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P(R,M) GAMMA NEAR-RINGS

YoNG Uk CHO*, T. TAMIZH CHELVAM** AND N. MEENAKUMARI™*

ABSTRACT. In this paper, we introduce the concept of P(r,m) I'- near-ring and
obtain some characterization of P(r,m) I-near-rings through regularity conditions.

1. INTRODUCTION

Throughout this paper M stands for a I'-near-ring. For basic definitions in near-
ring theory one may refer to Pilz [3] and in I-near-ring one may refer to [4].The
concept of P(r,m) near-rings was introduced by Balakrishnan [1]. Now we introduce
the concept of P(r,m) I'-near-rings and obtain some characterization of the same
through regularity conditions. Further we obtain some properties of P(1,2) and

P(2,1) I'-near-rings.
2. PRELIMINARIES

A T-near-ring is a triple (M. +,T") where
(i) (M,+) is a group,
(ii) T is a non-empty set of binary operations on M such that for each v € T,
(M, +,7) is a right near-ring,
(il) zy(ypz) = (zyy)pz for all z,y,z € M and vy,u € T
For x € M and a positive integer m, by 2™ we mean £viZ7ys...2%m-1Z, Where
v €T forl1 <i<m-—1. M is said to be a P(r,m) I'-near-ring if there exist positive
integers r, m such that £"T'A = MTa2™ for all x € M. M is called a left unital
I-near-ring (right unital I'-near-ring) if z € xT'M (x € MTz) forallz € M. M is
said to be regular if for each a € M, there exists b € M such that a = ay;by2a for
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every pair of non-zero elements 7;,v2 of I'. A non-empty subset A of M is called
left I'-subgroup (right I'-subgroup) of M if A is a subgroup of (M,+) and MTA C A
(ATM C A).

M is said to fulfill the intertion of factors property (IFP) provided that for all
a,b € M, ayb = 0 for all v € T implies ay3nyb = 0 for every pair of non-zero
elements v;,v2 of ' and for alln € M. A I'-near-ring M is said to be zero symmetric
ifzy0 =0for all z € M and v € T. A I-near-ring M is said to be sub-commutative
ifxeynM = Myx for all x € M and v;,v € T. v

M is said to be left permutable or right permutable [2] according as (zy1y)y22
= (y12x)1ez or (zmy)vez = (xzm2)yy for all z,y,z € M and for every pair of
non-zero elements v;,7, of I'. For A C M, we define the radical v/A of A to be
{z € M/z* € A for some positive integer k}. A regular I'-near-ring M is called P;
regular if for each a € M, ayb = bya for all v € T, where b is an element M satisfying
the property a = ayi1bysa for every pair of non-zero elements v,y of T

M is said to have strong IFP if for all ideals I of M and for alla,b,n € M,avbe I
for all v € I' implies ayyny, € I for every pair of non-zero elements v;,y, of I'. M is
said to be a generalized gamma-near-field (GGNF) if for each a € M, there exists a
unique a’ € M such that ay;a’v2a = a and a’yay2a’ = o’ for every pair of non-zero
elements 7,2 of I [5]. It is easy to see that a P(r,m) I-near-ring is zero-symmetric.
An element a € M is called idempotent if aya = a for all ¥ € I'. E denotes the set
of all idempotents in M. An element a € M is said to be nilpotent if ™ = 0 for
some positive integer n. Throughout this paper by A, we mean a zero-symmetric

I'-near-ring.
The following result in [5] is given for reference:

Theorem 1. The following are equivalent:

(i) M is a GGNF.
(i1) M is regular and each idempotent is central.

(iii) M s regular and sub-commutative.

3. Basic REsuLTS

In this section we establish certain preliminary results for future use.

Proposition 1. If M is without non-zero nilpotent elements, then M is a IFP

I'-near-ring.
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Proof. If zyy = 0 for 2,y € M and for all y € T, then (yyz)? = (yyz)(yyz) =
yy(zyy)yz = yy0 = 0. This implies that yyr = 0. Now, for 71,72 € I',n €
M, (z7v1n7129)* = (z71n729)y(@NinYey) = zmnye0n (m2y) = (2v1n)120 = 0. This
implies that zy;ny2y = 0. Therefore M is an IFP [-near-ring. a

Proposition 2. Let M be a P(1,2) I'-near-ring.

(1) If M has no non-zero nilpotent elements, then M is a right unital T-near-
ring.
(i) If Mis a left unital T-near-ring, then M has no non-zero nilpotent elements.

Proof. (i) Since M is a P(1,2) I'-near-ring, we have xT'M = MTz? for all x € M.
Now 2% = zyz € 2TM = MT2? which implies that z2 = m~ya? for some m € M
and for all v € T'. This implies (z — m~yz)yz = 0. Since M has no non-zero nilpotent
elements and M is zero symmetric, zy(z—m~yz) = 0 and myzy(z—m~yz) = my0 = 0.
Now (z — myz)? = (z — myz)y(z — myz) = zy(z — myz) — myzy(z — myz) = 0.
From this and M has no non-zero nilpotent elements, we get that z — myx = 0 and
so ¢ = m~vyzx € Afl'z. Thus M is a right unital I'-near-ring.

(ii) For all z € M,z € zTM = MT2? for some m € M and for all ¥ € T. Thus

x? = 0 implies = 0. Hence M has no non-zero nilpotent elements. 3
Similar to the above, one can prove the following result.

Proposition 3. Let M be a P(2,1) I'-near-ring which is also right permutable.

(i) If M has no non-zero nilpotent elements, then M is a left unital I -near-ring.
(i1} If Mis a right unital T-near-ring, then M has no non-zero nilpotent ele-

ments.

Proposition 4. Any homomorphic image of any P(r,m) T-near-ring is also a
P(r,m) T'-near-ring.

Proof. Let M be a P(r,m) I‘-nea;r-ring and let f : M — M’ be a I'-near-ring epi-
morphism. Since M is a P(r,m) I'-near-ring, z’I'M = MT'z™ for all x € M. Now,
for y,z € M’ and v € T, consider y"yz = f(z)"vf(m) = f(a"ym) = f(m'y'z™) =
F(m)y' f(z™) € M'Ty™. Therefore y"TM’ C M'T'y™. Similarly one can prove the
other inclusion and hence y"'T'M' = M'T'y™. O

Proposition 5. Every left I subgroup of a P(1,2) I'-near-ring is also right ' sub-
group.
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Proof. Let A be a left T subgroup of a P(1,2) I'near-ring M. Fora € A, m € M,
v €T, aym € al’M = MTa? implies aym = m'y'a® € MTa C MTA C A and so A
is a right I'-subgroup. 0

The following is an immediate corollary of the above result.

Corollary 1. Euvery left ideal of a P(1,2) I'-near-ring is an ideal.
Proposition 6. If M is a P(1,2) or P(2,1) I'-near-ring, then M has strong IFP.

Proof. Let I be an ideal and ayb € I for a,b € M and y € I". (i) Suppose M is P(1,2)
[-near-ring. Since M is zero-symmetric, MTI C I. Now ayym € aT'M = MTa?
implies ay;m = m'vya? for some m’' € M and for all v € T. This further implies
that ayimy2b = (ayim)yb = (M'va?)yb = (m'va)y(ayebd) € MI'I C I. Hence
ayymy2b € I. Thus M has strong IFP. (ii) Let M be a P(2,1) I'-near-ring. Consider
mayeb € MTb = b>T'M. From this we get that myb = b2ym’ for some m’ € M and
for all v € T. Now ay1my2b = ay1(myed) = ay (B2ym’) = (amib)y(bym') C ITM C
I. Hence M has strong IFP. 0

Proposition 7. If M is a P(r,m) I"-near-ring for some positive integers r and m,

then every idempotent is central.

Proof. Let M be a P(r,m) I'-near-ring for some integers r and m. Fore € E, e'TM =
MTe™ implies elM = MTe. Now e['MTe = eI'(MTe) = eI'M. Hence elM =
MTe = el'MTe. For m € M, there exists u,v € M such that mye = eyuyze and
eyim = eyvyze. Now eyimye = eyi(mye) = emi(emiuyze) = eyiuyre = myqe
and eyymyze = (eyym)yee = (ey1vy2€)12e = eyim. Thus eyim = eyymye = myze
for all m € M. Therefore every idempotent is central. O

Proposition 8. (i) Let M be a P(1,2) T'-near-ring. Then M is regular if and only
if M is a right unital I'-near-ring.

(#3) Let M be a P(2,1) T'-near-ring which is right permutable. Then M is regular if
and only if M is a left unital T'-near-ring.

Proof. (i)Assume that M is a P(1,2) I'-near-ring and regular. For all £ € M, there
cxists y € M such that x = zyyyezr € 2I'M. Therefore M is a right unital
I'-near-ring. Conversely, let M be a right unital I'-near-ring. For each x € M,
z € 2T M = MT'2%. From this we get that 2 = my,2? for some m € M and for all
2 €T and so 22 = zyymy,2%. This further implies that (z — zy;myz)M1z = 0.
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From this we get that zvi(z — zyymy22) = 0 and zyymyezy(z — zY1MY02) = 0.
Consider (z — zy1my2z)? = (z — zyimyz)M1 (2 — TY1MYT) = 271 (T — TYIMYRT) —
zyimyezy1(x — gy1myex) = 0. Since M has no non-zero nilpotent elements, we
get that z — xyymyxz = 0. Hence z = zyymyex. ie., M is regular. (ii) Let M be
regular. Then, for each z € M, there exists y € M such that 2 = zyyyx € MT'z.
Therefore Af is a left unital I'-near-ring. Conversely let M be a P(2,1) left unital
I-near-ring, which is also right permutable. Then x € MT'z = £2T'M which implies
that z = z2yym for some m € M and for all 45 € G. Thus 22 = z2yomyr =
znzye(myz) = zv1(my2z)y2z (since A is of right permutable), which implies
that (z — xyymy22)yz = 0. From this we get that zy2(z ~ y1myez) = 0 and
zyimyzy2(z — zy1myez) = 0. Consider (z — zy1mYez)? = (x — zyymyet) V(T —
zyymy — 2z) = z%(T — syimyx) — zyimyezy2 (T — zyimy2x) = 0 and so = =
zyimyzz. Thus M is regular. O

Proposition 9. Let M be a right unital P(1,2) T -near-ring. Then M is P3 regular.

Proof. By Proposition 8, Af is regular. Thus, for £ € M, we have £ = zy;mYx
for some m € M. Hence zyymyz = (mma?)mimmz = (mmz)y(zyymyz) =
my1272x = my12%, which implies that zyz(zy;m — my12) = 0 and zymya(zym —
my1z) = 0 for all m € M. Consider (zy;m — my1z)? = (zyim — my1z)ye(zyim —
myz) = zyimy(zym — myz) — my;rye(ry;m — myyz) = 0 which implies that
zyym = mmz for all v, € I'. Hence M is P; regular. O

4. GENERALIZED GAMMA NEAR-FIELDS

In this section, we obtain equivalent for a I'-near-ring to be a generalized gamma,
near-field.

Theorem 2. Let M be a regular T-near-ring. Then the following statements are
equivalent:
(i) M is a P(1,2) I'-near-ring.
(ii) Every idempotent in M is central.
(i) M is a GGNF.
(iv) M is a P(2,1) I'-near-ring.

Proof. (i) =(ii) Follows from Proposition 7
(ii)=>(iii) Follows from Theorem 3.1[5]
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(iii)=(iv) By Theorem 3.1 [5], every idempotent is central. For a € M, a%2yym €
a®T'M for all m € M. Now
a’>yim = (ayea)yim = a?(ay byea)ym
= 0271((17720)71771) = a2yymyi (byea) € MTa.
Therefore a?T'M C MTa. For my,a € MTa,

mma = my(aybyea) = (ay1b)yimya = (av1byea)yi(byymy.a)
= av2(am1b)r (byimrea) = a*y (B*y1myea) € @*TM.
Therefore MTa = a2T'M.

(iv) = (ii) Follows from Proposition 7.
(ii) = (i) Proof is similar to that of (iii) =(iv). O

Theorem 3. Let M be a regular T'-near-ring. Then M is a P(r,m) I'-near-ring for
all positive integers r and m if and only if M is a P(1,2) I'-near-ring.

Proof. Let M be a P(1,2) I-near-ring. By Theorem 2, every idempotent is central.
Let r and m be any two positive integers. Let a € x"I'M. Then a = z"ym for some
m € M and for all vy € . Now

a = z"yam = (@nyyez) 2m = 2" n(yyez) v2m
= 2"y (y12x)r2m = 2"y imYe(yret) = 2" imya(yrez)m
= 2" yimyymyz™ = (2" myeym)yezm € MTz™.

Therefore z"T'M C MTz™. Similarly we can prove that MT'2™ C z"I'M. Therefore

M is a P(r,m) I'-near-ring. Converse is trivial. O

Theorem 4. If M is a left permutable as well as a right permutable regular I'-near-

ring, then it is a P(r,m) I'-near-ring for all positive integers r and m.

Proof. By Theorem 3, it is enough to show that M is a P(1,2) I'near-ring. Let
M be regular. For a € M, there exists b € M such that a = ayibya. Now
ayym = (ambya)yym = (bniaysa)yim. Since M is left permutable, ayym =
(byiavea)yym = byymma®. By M is right permutable, ayym € MTa?. There-
fore aT'M C MTa? Conversely, mya? = my(ayibyaa)ypa = (myay1b)ya? =
(ayamy1b)y2a? = aya(myibyea® € aT'M. Therefore MTa? C aI'M. Thus al'M =
MTa? for all a € M. Hence M is a P(1,2) I-near-ring and the result follows. O
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Theorem 5. Let M be a reqular P(r,m) I'-near-ring. For two left I"-subgroups A
and B of M, the following are true.
(i) VA= A.
(i) AN B = AI'B.
(iii) A2= ATA = A.
(iv) If AC B, then ATB = A.
(v) ANMTB = AI'B.

Proof. (i) Let z € v/A. Then there exists some positive integer k such that z* € A.
Since M is an right unital P(1,2) I'-near-ring, by Theorem 4 and Proposition 6,
z € zTM = MTz? which further implies that z = m~yz? for some m € M and for
all ¥ € T. This gives that z = myz? = (myz)yz = (mymyz?)yz = m*yzd = .. =
mk“lfyxk € MT A C A. Therefore VA = A.

(i1) By Theorem 4 and Proposition 5, both A and B are right I'-subgroups and
therefore ATB C AN B. Let x € AN B,z = zn1yvez € (ATM)T'B C AT'B. Thus
ANB = AT'B.

(iii) Taking B = A, A = AT A = 42.

(iv) Follows from (ii).

(v) ANMI'B C AN B = ATB. Therefore AN (MI'B) C ATB and ATB C MTB.
Therefore AT'B = AN (MI'B). 0
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