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REPRESENTING NATURAL NUMBERS AS UNIQUE SUMS OF
POSITIVE INTEGERS

VicHIAN LAOHAKOSOL AND JIRAPORN CHALERMCHAI

ABSTRACT. It is known that each natural number can be written uniquely as a sum
of Fibonacci numbers with suitably increasing indices. In 1960, Daykin showed that
the sequence of Fibonacci numbers is the only sequence with this property. Consider
here the problem of representing each natural number uniquely as a sum of positive
integers taken from certain sequence allowing a fixed number, ! > 2, of repetitions.
It is shown that the (I + 1)-adic expansion is the only such representation possible.

1. INTRODUCTION

The problem of representing natural numbers by sums of Fibonacci numbers was
first reported in 1952 by Lekkerkerker [2], who attributed it to E. Zeckendorf, with
the result:

I. For each natural number N, there is one, and only one system of natural
numbers 11,19, . . . , 34 such that

N =wu; +uj +---+uy and 4,41 >4y +2 for 1 <y <d,

when (u,) is the sequence of Fibonacci numbers.
Later in 1960, Daykin [1] established the following converse of I.

II. The Fibonacci numbers form the only sequence of natural numbers (u,) for
which I holds.
In so doing, Daykin introduced the concepts of Property P and the (h, k)-
th Fibonacci sequence as follows: let (an), (kn) be two sequences of natural
numbers.
Property P. For each natural number N, there is one and only one system
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of natural numbers <1, 42, ...,%g such that
N =a; +a;, +--+a;, with i, >iy+ky for 1<y <d

If h,k are natural numbers such that h < k < h + 1, then the (h,k)-th
Fibonacci sequence (vy) is defined by

Un =7 for 1 <n<k,
Un = Upn_1 + Un—p for k<n<h+k,
Up =Un—1 +Upg+(k—h) for n>h+k.

With these concepts, Daykin also proved:
If (vn) is the (h, k)-th Fibonacci sequence, then for each natural number N,

there is one and only one system of natural numbers 71,19, .. .,44 such that
N='U,'1 +Ui2 +"'+U’id7

where i3 > iy + hand iy43 > i, +kfor 2<y < d.

In this representation, we also have v;; < N < w;,,,.

If (an), (ks) are two sequences of natural numbers with Property P, and (a,)
increasing, then k; < kp < ky + 1, k,, = kg for n > 3, and (ay,) is the (h, k)-th
Fibonacci sequence with h = kjandk = k.

Let (v,) be the (h, k)-th Fibonacci sequence. For each natural number n, let
¥,, be the average number of summands required in the representation (2) for
all those natural numbers N such that v, < N < vp41. Then

v,
for k>1:— 50 as n— oo,

Un
for k=19, = %(n—i—l),
Y -1

and for k>2:—=2

._).____—
n 1tk@—-1) = "7

where 8 = 8(k) is the positive real solution of the equation z — 1 = 217

In this paper, we complement the results in I, IT and V by considering rep-
resentations which allow repetition of each constituent up to a fixed number,
I, of times. It turns out that such representation coincides with the (I +1)-adic
representation. The difficult part of the proof is that of showing uniqueness.
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2. PRELIMILARIES

Our results are based on two notions complementing Property P; which we now
describe.

Let (vn) and (k,) be two sequences of natural numbers. We say that the two
sequences (vp), (kn) have Property P;, | > 2, when:

Property P;. Each natural number N can be written uniquely in the form

(Ml) N = o, +aguiy + -+ + Qqv;,,
where o and aq € {1,2,...,l},iy41 29y + kyand 1 <y < d.

Lemma 1. If (v,), (ks) are two sequences of natural numbers with Property P, and
(vn) is increasing, then v, is the least natural number which cannot be written in
the form (M1) using only vi,va,...,Vn-1.

Proof. By Property Py, the first  natural numbers are uniquely represented in the
form (M1) as v; = 1,2v; = 2,3v; = 3,...,lv; = l. Since ! + 1 cannot be written
in the form (M1) using only v;, then vy = { + 1. Suppose n > 2. If v,, could be
written in the form (M1) using only v;,vs,...,v,_1, then v, could be written by two
distinct forms as v, = v, and as a combination of vy, vs,...,v,_1, which contradicts
the uniqueness of the representation (M1). If we have a number between v,_; and
v, Which cannot be written in the form (M1) using only vj,v2,...,v,—1, then this
number cannot be written in the form (M1) at all. a

Let (vn) be a sequence of natural numbers and (k,(ll)) be the sequence (1,1,1,1,...)
all of whose elements are 1. We say that the two sequences (vy), (Ic;,l)), or simply
the sequence (v,), have Property P}, [ > 2, when:

Property P;. Each natural number N can be written uniquely in the form

(M2) N = ayv;; + vy + - - + agvsy,

where 4] <i2 < --- <igand a; € {1,2,...,l},1 <i<d.
Note that P} is just P; when the sequence (k,) is specialized as (k,(ll)); we define
it separately for emphasis.

3. REsuLTS

Theorem 1. If (vn) is an increasing sequence of natural numbers with Property P},
then v, = (I + 1)L,
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Proof. By Property P;, the first [ natural numbers are uniquely represented in the
form (M2) as v; = 1,2v; = 2,3v; = 3,...,lv; = . Since [ + 1 is the least natural
number not representable in the form (M2) using only vy, then by Lemma 1, vy =
I+1. Assume the results hold for vy, vy, ...,v;. By Lemma 1, vgy; is the least natural
number not representable in the form (M2) using only v; = Livg =14+ 1,..., v

(I + 1)k~ This is just the (I + 1)-adic expansion, i. e., expansion in base (I 4 1
and so vgi1 = (I + 1)*.

[ |

Theorem 2. Let (v,) and (ky) be two sequences of natural numbers with (vy) in-
creasing. If (vp), (kn) have Property P, | > 2, then (k,) = (k,(LI)) =(1,1,1,1,...)
and (vy) = ((L+1)"71).

Proof. The shape of v, follows from Theorem 1 if we show that (k,) = (k,(ll) ) =
(1,1,1,1,...). We proceed to derive contradiction in each possible case assuming
(kn) # (1,1,1,1,...). There are two possibilities.
Case 1. [ > 3.
Subcase L.1. (k,) = (h > 2,k2,k3,...).
Claim 1. For h=2,we havevi =1l,vs =0+ 1,and v3 =14 2.
Proof of Claim 1. Clearly v; = 1. By Lemma 1, vo =+ 1. Since ip > 41 +2,[+2
cannot be written in the form (M1) using only vy, vo, then by Lemma 1, v3 =142,
and Claim 1 is proved.
The case h = 2 is now eliminated by noting that 2vy = 2l + 2 = lv; + v3
contradicting the uniqueness of (M1).
For h = 3, by the same reasoning as in Claim 1, we have v; = 1, v = [ + 1,
vg=1+2,v4=1+3.
The case h = 3 is now eliminated by noting that 2vy = 2l + 2 = (I — 1)v; + v4
contradicting the uniqueness of (M1).
For h = 4, by the same reasoning as in Claim 1, we have v; = 1, vo =1 + 1,
vs=1l4+2,v4=1+3,v5 =1+4.
The case h = 4 is now eliminated by noting that 2vy = 2l + 2 = (I — 2)v; + vs
contradicting the uniqueness of (M1).
Claim 2. For h > 5, we have

v =1, vo=1+1,
vg=1+2,..., vpo=1l+h-23,
vh_1=1+h-2, vpb=1+h—-1,
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[+h for I>h—-2
(Note that the values of vpy; for 3 <1 < h — 2 are not explicitly stated be-

{l+h+1 for I=h-2
Vhy1 =

cause they somewhat fluctuate and to obtain a desired contradiction later, their
information is not needed.)

Proof of Claim 2. Clearly v; = 1. By Lemma 1, vo = [ + 1. Since iy > 41 + 5,
[+ 2 cannot be written in the form (M1) using only v1, ve, then v3 = [+ 2. Similarly
vg=1+3and vs =1+ 4.

For | = 3, [ +5 can be written in the form (M1) using only v1, ve, vs, v4, vs, viz.,
I+5=2(l4+1) =2vy. Thus vg # 1+ 5 for | =3. For [ > 3, [ + 5 cannot be written
in the form (M1) using only vi, va, v3, v4, vs, S0 v6 = | + 5. To find vg for | = 3, by
direct checking, [ + 6 cannot be written in the form (M1) using only vy, v, vs, vg,
vg 80 vg = [ + 6.

To sum up for [ = 3, we have

v = 1, vo=10+1, v3=101+2,
vy=10+4+3, vs=10+4, v¢=1+6
and for [ > 3,
v =1, vo=1+1 wv3=101+2,
vg=1+3, vs=1+4, vg=1+5;
so Claim 2 holds for h = 5.
Assuming the results for A, i. e.,
v, =1, ve=1+1,

vs=1+2,..., Vp_1 =1+ h -2,

~ _[l+h+1 for I=h—2
vpb=l+h—-1, 'Uh+1"‘{l+h for I>h-2"

we proceed to prove the result for A + 1. Observe that we must start with
nn=lLv=I+Lvuy=Il+2,...,op=0l4+h—-1Lvp1=1l+h.

Consider the next value [+h+1. Ifl=h—1,then I+ h+1=2(l+ 1) = 2vy, s0
Upy2 # l+h+1 in this case. By direct checking, [+h+2 cannot be written in the form
(M1) using only v1,v2,...,Vp4+1 and so vp49 = I+ h+2. But for I > h — 1 by direct
checking, | + h + 1 cannot be written in the form (M1) using only vy, v2,..., Va1
and so vp+2 =1+ h+ 1 in this case, which ends the proof of Claim 2.
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The case h > 5 is now eliminated by noting that 2vs = 2l+4=({ - (h — 3))v1 +
vpyy forl=h—2and 2vg =204+ 2= ({ — (h— 2))v1 + vp41 for [ > h — 2, both of
which contradict the uniqueness of representation.

Subcase 1.2. (k,) = 1,1,...,1, h>2,...|, where f > 2.
N e’
f—1 terms (f>2)

The next Claim works for all [ > 2 which will also be needed later.

Claim 3. Let [ > 2. Then
I+ 1)+ -1
—
Proof of Claim 3. Clearly v; = 1, v2 = l+1 and the integers [+2,...,l+{(I+1) =
I2 + 21 can be written in the form (M1) using only vy, vg, but (I + 1)? cannot, so

vi=1ve=10141,v3 = (l+1)2,...,vf+1 = (l+1)f,vf+2 =

vz = (I + 1)2. The values v4,vs5, Vs, . ..,vry1 are found analogously. The integers

with values
v+ 1=+ + 15,0+ 1) +2, v v+ + v
can be written in the form (M1) using only v1,v2,vs,...,Vf4+1, but the next integer
vppr+vp 4+ Fvtou =0+ 0+ 1)+
(+1)f+1 -1

l
cannot because i3 > 11+ 1,13 > 42+ 1,...,15 > ’I:f_1+1,if.+.1 > if-l-h >1if+2, and

SO
I+ 1)+ -1
Uf+2 = —-’2—"‘.

This proves Claim 3.
The case [ > 2 is now eliminated by nothing that

g +vppe =20+ 1)+ 1+ 1)+ + (+ 1) =20+ v+ +opa,

contradicting the uniqueness of (M1).
Case II. [ =2.
Define (P3,h) to be a set of all possible pairs of sequences {(vn), (k»)} with
Property Ps and (k) = (h, k2, k3, .. .).
Subcase II.1. (k,;) = (h > 2,kg,k3,...).
Claim 4. For fixed H € N, if h > H, each pair of sequences in (P2, k) has the
same first H + 1 values in (v,), i. €., the same value of v, v, ..., vH41.
Proof of Claim 4. For H = 1, for each pair in (P2, h), we clearly have v; = 1,
vo = 3 (because 2 = 2v;). For H = 2 in (P,h > 2), direct computation gives
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v1 = 1, v = 3 and vz = 4 (because 4 # 2v;,2vs). For general H, we determine
V1,2, ..,Vg+1 in (Pg, h) by using Lemma 1. Observe that in (P2, k), where h > H,
again using Lemma 1, the first H + 1 values must be the same as in (P2, h) because
i3 > 41 + h > i1 + H, and Claim 4 is proved.

Claim 5. Let {(vs), (kn)} € (P2, h) with h > 2. Then vy, v2,...,vp41 can be
explicitly determined using 2-adic expansion as follows:

(i) Each positive integer written 2-adically ending with an odd number of 0’s
cannot represent any of vy, va, ..., Upt1-
In the 2-adic expansion, for n =1,2,...,h,

(ii) if v, = ®100...00, then vp41 = X100...01,

2m terms 2m terms

(iii) if v, = XO011...11, then vp41 = X100...00, and

2m terms 2m terms

(iv) if v, = &0 11...11, then v,41 = X1 00...01.

2m—1 terms 2m—1 terms
Proof of Claim 5. From numerical values displayed in the following table, we see
that

valid for h > base 2
v = 01

1 v =3 11
2 vg =4 100
3 v4=25H 101
4 v =17 111
5 vg =9 1001
6 v =11 1011
7 vg = 12 1100
8 vg = 13 1101
9 v10 =15 1111
10 v = 16 10000
11 v1p = 17 10001
12 viz = 19 10011
13 v14 = 20 10100
14 Vi5 = 21 10101
15 v16 = 23 10111
16 v17 =25 11001
17 g = 27 11011
18 v19 = 28 11100
19 V20 = 29 11101

20 v =31 11111
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the results (i)-(iv) hold for v, written 2-adically with < 5 digits. Note that (i)
follows from (ii)-(iv), so we need only check (ii)-(iv). Assume the 2-adic shape of
v1,2,...,Us. Since 1 < n < h, by Property Py, then v, is the first integer greater
than v, which is not a double of v1, or vy, ..., or v,. The three assertions in (ii)-(iv)
follows immediately by induction, which ends the proof of Claim 5.
The subcase I1.1 is now eliminated by the following claim:
Claim 6.

(i) If vpy1 = ®100...00, then 2v; + vh41 = 2v, for some 1 <n < h+ 1.

2m terms

(ii) If vp41 = X0 11...11, then vy + vp41 = 20, for some 1 <n < h+ 1.

2m—1 terms

(iii) If vp4y = RO11...11, then vy + vpip = 2v, for some 1 <n < h+ 1.
2m terms

Proof of Claim 6.
(i) Writting in base 2, we have

2v1 + vp41=2(01) + X¥100...00=X100...010=2 | X1 00...01 | =2v,

2m terms 2m terms 2m—1 terms

forsome 1 <n < h+1.
(i) Writting in base 2, we have

v1+vpp1=01+X011...11 =X100...00 =2 | X100...00 |=2v,

2m—1 terms 2m—1 terms 2m—2 terms

forsomel <n<h+1.
(iii) We first show that

Uh42 = ®100...011,

2m terms
Recall from Lemma 1 that vj,2 is the least natural number which cannot be
written in the form (M1) using only v1,v2, ..., Vp41 with the difference in the

first two indices being > h. Since
v1 + vpy1 =01+ KKO11...11 = X100...00,
2m terms 2m terms

and
2v1 + vpy1 = 2(01) + X011...11 = X100...01,

2m terms 2m terms
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then vp 49 is not equal in value to vy + vp41, 201 + Vpy1. Now

v+ Up41 = 11+ X011...11 =X100...010 =2 | X1 00...01

2m terms 2m terms 2m~—1 terms
Thus vy + vp+1 is equal to a double of some previous vy, so that vp4o is not
equal in value to vy + vp41. Since

v3 + vp41 = 1004+ XO11...11 = X100...011,

2m terms 2m terms

then v + vp4+1 is not equal to a double of some previous v,. Thus the value of

Vh+2 (= v3 + ’Uh+1) =X100...011,
2m terms

and so

vy + vpyo = 11 + X100...011 = K100...0110 =2 [ ®¥100...011 | = 2v,

2m terms 2m terms 2m—1 terms
for some 1 < n < h + 1, which completes the proof of Claim 6.
Subcase II.2.

(kn) = ,1,...,1, h2>2,... |,
—
f—1 terms (f>2)
where f > 2.
This subcase is eliminated by Claim 3 in subcase 1.2.
To sum up, we must have (k,) = (k,(Ll)) = (1,1,1,1,...) and by Theorem 1,
(va) = ((l + 1)"‘1). O

Theorem 3. Let the increasing sequence (v,) have the Property P;. For each natural
number n, let ¥,, be the average number of summands required in the representation
(M2) for all natural numbers N such that v, < N < vpy1. Then

_nl+1 ¥,

_— d lim _ !
T Ol+1 an nsco n  l+1

Proof. For each natural number N, let f(N) be the unique number of summands d
used in representing N in the form (M2). Since ¥, is defined as the average value
of f(N) for those numbers N such that v, < N < v,41, we have

> f(N)

’UnSN<‘Un+1

v, =
Un+l — Un
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Let us first compute a few values of n.

1<N<«l 1f( )
= <t = - =
= l+1-1 = b
For
f(N)
I+1<N<(1+1)2
U, =

T+ 1)2-(+1)°
N is of the form avy +bvy = a(l+ 1)+ b2 € {1,2,...,1},b€ {0,1,...,1}, s0

l+2<i)l2
o= ——

2+1
For arbitrary ¥y, N is of the form anv,+- - -+a1v1; an € {1,2,...,1}; an-1,...,01 €
{0,1,...,1}. Each summand of k terms, 1 < k < n, contributes to ¥,, with

n—1 k
k(k_1>l.

Hence
L n-—1
k Ik
b 5 (321) a1
T+~ T 41
and %ﬂ - T+l_1(" — 00). a
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