hence |p — q| = 1.
Let j =i—1=2l—1and ®(E;;) = ®(Ea,21-1) = [Apg]- Then
‘I’(Eij) = (I)(EZI,ZZ—I)
= O(E2,21)®(Eo,21-1)®(Foi-1,21-1)
= (A11F11 + (A2 + a12222) B12) ®(E2i_1,21-1)-
Since ®(E;;) = ®(Fa,2141) # 0,

®(Eg—1,21-1) = B(Ej;) = Ea2 + B12E12 + P32 E32

for some complex numbers (312 and (32. Hence ¢ = 2 and hence |p — ¢| = 1.
Suppose that p = 2k — 1 for some & (2 < k < n). Then

O(E;;) = Eok—1,2k-1 + 02k—1,2k—2F0k—12k—2 + Q2k—1,26 B2k —1,2k

for some complex numbers agi_1 2k-2 and ask-12¢. By Theorem 2.6, 7 is an even
number, say ¢ = 2I.
Let j =4+ 1=2+1and ®(E;;) = ®(Fau+1) = [Apq]- Then

®(Ei;) = ®(Ea,2041)
= ®(Eo1,21)®(Ea1,2141)®(E2141,2141)

= (82k—1,2k—1F2k—-1,2k—-1 + O2k—1,2k—2F0k—1,2k—2 + O2k—1,26 Eok—1,2k)

X ®(Egr41,2141),

where O2p—1,26—1 = A2k—1,2k—1, 02k—1,2k—2 = O2k—1,2k—2A2k—2,2k—2 T A2k—1,2k—2
and dok—1,2k = A2k—1,2k + O2k—1,2k A2k, 2k
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Since ®(Ea;2141) # 0,
@(Eai11,2141) = Eok—2.2k—2 + Bok—32k—2F2k 3282 + Bak—1,2k—2F2k 1,252, OT
&(Fory1,2141) = Eog ok + Bok—1,2kF2k—1 2k + Bok+1,2k Eok+1,2k
for some complex numbers J;;. Hence ¢ = 2k — 2 or 2k and hence |p — ¢| = 1.

Let j=i—1=2l-1and ®(E;;) = ®(Eg,2-1) = [Apg]. Then

®(E;;) = ®(Ea,2i-1)
= ®(E2,21)®(E21,21-1)P(Fa1-1,21-1)
= (02k—1,2k—1F2k—1,2k—1 + O2k—1,26—2F2k—1,2k—2 + G2k —1,2k 2k —1,2k)

X ®(Eor—1,21-1),

where Ook—1,2k—1 = A2k—1,2k—1,02k~1,2k-2 = Q2k—12k—2A2k—2,2k—2 + A2k—1,2k—2
and fzx—1,2k = A2k—1,2k + O2k—1,2k A2k, 2k-
Since (I)(E2l,2l—1) # 0,
O (Eoi—1,2i-1) = Eok—2,2k—2 + Pok-3,2k-2F2k-3,2k -2 + Bok—1,2k—2Eok_1,2k—2, O
D (Egi-1,21-1) = Eog 2k + Pok-1,26F2k—1,2k + Bor+1,26F2k+1,2k

for some complex numbers 3;;. Hence ¢ = 2k —2 or 2k and hence |p—¢| = 1. In ex-

actly the same way, we can prove this theorem in case p =2k for k =1,2,---,n. O

Theorem 2.8. Let @ : (AlgLan)* — AlgLa, be an isomorphism.
(1) If
®(E2i—1,2i-1) = Far2k + Bor—1,2tEok—1,2k + B2kt1,2kEoky1,2k, and
O (Eyi 2 = Fok_1,2k-1 + Q2k—1,2k—2F2k—1,2k—2 + @2x_1 2 B2k 1,2k,

then there exists a nonzero complex number yar_1,2r Such that
®(FE2i 2i—1) = Y2k—1,2kEok—1,2k and Bar—_1,2k = —02k_1,2k-

2 I

O (E2i 2i) = Eok_1,2k-1 + 02k—1,2k—2F2k—1,2k—2 + 2k —1,2k F2r—1,2k, and
S (F2it1,2i+1) = Eok—22k—2 + Bok—3,26—2F2k-3,2k—2 + Bor—1,2k—2F2k—1,2k—2,

then there exists a nonzero complex number yor—1,2k—2 such that

D(E2;i2i+1) = Yok—1,2k—2F02k—1,2k—2 and Bog_12k-2 = —Q2r—1,2k~2-
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Proof. (1) Let ®(Eq; 2i-1) = [Apq] in AlgLsp. Then
®(E2i2i-1) = ®(E2i,2:)2(E2i 2i-1)P(E2i1,2i-1)
= (Eok—1,2k—1 + @2k—1,2k—2F2k—1,26~2 + 0212k Eok—1,2k ) [Apq)
X (Bak,2k + Bok—1,2kEak—1,2k + Bok+1,2k EBok+1,2k)
= (Aok—1,2k—1826—-1,2k + A2k—1,2% + Q21,26 A2k 2k ) Eor— 1,2k
So ®(F2i2i-1) = Y2k—1,2k B2k—1,2k for some nonzero complex number ~y2x—1 2.
Let A = Eo;_12i—1+ F2i2i—1+ E2; 2. Then A% = Ep; 12,1+ 2F3; 9;—1+ E2; ;-
Hence
®(A) = ®(E2i-1,2i-1 + E2i 21 + E2i 2:)
= ®(B2i-1,2i-1) + ®(E2i,2i-1) + ©(E2,2:)
= (Bak2k + Bok-1,2kE2k-1,2k + Bok+1,26Bok+1,2k) + (v2k—-1,2k B2k —1,28)
+ (Bok-1,26—1 + @2k —1,2k—2F2k 1,262 + Qor—1,2k Bok—1,2k)
= aok—1,2k~2F0k—1,2k—2 + Bak—1,26~1 + (Bok—1,2k + Yor—1,2k
+ cok—1,2k) Eok—-1,2k + Eok,2k + Pok+1,2k B2k+1,2k
and hence
®(A)? = agk—1,26—2F2k—1,26—2 + Eok—1,26-1
+ 2(Bor—1,2% + Y2k—1,2k + 02k—1,2k) Eok—1,2k + Fok 2k + Pok+1,2k Bok+1,2k-
While
B(A%) = ®(Eai—1,2i-1 + 2E2i2i—1 + E2; 2:)
= ®(Eai—1,2i-1) + 2P(F2; 2i-1) + P(F2i 2:)
= (Bak,2k + Bak-1,26F2k—1,26 + Bor+1,26 E2k1,2k) + 27¥26—1,26 Eok—1,2k
+ (E2k-1,26-1 + 02k~1,2k—2B2k-1,26—2 + Q2p—1,2k B2k —1,2k)
= agk-1,2k—2F2k-1,2k—2 + Fok—1,2k-1
+ (B2k-1,26 + 2726~1,26 + Q21,20 ) Fok—1,2% + Fak,26 + Bor+1,26 Bokt1,2k-
Since ®(A4)? = ®(A?), we have
2(Bak-1,2k + Vok—1,2k + 02k—1,2k) = Bak—1,2k + 2V2k—1,2k + C2k—1,2k-

Hence Box 1,26 + azk—1,2¢ = 0 and hence Box_1,25 = —C2x—1,2-
In the same way, we can show that (2) holds. O
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Theorem 2.9. Let & : (AlgLq2,)* — AlgLs, be an isomorphism. Then there exist

2n—1 nonzero complex numbers Yax—1,2k, Y2k+1,2k fork =1,2,- -, n—1 and yan—1,2n
and 2n — 1 complex numbers ask—1,2k, 02k+1,2k for k=1,2,---,n—1 and azn_1,2n
such that

®(E11) = Eanan — Qan-12nFon—1,20}
®(Eok-1,2k-1) = Eant2-2k,2n4+2-2k — Q2nt1-2k,2n+2-2kEon1-2k,2n+2-2k
— Q2n43-2k,2n+2—2kEont3—2k,2n+2-2k for K=2,3,---,m;
®(Eak2k) = Font1-2k,2n+1-2k + Q2nt1-2k 2n—2kEoni1-2k,2n—2k
+ Qgnt1-2k,2n+2-2kEont1-2k,2nt2-2k for k=1,2,---,n -1,
®(Eon2n) = E11 + a12E12;
®(E2k,2k—1) = Yon+1-2k,2n+2-2kBont1-2k 2n42-2k for k=1,2,---,n; and

D (E2k 2k+1) = Yon+1-2k,2n—2kFony1-2k2n—2k for k=1,2,---,n— 1.

Proof. Suppose ® : (AlgLs,)* = AlgLo, is an isomorphism. By Theorems 2.5 and
2.6, the (21, 2l)-component of ®(F11) is 1 for some [(1 <1 < n). If I # n, then there

exist complex numbers ag;—1,9; and agiy1,21 such that
D(E11) = Eg o + agi—1,21B-1,21 + a2141,20 B2141, 21
By Theorem 2.7,

®(B2) = Egi—1,21-1 + ag—1,21-2F0-1,21-2 + o211, 21E291 1,21, or

®(F22) = Ey1,2141 + a21,20Bo41,21 + o211 21422141 2042

Suppose the (2! — 1,20 — 1)-component of $(FE2) is 1. Then by Theorem 2.7, the
(21 — j + 1,20 — j + 1)-component of ®(E;;) is 1 for all j = 1,2,---,2l. Hence the
(1, 1)-component of ®(Ey;,2) is 1.

By Theorem 2.7, the (2,2)-component of ®(E2;4+1,2141) is 1. It is a contradiction.
Hence the (2] — 1,2l — 1)-component of ®(FE22) is not 1.

Similarly,. the (21 + 1,2l + 1)-component of ®(E;2) is not 1. Hence | = n and

hence ®(E11) = Eapn 2n + Bon-1,2nE2n-1,2n for some complex number B2, _1,2n-
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From Theorems 2.7 and 2.8, we have

®(E11) = Eanon — 02n—1,2nEon—12n;
®(Eok,2k) = Eonti1-2k,2n+1-2k + Q2ni1-2k,2n—2kFont1-2k,2n—2k
+ 02nt1-2k,2n+2—2kEont1-2k,2n4+2—2k for k =1,2,---,n — 1;
®(Eok—1,2k-1) = Eonto-_2k,2n+2-2k — @2nt1-2k,2n+2-2kBont1-2k 2nt2-2k
— Q2n4+3-2k,2n+2—2k Bony3—2k 2n42-2k for k = 2,3, -, n;
®(Eon2n) = E11 + 12E12

for some complex numbers aox—1,2k, @2k+1,2k for k=1,2,--,n —1 and agn_1,2n.
By Theorem 2.8,

®(Eak,2k—1) = Yont1-2k,2n+2-2kFont1-2k,2n+2-2x fork=1,2,---,n; and
®(Eok,2k+1) = Yont+1—2k,2n—2kFont1-2k2n—2k for k=1,2,--- n—1
for some nonzero complex numbers Yag 2k-1, Y2k+1,2k for K = 1,2,---,;n — 1 and
Yon—1,2n. O i
Let @ : (AlgLsy)* — AlgLs, be an isomorphism. By Theorem 2.9, there exist
2n — 1 nonzero complex numbers yor-12k, Yort+1,2¢ for k = 1,2,---;n — 1 and
VY2n-1,2n and 2n — 1 complex numbers ogx—1,2k, ®2k+1,2k for k=1,2,--,;n—1 and

0t2n—1,2n Such that

®(E11) = Eonon — @2n-1,2nF2n-1,2n;
®(Eok-1,2k-1) = Eont2-2k 2n42-2k — Q2nt+1-2k 2n+2—2kF2n+1-2k 2n+2—2k
— Q2n+3—2k,2n+2—2kE2nt3—2k,2n+2—2k for (k=2,3,---,n);

@(Eak2k) = Eonti-2k2n+1-2k + Q2nt1-2k,2n—2kL2n+1-2k,2n—2k

+ Qont1-2k,2n+2-2k Bont1-2k,2n42-2¢ for(k=1,2,--,n —1);
®(E2n,2n) = F11 + 02 E2;
®(Eak,2k-1) = Yon+1-2k,2n+2-2k Eont1-2k 2n42-2¢ for k=1,2,---,n; and
®(Eak 2k+1) = YVon+1-2k,2n—2kEont1-2k2n—2k fork=1,2,-.. n—1.

Let S be a 2n x 2n matrix in AlgL,, whose (,7)-component is 1 for all ¢ and (4, j)-
component is —a;; for all 4, j(i # j) with E;; in AlgLs, and let B be a backward

diagonal operator whose

(1) (1,2n)-component is 1,
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(2) (2,2n — 1)-component is v,
(3) (2k,2n + 1 — 2k)-component is

k-1 k

-1
[T v2ssr25(] [ 725-1,25) 7% and
7j=1 ij=1

(4) (2k —1,2n + 2 — 2k)-component is

k-1 k-1
H 72j+1,2j(H Yoj—1,2) * forall k=2,---,m,
j=1 =1

and all other entries are zero.
Then ®(A) = SBAB~1S~1. If we put SB = T, then ®(4) = TAT™!. From this,
we have the following theorem.

Theorem 2.10. A map ® : (AlgLan)* — AlgLay, is an isomorphism if and only if
there exist an operator S in AlgLo, with 1 as all diagonal entries and an invertible
backward diagonal operator B such that ®(A) = SBAB~'S5~1.
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