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ON THE CONVERGENCE OF THE MODIFIED NOOR
ITERATION PROCESS WITH ERRORS IN THE CLASS OF
QUASI-CONTRACTIVE OPERATORS

ARIF RAFIQ

ABSTRACT. We establish a general theorem to approximate fixed points of quasi-
contractive operators on a normed space through the Noor iteration process with
errors in the sense of Liu [9]. Our result generalizes and improves upon, among
others, the corresponding result of Berinde [1].

1. INTRODUCTION AND PPRELIMINARIES

Throughout this note, N will denote the set of all positive integers. Let C be a
nonempty convex subset of a normed space F and T : C — C' be a mapping. Let
{b,} and {¥,,} be two sequences in [0, 1].

The Mann iteration process is defined by the sequence {z,}52, (see [10])

{xlzzEC, (1.1)

Tnt1 = (1 — bp) Tn + b,Tx,, n € N.
The sequence {z,}52 , defined by
21 =1x€C,
Tns1 = (1= Do) Tn + buTym, (1.2)
Yn=01-b)z, +b,Tzy, neN
is known as the Ishikawa iteration process [5].
In 1995, Liu [9] introduced error terms in the sequence (1.2) defined by
=1z € C,
Tnt1 = (1 = bp) Tn + bnTYp + up, (1.3)
Yn = (1 - b'n) Z, + b;;Tv'Cn + v, nEN,
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where {u,},{v,} are two summable sequences in C. Also it contains the Mann

process with error terms

)y =2 €C, (1.4)
Tp41 = (1 - bn) Zn + by Tyn + tn, n €N. ’
The sequence {2}, defined by
ry=2€C,
Zp+1 = 0pTyn + (1 — bp)zp, (1.5)

Yn = b T2n + (1 - b)Tn
zn =biTxy + (1 — b)xn, neEN,
where {b,} {b,,} and {b)} are appropriate sequences in [0,1] is known as Noor
iteration process [18].
Inspired and motivated by these facts, we suggest the following three-step itera-
tive process with errors in the sense of Liu [9] and define the sequence {z,}32, as

follows
1 =2 €C,
Tnt1 = bnTyn + (1 - bn)xn + Uy,
Yn = b, Tzp + (1 — b )zp + vp,
zn = b T2, + (1 = b))z +wp, n €N,

where {un}, {vn}, {wn} are three summable sequences in C.

(1.6)

The iteration processes (1.1-1.5) can be viewed as the special cases of the iteration
process (1.6).
We recall the following definitions in a metric space (X,d). A mapping T : X —
X is called an a-contraction if
d(Tz,Ty) < ad(z,y) for all z,y € X, (1.7)
where 0 < a < 1.
The map T is called Kannan mapping [6] if there exists b € (0, %) such that
d(Tz,Ty) < bld(z,Tx) + d(y, Ty)] for all z,y € X. (1.8)
A similar definition is due to Chatterjea [3]: there exists a ¢ € (0, 3) such that
d(Tz.Ty) < cld(z, Ty) + d(y, Tz)) for all z,y € X. (1.9)

Combining these three definitions, Zamfirescu [19] proved the following impor-

tant result.

Theorem 1. Let (X,d) be a complete metric space and T : X — X a mapping for
which there exists the real numbers a,b and c satisfying 0 < a <1, b,c € (0, %) such
that for each pair x,y € X, at least one of the following conditions holds:
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(z1) d(Tz,Ty) < ad(z,y) forallz,y e X
(22) d(Tz,Ty) < bld(z,Tz) + d(y, Ty)] forallz,ye X
(z3) d(Tz,Ty) < cld(z,Ty) + d(y,Tz)] for allxz.y € X.
Then T has a unique fized point p and the Picard iteration {z,}32 defined by

Zpy1=Txzn, neEN

converges to p for any arbitrary but fized x; € X.

One of the most, general contraction condition for which the unique fixed point
can be approximated by means of Picard iteration, has been obtained by Ciric [4]
in 1974: there exists 0 < h < 1 such that

d(Tz,Ty) < h{d(z,y). d(z,Tx), d(y,Ty), d(z,Ty), d(y,Tx)}, (QC)
Vr,ye X.

Remark. 1. A mapping satisfying (QC) is commonly called quasi contraction. It
is obvious that each of the conditions (1.7 — 1.9) and (21 — z3) implies (QC).
2. An operator T satisfying the contractive conditions {z;) — (23) in the above

theorem is called Z—operator.

In 2004, Berinde [1] introduced a new class of operators on an arbitrary Banach
space E; satisfying
Tz - Tyl| <6z -yl + 26 ||Tz — x| (1.10)
for any z,y € £}, 0< 46 < 1.
He proved that this class is wider than the class of Zamfiresu operators and

used the Ishikawa iteration process (1.2) to approximate fixed points of this class of
operators in an arbitrary Banach space given in the form of following theorem:

Theorem 2. Let K be a nonempty closed convex subset of an arbitrary Banach
space Ey. Let T : K — K be an operator satisfying (1.10). Let {z,}32, be defined
through the iterative process (1.2). If F(T) # ¢ and Y .2, b, = 00, then {zn}32,
converges strongly to the unique fixed point of T.

Following Berinde [1], we also have
1Tz — Tyl < §lle —yll + 26 [Ty -yl (1.11)
From (1.10) and (1.11), we have



42 ARIF RAFIQ

[Tz — Tyl < 6§l —yll + 40 [Ty — yll [Tz — =||; - (AR)

z,ye By, 0<6<1.
In this paper, we approximate the common fixed points of the class of mappings
defined in (AR) by using the iteration process (1.6). Our result generalizes and

improves upon, among others, the corresponding result of Berinde [1].

We shall need the following lemma.

Lemma 1 ([9]). Let {rn}, {sn}, {tn} and {k.} be sequences of nonnegative numbers
satisfying
Tod1 < (1 = 8p)rn + Sputn + kn foralln > 1.

If Yoo sy =10c, limy oty =0 and Y oo, k, < 0o hold, then lim,_,oc 7y = 0.

2. MAIN RESULT

Usually iterative results are obtained by making use of a fixed point theorem.
Following Berinde [1], we obtain such a result without employing any fixed point

theorem.

Theorem 3. Let C be a nonempty closed conver subset of a normed space E. Let
T : C — C be an operator satisfying (AR). Let {x,}2, be defined by the iterative
process (1.6). If F(T) # ¢, Zn"i] by =00, Yoy |ltnl| < 00 and limy, .o |[Un]] =0 =
limy oo [|wnl] , then {2,}3%, converges strongly to a fixed point of T.

Proof. Assume that F(T) # ¢ and w € F(T), then using (1.6), we have

lZn+1 — @l = 1onTyn + (1 = bp)xp + up — w|]
= |[(1 = bp) (2 — w) + bp (Tyn — w) + uy]|
< (1= bn) llon — wl| + by | Tyn — wll + {uall- (2.1)

Now for z =y, and y = w, (AR) gives
1Tyn — wll < 6 llyn — wll. (22)
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In a similar fashion, we can get
lyn = wl| = [|0hTzn + (1 = 8,)Tn + v — w]
= H(l - b;l) (xn - 'w) + b'/n (Tz.n — ‘w) + 'Un“

< (1= 00) e — wl + b, [ Tan = wil + [[onl] -

Using (AR), for z = 2z, and y = w, we get
[Tz — w]] < &ljzn — w]|.
Also
l2n — w|| = ||BhTzn + (1 — b)Yy + wn — |
= (1= b7) (2 = w) + b7 (T2 — w) +wyl|

< (=) lzn — wll + 0, ITzn — wi| + flwall .

Again by (AR), if x = z,, and y = w, we get
ITzs — wlf <6 fjzn —wi.
From (2.1-2.6), we obtain
1Zn41 —w]| < (1= bg) llzn — wl| + ba[(1 — by) [lzn — w]|
+6b], |20 ~ wl| + f[oall] + [[ual

I

+6by, f|vn|l + |uall
[1—bn(l —8(1 = 8)]] llzn — wl|

IA

[1 = bl — 502 = )]l — ]| + 8B, 120 — ]
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(2.2)

(2.4)

(2.3)

(2.6)

+62baby [[1 = (1 = 8)bn] 2 — wll + llwall] + 8bs on]l + [lunl|

[1— (1= 8)ba[l + 6, (1 + 8b7)] llzn — wl]
+6%bnb), wall + bn Jfvall + unll -

(2.4)

It may be noted that for § € [0,1) and {n,} € [0,1], the following inequality is always

true
, 1<1446n, <1+ (2.8)
From (2.7) and (2.8), we get
1241 — wll < [1 = (1 = 8)ba] [lwn — wl| + 5ba (b7, lwall + fonll) + llunll-
By Lemma 1, with > 0> b, = oc, 320 flux]l < o0 and lim, o |jun]] = 0 =
limy,_ o ||wn||, we get that lim, . ||z, — w|| = 0. Consequently z, — w € F and
this completes the proof. O
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Corollary 1. Let C be a nonempty closed convex subset of a normed space E. Let
T :C — C be an operator satisfying (AR). Let {x,}2, be defined by the iterative
process (1.5). If F(T) # ¢. > ooy by = 00, then {z,}52 converges strongly to a fized
point of T.

Corollary 2. Let C be a nonempty closed convezx subset of a normed space E. Let
T : C — C be an operator satisfying (AR). Let {zn}32, be defined by the iterative

process (1.3). If F(T) # ¢, > 721 by = 00, Yoy unll < o0 and limp oo [|lUn|| =
0, then {z,}5¢, converges strongly to a fixed point of T.

Corollary 3. Let C be a nonempty closed convez subset of a normed space E. Let
T : C — C be an operator satisfying (AR). Let {x,}2, be defined by the iterative
process (1.4). If F(T) # ¢. > 2, bn = 00 and |juy|| = 0(byn), then {x,}52 4 converges
strongly to a fixed point of T.

Corollary 4. Let C be a nonempty closed convez subset of a normed space E. Let
T :C — C be an operator satisfying (AR) Let {zn}52, be defined by the iterative
process (1.2). If F(T) # ¢ and Y ;> bp = 00, then {x,}32 converges strongly to
the unique fixed point of T.

Corollary 5. Let C be a nonempty closed convexr subset of a normed space E. Let
T : C — C be an operator satisfying (AR). Let {x,}X, be defined by the iterative
process (1.1). If F(T) # ¢. 3 oo bn = 00, then {2,}52 converges strongly to a fixed
point of T. '

Remark. 1. The contractive condition (1.7) makes T a continuous function on X
while this is not the case with the contractive conditions (1.8 — 1.9) and (AR).

2. The Chatterjea’s and the Kannan’s contractive conditions (1.9) and (1.8) are
both included in the class of Zamfirescu operators and so their convergence theorems
for the Ishikawa iteration process are obtained in Corollary 4.

3. Theorem 4 of Rhoades [13] in the context of Mann iteration on a uniformly

convex Banach space has been extended in Corollary 5.
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4. In Corollary 4, Theorem 8 of Rhoades {14] is generalized to the setting of

normed spaces.

5. Our result also generalizes Theorem 5 of Osilike [11] and Theorem 2 of Osilike

12].
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