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A CONSTRUCTION OF HERGLOTZ SPACES

ByunG KwON LEE AND MEEHYEA YANG

ABSTRACT. Let W(z) be a power series with operator coefficients such that multi-
plication by W (z) is contractive in ext C(z). The overlapping space E(W) of D(W)
in C(z) is a Herglotz space with Herglotz function ¢(z) which satisfies

p(z) +¢"(z77) =201 - W (zTHW(2)].

1. INTRODUCTION

The anti-space of a scalar product space (K, (-, )x) is (K, —(-,-)x). A scalar prod-
uct space IC is called a Krein space if it admits a fundamental decomposition of the
form K = K @ K_ where K is a Hilbert space and K_ is the anti-space of a Hilbert
space. Given a Krein space K with fundamental decomposition I = K. & K_, de-
fine an operator J on K by Jf = f, — f_ for f = fi + f- where fy € K+ and
f- € K_. The operator J is called the fundamental symmetry for the given funda-
mental decomposition. The space K can be considered as a Hilbert space (K, [, ]x)
where

[figlc = {Jf,ac ((f,9)k=[Jf, glk)-

All J-norms defined by different decompositions are equivalent.
Let # and C be Krein spaces. A continuous linear transformation

A B\ (H — H
C D) \C C
is called a linear system. H is called a state space and C is called a coefficient space

of the system. The transfer function W(z) of the linear system is defined by
W(z) = D+ 20(I — zA)™'B.
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A linear system is said to be observable if 2, Ker(CA™f) = {0}. In this case,
there is an one-to-one correspondence between f in H and a power series f(z) =
Yome o CA™f2"™. An observable linear system is said to be in a canonical form if the
elements of the state space are power series which converge in a neighborhood of the

origin. For canonical linear system,

[/(z) - £(0)]

A(f(z)) = L= IO
o= - WO
C(f(2)) = f(0), and
Dc =W (0)c.

Write a Krein space C as the orthogonal sum of a Hilbert space C; and the
anti-space C.. of Hilbert space. Let J be the fundamental symmetry for the given
decompositon. The space C(z) of square summable power series is the set of power
series f(z) = Yo anz™ with coefficients in C such that > 2> ((Jan,an) is finite.
The space C(z) is considered as a Krein space with the unique scalar product such
that

<f(z),f(z)>c(z) = Z (@n,Gn)-
n=0

The space C(2) is the state space of a canonical linear system whose transfer function
is identically zero.

Alpay {1] has shown that a canonical linear system is not uniquely determined
by transfer function if the state space is a Krein space. A construction of the state
space of a canonical linear system is given by de Branges [4, 6] if multiplication by its
transfer function is contractive. Complementation theoy can be used to construct the
state space of a canonical linear system with given transfer function (cf. Branges [5]).

Let W(z) be a power series with operator coefficients. A linear system with
transfer function W(z) is said to be in eztended canonical form if the elements of
the state space D are pairs (f(z), g(z)) of power series with coefficients in C and the

@ 5) = ()

A(f)0) = (L2 o) —w)100),

linear system

is defined by
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Be= (WV(Z) —WOe ; _ W*(z)W(O)]c),

z

C(f(2),9(2)) = f(0), and
Dc = W(0)c.

The C(z) x C(z) is the state space of an extended canonical linear system whose
transfer function is identically zero.

The purpose of this paper is to characterize the overlapping space of an extended
canonical space. In section 3, we show that the overlapping space of an extended
canonical space is a Hergrotz space. We investigate that the overlapping space of an
extended canonical space can be considered as a complementary space.

2. EXISTENCE OF A CANONICAL LINEAR SYSTEM

The constrution of a canonical linear systems made by Ando [2] can be applied
to the generalization of the complementation theory.

Theorem 2.1 (de Branges [5]). Let P is a contractive self-adjoint transformation
of a Krein space H into itself. Then there are unique Krein spaces P and Q ewist
which are contained contractively and continuously in H such that P is the adjoint
of the inclusion of P in H and 1 — P 1is the adjoint of the inclusion of Q in H. The
inequality

(e, < (a,a)p + (5,b)o
holds whenever ¢ = a+ b with a € P and b € Q and every element ¢ € H ad-

mits some such decomposition for which equality holds. The space Q is called the
complementary space of P in H.

Let W{(z) be a power series with operator coefficient. Assume multiplication
by W(z) in C(z) is contractive. From the Theorem 2.1 we can prove that there
is unique Krein space H(W) which is the state space of a canonical linear system
whose transfer function is W(z).

The Krein completion can be used to construct an extended canonical linear
system (cf. Dijksma, Langer & Snoo [8]).

Theorem 2.2 (Yang [10]). Assume that W(z) is a power series with operator co-
efficient such that multiplication by W (z) is an everywhere defined transformation
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in C(z). Then there is a Krein space D(W) which is the state space of an extended
linear system whose transfer function is W(z).

There is a relationship between D(W) and H(W).

Theorem 2.3 (de Branges & Rovnyak [3]). Let

A B
C D
be a canonical linear system with transfer function W (z) whose state space is H(W).

Assume multiplication by W(z) is contractive in C(z). Then a partial isometric
transfer function exists of H(W) onto D(W) which maps f into the pair

(i CA™fz", i B*A*nfz") .
n=0

n=0

3. HERGLOTZ SPACE &

A krein space whose elements are pairs ( f(2), g(z)) of power series with vector

coefficients is called a Herglotz space if it satisfies

(1) T: (f(2),9(2)) = ([f(z)—F(0)]/z,29(z)+ f(0)) has an isometric adjoint trasfor-
mation.
(2) S: (f(2),9(z)) = f(0) is a continuous transformation.

Since S is a continuous transformation, we can characterize the reproducing kernel
function of a Herglotz space.

Theorem 3.1. Let £ be a Herglotz space. Then there is a power series p(z) with

coefficients in C such that (p(z), [p*(2)—@(0)])/2) and ([¢(z)—¢(0)]/z, ¢(0)+¢*(z)—
@(0)) belong to £,

(£(0),¢)¢ = ((f(2),9(2)), (w(2)e, [¢"(2) — ®(0)]c/2)), and
(9(0),¢)¢ = ((£(2),9(2)), (lp(2) = ¢(0)]e/z, [9(0) + ¢ (2) — B(0)]c)),
holds for every element f(z) in £ and ¢ in C.

Proof. Since S(f(z),9(2)) = f(0) is continuous, there is a reproducing Kernel func-
tion (¢(z),¢(2)) in € such that

<f(0)a c>c = <(f(z)7g(z))’ (‘P(z)c>¢(z)c)>£'
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Write (z) = D or g @n2™ and ¢(z) = 3 oo o bn2™.
(T™(¢(2), 8(2)), (p(2)c, (2)0)) o = ((9(2), 8(2)), T*" (0(2)e, B(2)c) )¢
implies b,_1 = a, for each n. Hence we have ¢(z) = le"(2)=(0)]

z
Since T*T is an identity transformation,

T*(f(2),9(2)) = (2(2) + 9(0), [gﬁ);—_i(p_])_

The identity

(21,02, T(p(z)e, EE—2Qy

z

(Fa:), (2O 1) 500+ p001e) )
T (£(2), (2), (p()e, £ DAy

z

<
< —
= E(Zf(z) + g(0), [g(2) — g(0)]/2), (¢(2)c, Mf)>g

z

holds for every (f(2),9(z)) € €.
This completes the proof of the theorem.

The power series (z) is called the Herglotz function of the Herglotz space £. It

is convinent to write

(FOe)e = { (g, (LG ZRE O ZPOY) ang

2 2z
(5016)c = (7 ate, (2O [0 1 Oy’

Assume multiplication by W(z) is contractive in C(z). There is a Krein space
D(W) which is the state space of an extended canonical linear system whose transfer
function is W (z). Let £(W) be the set of pairs (f(z), g(z)) of elements in C(2) such
that (W (z2)f(2), —g(z)) is in D(W). The space £(W) becomes a Krein space with
the scalar product

(2,920, (=), 0(2) Yem
= (), u(2) gy + (WD), =9(2)), (W (2)u(2), () piapy:
The space £(W) is called an overlapping space of D(W) in C(z).
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Theorem 3.2. Assume multiplication by W(z) is contractive in C(z). Then the
overlapping space E(W) of D(W) in C(z) is a Herglotz space.

A B\ (DW) . D(W)
C D) C C
be an extended canonical linear system whose transfer function is W(z).
For (f(2),9(z)) € E(W), (W(2)f(2),—g(2)) € D(W). The identity

(WL IOL, 170) 4 20 = AW 121, ~0(2) - B($0))

implies that

Proof. Let

(W@ LI _10)+ 291 ) € DY),

We have 0
(M, [f(0) + zg(z)]> € E(W).

Define T : E(W) — E(W) by
7(fe.9(e)
Then the identity

T(f(2),9(2)), (u(z),v(2))
< >£(W)
-(F ),

N <(W(Z)[f(:) — £(0)] ,—[£(0) + zg(2)]), (W (2)u(z2), —U(Z))>'D(W)

= <f(z)’ zu(z >C(z + < (2)f(2),— 9(2)), AY(W (2)u(2), _v(z)»'p(w)
= (£(0), B* (W (2)u(2), ~v(2)))c
= (f(2), zu(z) +v(0 )C(Z)

R e e e )

_ <<f(z>,g(z>), (sute) + v(0), 220 >g<w>'

holds for every (f(z),9(2)) and (u(z),v(2)) in E(W). T has an isometric adjoint
since T*T is the idnetity transformation.
This completes the proof of the theorem. O

) = OO 15(0) + 29001

D(W)
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Let extC(z) be the set of Laurent series f(z) = > % a,2™ with coefficients in
C such that > (Jan,a,)c is finite. The space extC(z) is considered as a Krein

space with unique scalar product such that

o0

<f(z)’ f(z)>extC(z) = Z <an’a">C’

Assume multiplication by W(z) is everywhere defined transformation in extC(z).
Then the adjoint of multiplication by W (z) in ext C(z) is everywhere defined trans-
formation in extC(z) and it is then multiplication by W*(271) in ext C(2).

Define P be the set of Laurant series of the form

f(z)+271g(z7)
where (f(z), g(z)) € £(W). The space P becomes a Krein space with scalar product
<f(Z) + z_lg(z_l)? f(Z) + z_lg(z_1)>'p = <(f(Z), g(Z)), (f(Z),g(Z))>S(W)
The complementation theory can be used to characterize the overlapping space

E(W) of D(W) in C(z).

Theorem 3.3. Assume that multiplicaion by W(z) is contractive transformation
in extC(z). Then P is contained contractively and continuously in ext C(z) and the
adjoint of the inclusion of the space in ext C(z) is multiplication by 1—W*(2~1)W (2)
in extC(2).

Proof. Let f(z) be in extC(z). Write f(2) by f(2) = fi(2) + 271 f2(z7!) where
f1(2), fa2(z) € C(z). Choose g1(2) in C(z) so that the identity

(912 M=)y = (W WA s

holds for every h(z) € C(z). Let g(2) = g1(2) + 271 fo(271). Then f(z) — g(2) and
27 lg(z7Y) — W*(2)W (271271 f(271) belong to C(z). Furthermore

(W(2)[f(2) = 9(2)], =27 gz ) + WH ()W (2127 f(z 7))
belongs to D(W) and the identity
(W(2)f(2)=g(2)], =z g(z"H)+WH (W (21271 f(71), (W (2)u(2), —v(2))),,
= <9(z)a u(z) + z_lv(z_1)>c(z)
holds for every (u(z),v(z)) € E(W). It implies that
([f(2) = 9(2)), 27 g(z71) = WH()W (= )z 71 f(71))
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belongs to £(W). Hence
[£(2) = 9(2)] + 27 [29(2) = W* ("YW (2)2f(2)] = [L = W*(z" )W (2)] f(2) € P-
The identity

([L=W*EHW(f(2),ulz) + 27 Hu(zTY),
= (([f(2) = 9(2)], 27 g(z71) = W* ()W (2727 f(z71)), (u(2), v(2))) g
= (f(2),u(2) + 270(™")) e
holds for every (u(2),v(z)) € £(W). It implies multiplication by 1 — W*(2~1)W(z)
in ext C(z) is the adjoint of the inclusion of P in extC(z).
This completes the proof of the theorem. |

For every f(z) € extC(2), [1—W*(271)W(2)] f(z) € P. Now the complementary
theory can be used. Assume that multiplicaion by W(z) is contractive transforma-
tion in ext C(z). There is unique Krein space M such that M is contained contin-
uously and contractively in extC(z) and such that the adjoint of inclusion of the
space in extC(z) coincides with multiplication by [1 — W*(z )W (z)] in extC(2).
By the uniqueness, the space P is the space M. The identity

(F(2) =Wz YW (2)f(2), f(2) = W* ("YW (2) f(2))p
= <f(z)’f(z)>extC(z <W z) W(z) ( )>extC(z)

holds for every f(z) in extC(z).
From the argument in the proof of the Theorem 3.3, we have the identity

(£0) - 9O)e),
- <(f (2) - g(2), 27 'g(z ™) = W (W ()L (=7Y),

([SO(Z) 4; ¢(0)]c’ [¥*(2) 2;@(0)16) >g

- <f(Z ) to ( 1)]C>extC(Z)'
The choice of g(z) gives us the identity
(£(0) = 9(0), )¢ = (£(2), [1 = W* (2" YW (2)]e) gy ()

The overlapping space £(W) of D(W) with respect to C(z) is a Herglotz space
with Herglotz function determined by the identity

0(z) +¢*(z7h) = 2[1 - W*(z"HW (2)].
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The factorization of transfer function W(z) is derived from a Herglotz space (cf.
Branges (7], Dritschel & Rovnyak [9]).
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