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ON n-TUPLES OF TENSOR PRODUCTS OF p-HYPONORMAL
OPERATORS

B. P. DuccAaL anD IN Ho JEON®

ABSTRACT. The operator A € L(H;), the Banach algebra of bounded linear opera-
tors on the complex infinite dimensional Hilbert space H, is said to be p-hyponormal
if (A*A)P > (AA*)P for p € (0,1]. Let H = H1®- - -®Hn denote the completion of
H1® - @H, with respect to some crossnorm. Let I; be the identity operator on H;.
LettingT; :=®-- - ®Li_.1®4:Q --®I, on H, where each 4; is p-hyponormal, it
is proved that the commuting n-tuple T = (T1,...,T») satisfies Bishop’s condition
(8) and that if T is Weyl then there exists a non-singular commuting n-tuple S such
that T = S + F for some n-tuple F of compact operators.

1. INTRODUCTION

Let L(H) denote the Banach algebra of bounded linear operators acting on a
complex infinite dimensional Hilbert space H. Let T = (T1,...,T,) denote a com-
muting n-tuple of operators in L(#). Recall (Curto [2], Taylor [11]) that T is said to
be non-singular if the Koszul complez for T, denoted by K (T, H), is exact at every
stage. Also, T is said to be Fredholm if the Koszul complex K(T,H) is Fredholm,
i. e., all homology spaces of K(T,#H) are finite dimensional. In this case the indez
of T, denoted ind(T'), is defined as the Euler characteristic of K(T,H), . e., as the
alternating sum of dimensions of all homology spaces of K(T,#H). If T € L(H)
is Fredholm with index zero, then we say that T is Weyl. We shall write o7 (T),
or1e(T), and o1, (T) for the Taylor spectrum, the Taylor essential spectrum, and
Taylor-Weyl spectrum of T, respectively: thus,

or(T) ={A=(A1,...,As) € C": T — Alis singular},
ore(T) ={A=(A1,...,An) € C*: T — X is not Fredholm},
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and
orw(T) ={A=(A1,...,An) € C": T — X is not Weyl}.

For any open polydisk D C C*, let O(D,#H) denote the Frechét space of H-valued
analytic functions on D. Then we say (Eschmeier & Putinar [6]) that a commuting
n-tuple T has the single valued extension property, shortened to SVEP, if the Koszul
complex K(T -\, O(D,H)) is exact in positive degrees and T has Bishop’s condition
(B) if it has the SVEP and its Koszul complex has also separated homology in degree
zero. Obviously, the following implication holds:

Bishop’s condition(3) = the SVEP.

For more details, see (Eschmeier & Putinar [6]).
We shall write

op(T) = { M € C" : there exists a non-zero vector z € H

such that z € ﬂker(T;- ~ i)}
for the eigenvalues of T,

poo(T) = o7(T) \ {o7e(T) U acco(T)}

for the Riesz points of o7(T), and isoor(T) for all isolated points of or(T), respec-
tively. Recall (Aluthge [1], Duggal [4, 5], Jeon & Duggal (8], Yingbin & Zikun [14])
that an operator T € L(H) is said to be p-hyponormal if

(T*T)? — (TT*)? > 0 for p € (0,1).

If p = 1, T is just hyponormal. We shall denote the class of p-hyponormal
operators by H(p); HU(p) shall denote the class of those p-hyponormal operators for
which the partial isometry U in the polar decomposition T' = U|T| is unitary.

Throughout this paper, for complex infinite dimensional Hilbert spaces H; (1 <
i <mn), welet H = H1®- - - ®H, denote the completion of H1® - - - @y, with respect
to some crossnorm. Let I; be the identity operator on H;. For A; € L(H;), let

Ti=L® ®LL1®A4® &I, on H.

Then T = (Ti,...,T») is a commuting (in fact, doubly commuting) n-tuple of

operators on H.
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2. RESULTS
Theorem 1. Let 4; € H(p) and let T = (T1,...,Ty) be the n-tuple of operators
T,=L®  QLi_1®A® - ®I, onH.
Then there exist an n-tuple S = (Sy,...,Sy) with
S$i=hLH® - ®L-1®B;® QI onﬁforsome B; € $(1),

a quasiaffinity X and an injection Y such that both T and S have Bishop’s condition

(B) and
XT=SX and TY =Y8S.

Proof. Given an A; € $(p), we decompose A; into its normal and pure parts by
A; = Ajp® A;; with respect to the decomposition H; = Hio®Hi1. Then A;; € H(p).
Let A;1 have the polar decomposition A;; = U;1|Ai1| where Usy is an isometry. Define
the Aluthge transform A;; of Ai; by A = |Aa|Y2Uiy|Aii|V/2. Let A;; have the
polar decomposition A; = V;llA\ilI where V;1 is (also) an isometry. Again, define
the Aluthge transform A;; of A;; by Aj = |2¢1|1/ 2V,~1|2,-1|1/ 2, Then A;; € (1) by
Aluthge [1] Let X;1 = [A\i1|1/2|Ai1|1/2 and Y;; = UillAi1|1/2Vi1|A\i1|1/2. Then X;; is
a quasiaffinity and Y;; is an injection such that
Xi1Aa = AnXy and ApnYi = YiAg.
Let B; = AioEBAV,-l. Then B; € $(1). Defining the quasiaffinity X; by X; = Iy, ®Xa
and the injection Y; by Y; = I3, @ Yi1, it follows that
XiA,; = BiXi and Aﬂ’z = Y',BZ
Considering the tensor products of operators X and Y,
X=X, -®Xp,and Y :=Y1Q0 ---QY,,
it is then seen that X is a quasiaflinity, Y is an injection and
XT=8X and TY =YS.
Recall from Duggal [4, Theorem 3] that if By, Ba € L(#;), then
B; ® B; € $(p) if and only if By, By € $(p). (2.1)
Hence it follows from a finite induction argument that

T; € $(p) if and only if 4; € H(p) foralli =1,...,n. (2.2)
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Since each T; has Bishop’s condition (3) (see Duggal [5, Theorem 1], Yingbin &
Zikun [14, Theorem 7)), it follows from Wolff [13, Corollary 2.2] that the n-tuple
T = (11, ...,Ty) has Bishop’s condition (#). Similarly, the n-tuple S = (S1,...,S5,)
also has Bishop’s condition (3). |

Corollary 2. We first notice that both X and Y constructed in proof of Theorem 1
are quasiaffinities when each A; belongs to $H3U(p).

0«(T) = 04(S), where o, stands for either of oT, OTe; OTw. (2.3)

Proof. We first notice that X and Y constructed in proof of Theorem 1 become
both quasiaffinities when each A; belongs to Hil(p). Thus T and S are (jointly)
quasisimilar n-tuples. Since T and S have Bishop’s condition (3) by Theorem 1,
Putinar [9, Theorem 1] implies (2.3). This completes the proof. 0O

Fredholm n-tuples enjoy most of the properties single Fredholm operators possess
(see Curto [3]). It is well known that a Fredholm operator of index zero (i. e., Weyl
operator) can be perturbed by a compact operator to an invertible operator. Thus
one may ask if this property holds in several variables (¢cf. Curto [2, Problem 3]). As
it turns out, this perturbation property fails in several variables (see Gelca [7] for
an example). Despite the failure of this property for the general case, the following
result gives a positive answer to the question in case of tensor products considered
here.

Theorem 3. Let A; € H(p) and let T = (T, ...,T,) be an n-tuple of operators
Ti=he -8Li8A4e ol nH

If T is Weyl and singular, then there exists a non-singular commuting n-tuple S =
(S1,-..,Sn) such that T = S + F for some n-tuple of compact operators F; (i =
1,...,n).

Proof. Since T has Bishop’s condition (3), if T is Weyl and singular, then Putinar
(10, Theorem 1] implies 0 € poo(T). Let f be the characteristic function of 0 €
isoor(T). Since f is analytic in a neighborhood of or(T), Taylor [11, Theorem 4.8]
implies the existence of an idempotent Py = f(T) € L(#) such that PyT; = T} P,
T; is quasinilpotent on ranFy, and

0¢ UT(T|kerPo)- (2.4)
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Since the restriction of a p-hyponormal operator to an invariant subspace is again p-
hyponormal Uchiyama ([12, Lemma 4]) and p-hyponormal operators are normaloid,
we see that Tj|ranp, = 0. Then the fact that 0 € pgo(T) implies that the subspace
ranPy is finite dimensional, and so Py is a compact operator on H. Considering
F=(P,... PRadS=T-F=(T—-PF,...,T,— P), it now follows that S is
a commuting n-tuple. This by [Curto [3] p. 39] implies that

o7(8) = o7((T = F)lranpy) U 07((T ~ F)lkerry)-
Obviously, 0 & o7 ((T — F)|ranp,) and by (2.4)

0 ¢ or((T = F)lkerry) = o1(Tlkerp,)-

Thus 0 &€ op(S), i.e., S =T — F is non-singular, and hence T =S + F. O
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