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SOME BASIC THEOREMS OF CALCULUS ON THE FIELD OF
p-ADIC NUMBERS

MINGGEN Cul, HUANPING Liu, AND PHIL UNG CHUNG

ABSTRACT. In this paper, we introduce the concept of derivative of the function
f : Q@p — R where Q, is the field of the p-adic numbers and R is the set of real
numbers. And some basic theorems on derivatives are given.

1. INTRODUCTION

The field Q, of the p-adic numbers is defined as the completion of the field Q
of rational numbers with respect to the p-adic metric induced by the p-adic norm
| - |p (see Vladimirov, Volovich & Zelenov [1]). A p-adic number z # 0 is uniquely

represented in the canonical form
oQ
z=p7" Y zp*, |zl =1 (1.1)
k=0

where p is prime and r € Z (Z is the integer set), 0 < zx < p— 1, o # 0. For z,
y € Qp, we define < y if |z|, < |y|p, and there exists an integer j such that

To = Y05y Tj-1 = Yj-1, Tj < Yj
from viewpoint of (1.1). By the interval [a,b], we mean the set defined by {z €

Qp|a<Lz< b}
It is known that if zg = p" > p_ozkp % € R* U {0} and

2o #0, 0L <p-1,fork=12,...,
then there is another expression;

n—1 o]
TR=p" ( dap (@ -p T+ (p—1) Y p"“)- (1.2)
k

k=0 =n+1
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Let Mg denote all such expressions.
As introduced in Kozyrev [2], we let 5 : Q, — R be the map defined as follows.
Forz =p™" Y 22, zxp® in Qp where 29 # 0, 0 <z, < p— 1 we define

p=p" Y zF! (1.3)
k=0
and let
M, = p~'Mp. (1.4)
Now define
p:Qp/Mp — R* U {0} (1.5)

by just passing p to the quotient Q,/M,,.

We will denote the real numbers by putting a subscript R and the p-adic numbers
by putting the subscript p, for example, zg, ar, bg will be the real numbers and z,,
ap, by will be the p-adic numbers.

In Cui & Zhang [3], a measure is constructed using the mapping p from Q,/M,
into R* U {0} and Lebesgue measure on R* U {0}. Let ¥ be the set of all compact
subsets of Q, and S be the o-ring generated by X. '

Definition 1.1 (Cui & Zhang [3]). Let E € S, and put Ep = E \ M), and ER =
p(Ep). If Ep is a measurable set on R* U {0}, the we call E a measurable set on
Qp, and define a set function p,(E) on S by

pp(E) = p(ER)

where u(ER) is the Lebesgue measure on Eg. This p,(F) is a measure on E.

By Definition 1.1 and by definition of p in (1.5), some examples can be given
immediately (see Cui & Zhang [3]):

(1) p{Br(ai)} = [ai,ai +p)

@) p{lap,by)} = lar, br)

(3) br — ar = pp{[ap, bpl}

(4) Let ap, b, € Qp, then pp{[ap, by)} = (br — ar)/p

(5) Let B,.(0) = {xp]| lwplp < P, zp € Qp}, then pp{B,(0)} = p"

(6) Let S-(0) = {zp| |zplp = p", zp € Qp}, then pup{S,(0)} =p"(1 — %)
(7) pp{Mp} =0
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According to Definition 1.1 of measure, we can define integration over a measur-
able set E of @, by

/E F(ep)dup(zp) or /E £ (wy)da,

For the basic properties see Vladimirov, Volovich & Zelenov [1].
2. LEMMAS

By Definition (1.1) of measure, we have the following lemmas.
Lemma 2.1. Let f be a real-value function defined on Q, denote
zp =07 (zp), 25 ERTU{O}, folzp) = (For™)(zs)
then

bR
fo@p)dz, = [ fd (21
[, Frmerimn= | g0 >

where a, = p(agr), bp = p~1(br), and du denotes a measure on Qp, and u(Bo(p))
=1, Br(p) ={zp | lzp—a| Sp" 2, € Qp}, T € Z.

Lemma 2.2. Let f be a real-value function on the field Q, of p-adic numbers and
Mg be the set of number given in formula (1.3). Let M, = p~1(Mg). For z, €
Qp N M,, denote x, = p(zp),fn = fop~t. If fr is a continuous function on
R+ U {0}, then there exists £ € {ap, bp], such that

/ fdpp = f(f)ﬂp([apvbp])'

vaP]

Proof. From Lemma 2.1, we have

bR
/  fdu= / Fo@n)den = Fal€n)bn — an)y= FEpup(lasb]),
[O‘Pybpl a‘R

for some £, € [ay,by] and p~ (&) = &p. U

3. THE DERIVATIVE OF FUNCTIONS ON Q,

In this section, we discuss the derivatives of real-value functions on Q.
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Definition 3.1. Let f(zp) be a real-value function on @,. If there exists g € Q,
such that for z, € Q,

Fzp) = /0 7 )y 7 € Qp (3.1)

then g(z) is called the derivative of f(z) and denote f'(z) = g(z). If f'(z) is
continuous then from Lemma 2.2 and formulas (3.1) and (1.4), we have

op-! A _ o p—1! _1(:cR+Aa:H)
(f P )(mR+ ;;}3 (f P )(xn)ZAiR /p:(z) g(yp)dﬂp
9(&)nllp™ (@r), o7 (25 + Azy)))
- Az,
=g(§p)7

where &, € [p~Hz,), p 7 (z, +Az,)] and, by taking limit of this formula as Az, —

0, we obtain
(Fa(@)) = (For™) (@) = 9(zp), 75 = p~(p): (3.2)
Remark. Let f’(a:p) be continuous on [ay, by] C Q,. We ave
F(bp) — flap) = / b Fi(@)dup = F'(E)np(lap, by)), € € [ap, by). (33)
Theorem 3.1. If the derivatives of f: Qp, — R and h : Qp, — R exist, then
(fh) = f'h+ fH.

Proof. Let f' = g, then by

fan) = [ oy = [ (o) (3.4
we have the equality
fl(xp) = gp(Ts) = (fl)R(:I:R). (3.5)
Because f(zp) = fi(zy) and formula (3.4), we have
(fa(wn))/ = gp(zg) = (f’)R(mR)' (3.6)
From (3.5) and (3.6), we have
| I'(@p) = (1) (@a) = (falen))" (3.7)

R
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Using formula (3.7) and the derivative rules of real functions on the real number

field, we have

(f(@p)h(zp)) = (Fal@a)ha(zy))’
= (fR(‘TR)),h’R(xR) + fn(wn)(hn(xa)),
= f'(zp)h(2p) + f(ap)H (zp). O

Theorem 3.2. If (f;{) (zy,) is continuous on RT U {0}, then
by
L iy = 505) = 1)

Proof. For x € Q, ~ M, let p( ) = ag, p(b) = b,. From (3.7), we have

':U

b
f zp)dpp = / I xR )dz

=/ dmR

= R( R) fR(aR)
= f(bp) — f(ap). O

Now we give the principle of the differentiation of composite functions.

ap

Theorem 3.3. Let f'(z,) be a real valued continuous function on Qp \ Mp, where
M, is defined in the formula (1.3), and the derivative of function g : Qp — Qy exists
on Qp \ My, and ¢'(z) # 0. Then for z, € Qp \ M,

(Flo@n))) = £ (o@n)o(d ()
Remark. The derivative of g : Q, — Q) is defined as

g (wp) = |Ax ll:l—vo (g(xp * A:‘;’z); - g(xp))

Proof. Let ¢ € Qp \ M. Denote p(z) = z,. Without loss of generality, we may
assume g(z) > 0. We have

Fg(zp)) = (Fop™)((pog)(p™ (z5))) (3.8)
= Fp(zz)

where

Fp(zg)=(fop ™ )((pogop™)zr)) = (Fog)(p ™ (zr))
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1 -1

and (po g)p~! are real value functions of real number z n» therefore

Fep) = (for™Y ((pogor™)(wn))(pogop™) (zs) (3.9)
Now we will calculate the factors (fop™1) ((pog)(p~1(zy))) and (pogop™1)(z,).
Since
(for™Y((pogop™)(zr))

_ o U0 p N(pogop ™)y +Azy))—(fop H)((pogop™)(zy))
AzR—>0 (pog o p_l)(xn + AxR) - (po go p—l)(xﬂ)

Because fop~

(3.10)

and f, = fop~!, we have
(for ™) ((pogor™)er)) = frloogor™)zr) = f'(9(zp))

and

-1 -1
“1y . (pogopT)(es + Axy) — (pogop T )(zs)
= 1 .
(pogop ) (zys) pm Az,
Let Az, =p % & € Z and zp, =p (xo +x1p+---). Now we let & tend to —oo
(as k — oo) such that p~Y(z, +p %) = p~Y(z,) + p~ (p %*). There exists such &,
because z, € M,. It follows that :

(P 0go p—l)l(a:a) — Aiinnlbo (,0 Og)(mp +p;6;k) — (p o g)(‘TP) (311)

On the other hand, we have
(00 9)(@p+P) = (po 9)(zp) = ([0, 9(zp + )] ) - n([0,9(z)])  (3.12)
Because ¢'(z,) > 0, the right hand side of (3.12) equals to
#([9(@), 9@ +p7%)]) = ([0, 90z +p7%) - 9(2)]) = p(a(wp + %) - g(zp)-
By the continuity of operator p (see Lemma 2.1, it follows that

T %) — g(z
g( p+pp_63 g( P)} =p(g/($p))

(pogop™t)(zz) = lim p{

k——o0
From (3.9), (3.10) and (3.13), we obtain
F;(QJR) = f’(g(wp))p(g'(xp))
Finally, by (3.2) and by the equalities F(z,) = (fog)(zp), zp = p~*(z,), we have

(#(o(@)) = Fhiwa) = 7' (s(z)o(d (2))- a
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