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CERTAIN IDENTITIES ASSOCIATED WITH GENERALIZED
HYPERGEOMETRIC SERIES AND BINOMIAL COEFFICIENTS

KEUMSIK LEE, YOUNG JOON CHO, AND JUNESANG CHOI

ABSTRACT. The main object of this paper is to present a transformation formula
for a finite series involving 3F; and some identities associated with the binomial
coefficients by making use of the theory of Legendre polynomials P,(z) and some
summation theorems for hypergeornetrlc functions ,Fy. Some integral formulas are
also considered.

1. INTRODUCTION AND PRELIMINARIES

There have been many transformation formulas for the generalized hypergeomet-
ric function ,F; (cf. Bailey (1], Whipple [6]) with p numerator and ¢ denominator
parameters defined by

a1, Qp;
(1.1) oFy z

— F(a1-~a'ﬁ1---,3'z)
ptq ’ y Ypy ) s Mg
B, By s

_ > al)n (C! )n
=X G

where (a),, denotes the Pochhammer symbol (or the shifted factorial) defined by

(n=0)

(1.2) ap = {1
ala+1)---(a+n-1) (neN:={1,2,3,---}),

which can also be rewritten in the form:

(13) (@) = -Ilr"‘_(z)—") (n € No := NU{0}),
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I' being the well-known Gamma function whose Euler’s integral is, among several

equivalent forms, given by
o0
(1.4) I(z) = / etldt (Riz) > 0),
0

which is often called the second Eulerian integral, whereas the familiar Beta function
B(a, () defined by

w5 B[ Lo i la (Ria) > 0 R() > 0)

is often referred to as the first Eulerian integral.
There is a well-known relationship between the first and second Eulerian integrals:

0o Ble )= LT

The binomial coefficient, in view of (1.2), may be expressed as

(a) _ofa-1)(a—n+1l) (=) (-a)n

(L.7) n n! nl

or, equivalently, as

ay  Tla+1)
(18) (n) = A T(a—n+l)
It follows from (1.7) and (1.8) that
(19) Mo = 1 o,
which, for a = § — 1, yields
(1.10) F(f(;)”) = (1(__1[);;” (B#0, £1, £2,---).

Equations (1.3) and (1.10) suggest the definition (cf. Srivastava and Manocha (5,
p. 22]): -

_ = .
(1.11) (B)—n = e (neN; B#£0, £1, £2,---).

Equation (1.3) also yields

(1.12) (@) mtn = (@)m(a@ + m)n,

which,in conjunction with (1.11), gives

(1.13) (W)n—k = —(;m—n— (n, keMNp; 0< k<) V.
(1—a—-n)
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For o = 1, we have

—1)*n!
(1.14) (n—k)!z( 1) n! (n,keNg; 0<k <n).
(—n)k
In view of the definition (1.2), it is not difficult to show that
1 1 1
(1.15) (@)on = 22" | Za o+ (n € Np),
2%) . \2°"2),

which follows also from Legendre’s duplication formula for the Gamma function:

(116)  +AT(22) = 2211 ()T <z + %) (z £0, —%, -1, -2, ) .

The Legendre polynomial P,(z) is defined by the generating function

o0
(1.17) (1-2st+13)72 =Y Py(z)t,

n=0
in which (1 — 2zt + t2)‘% denotes the particular branch which converges to 1 as
t — 0. It is easy to get from (1.17) that

[7/2] (__1)k (%)n—k (2x)n—2k

(1.18) Po(z) = I;) k! (n — 2k)! ’

from which it follows that P,(z) is a polynomial of degree precisely n in z.

Here we aim at giving a transformation formula for a finite series involving 3F3
and some identities associated with the binomial coefficients by making main use of
the theory of Legendre polynomials P,(z) and some summation theorems for the
hypergeometric functions ,F,. Some integral formulas are also considered.

2. A TRANSFORMATION FORMULA

Consider the following integral (cf. Poole [2]):

1
2.1) = /_ (L4 2)™" P(z) Po(a)da,

where P,(z) denotes the Legendre polynomial defined by (1.17). By substituting
the Rodrigues’ formula for P,(z) (cf. Rainville [3, p. 162]):

1 n n n — _i
e (RS VCR L B

for the integrand in (2.1) and letting z = 2y — 1 in the resulting equation, we obtain

2m+n+1
(2.3) I=

(2.2) Pa(z) =

y

m!n!
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where, for convenience,
1
ey J= [ OO - (D= ).
Integrating m times by parts in (2.4), we have
1

(25) 7= [ 4m=um Dy Dp - 1"y dy

Applying Leibniz’s rule for differentiation to the integrand in (2.4), we obtain

2 n /n 2 pl N ) ]
— )m+n mln! Z < ) Z(_l)] <]>/O ym+n+k+](1_y)m+n—k—] dy,
=0

which, upon considering (1.5) and (1.6) for the integral, yields

(2.6) J=(-1)""m!n!
da = (m+n+k+)!(m+n—k—j)!
.ky‘:o(_l)k ( ) Z 1)] ( ) (2m + 2n + 1)! )

J=0

By making use of (1.7) through (1.15), we readily obtain

(=)™ m!in! (1)mtn

2.7 J = :

(2.7) 22(m+n)(%)m+n
T /m\? (m+n+ 1) —-n, —n, m+n+k+1;
5 (1) e 1
=0 k (=m —n)k 1, k—m—n;

On the other hand, by first applying Leibniz’s rule to the innermost differentiation
of the integrand in (2.5), we get

n

1 2
n e
s=n [yma-wm Y () 0p -0y,
0 =\
which, upon appealing again the Leibniz’s rule to the integrand, gives

(2.8) J—n‘Z ( ) Z 1y~ k( )((?sz? :;‘))!! (j i'!k)!

k=0

rl
. / (1 _ y)m+j—k ym+2n+k—j dy.
0
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If we employ (1.5) and (1.6) for the integral in (2.8), similarly as in getting (2.7),
we find that
mIn! (1 +2n)y, (1 +m +n),
= 22(m+n) (%) v

m+n

2. ; .

(2:9) " (n 2(1+m)j(_2n)j =5 —m,m+2n—-j5+1;
i/ A{(-m—2n);} M—j+1, —-m—j;

=0
Finally, equating (2.7) and (2.9), we obtain a transformation formula for the

¢

series involving 3F5:

 (m\* (m4n+ 1)
(2.10) ;(k) e 3Fy

~m = n)

-n,—n,m+n+k+1; J
1

1, k—m-—n;

— (_1ym n(2n+1)m(m+’n+l)n
= (-1)m™F CEL

" /n 2(m+1)k(“2n)k -k, —-m,m+2n—k+1;
> k 5 32 1
k=0 {(—m—Qn)k} 2n—k+1, - m—k;
(m, n e No).

3. FINITE SERIES INVOLVING BINOMIAL COEFFICIENTS
By applying Leibniz’s rule for differentiation to (2.2), we get

n 2 _ n—k /g
o1 pio= 5 (1) (25 (@2

k=0

The following integral
1
(3.2) / (1+2)% 1 (1 - 2)f e = 2291 B(a, ) (R(a) > 0; R(B) > 0)
-1

can be evaluated by setting z = 2t — 1 and using the definition (1.5) of B(a, 3).
From the definition of P,(z) in (1.17), we have
(1—2zt+13)"7 =[1-t)2~2(z—1)]"2
-1 2t(z—-1) |~
(-0 1o ey

which, upon employing the binomial theorem:

N

o0

(3.3) Q-2 =3 (% # (<1 acC)
k=0 ’
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yields
ad s )k ok tk (x — 1)
Zo Z k! (1 — t)2k+1
3.4 "=
(34) 2 3k (2k 4+ 1)n 28 (@ — 1)k gtk
Z k!'n! ’

The last part of (3.4) can be written as follows:

> 2= n+ 1) (z — 1)k
ZO :Z: 2 );k((k_:ig )k( ) tn’

which, upon equating the coeflicients of t", gives

-n,n+1; 1 _;
(3.5) Pu(z) = 2 F .

By using the definition (1.1) of ,F, and (3.2), we obtain an integral formula

involving ,41Fp:

Q1,0 Qptl; 1_x]d
X

1,°° % lgp;

(3.6) /_11 1+z)* (1~ z)?~ p+1fp

:3, 01, Qptl s
= 2°A~1 B(a, B) praFpt1 1

a+ﬂaﬁla"'a ﬁp;
(p € No; R(a) > 0; R(B) > 0),

which, upon setting p = 1, a1 = —n, ag = n+ 1, 1 = 1, and considering (3.5),
immediately yields (cf. Rainville [3, p. 184]):

-n,n+1,0;
1

1, a+8;
(n € No; R(a) > 0; R(B) > 0).

(3.7) /—11(1 +2)° (1 - 2)P ! Py(z) dz = 27771 B(a, B) 3F
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On the other hand, similarly, upon applying the expression for P,(z) in (3.1) to
the integrand in (3.7), we obtain an identity associated with the binomial coefficients:

n

2
(38) S (-1t (:) T(a+ k) DB +n—k)
k=0
-n, n+ 11 IB )
1
1, a+f8;

(n € Ng; R(e) > 0; R(B) > 0).

If we set § = 1in (3.8) and use the Gauss’s summation theorem (cf. Slater {4, p.
243)):

=T(a+ B +n)B(a,f) 3k

(39) K (R(c—a—b)>0;c#0, -1, =2, --+),

" I{c—a)T(c—b)

a, b; c)T(c—a-—
1]_rm( b)

we find that
n 2 n
¢ (™) (n = By (o) = T .
(3.10) kzz;)( 1) <k) (n = ) {a) = Tla—7) (n € Np; R(a) > 0).
The formula (3.10) can be seen to be a special case (b = & and ¢ = 1) of the following

formula:

om S () () () -
(n € No; R(c—b) > —n; ¢ #£0, -1, =2, ---),

which incidentally is equivalent to Chu (1303)-Vandermonde (1735-1796) convolu-
tion theorem (cf. Srivastava and Manocha [5, p. 31)):

(3.12) 3 (2) (nfk) = (A:“> (n € No),

k=0
A and u being any complex numbers.
The special case of (3.10) when o = 1 leads to the familiar identity involving

binomial coefficients:

n
(3.13) 3 (-1 (Z) =0 (neN),
k=0
which is a special case of the binomial theorem:
(3.14) @+y)" =) (k) zy"k  (n e Ny).

k=0
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The formula (3.10) can also be obtained by setting & = 1 in (3.8) and using
Saalschiitz’s theorem (cf. Slater [4, p. 243)):

-n,a, b; '
y &y, U, —a)y (c—b)y
1]=(c Dn(C=bn (G agb-n+1ineN)

(3.15) 3k li e d: (€)n (c—a—b)y

for sFo(a =n+1, b= g, and ¢ = 1) in the resulting equation, with various identities
in Section 1.
The special case of (3.8) when a = 1 and 8 = n + 1, similarly, yields an identity

involving binomial coefficients:
= n\ (n+1 n
619 L1t (f) B - a0 et
k=0 )

We conclude this paper by presenting a transformation formula 3F5, which is
deducible from (3.8), in the sense of parameters:

-n, N, &;

(3.17) 3B

n(a_}_ﬁ)n . _nan+1’ﬂa J
=(-1)" ———— 3F
1} T, 2[ Lats;

(n € Ng; R(e) > 0; R(8) > 0).

,1-08-—n;
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