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A HYBRID VOLTERRA-TYPE EQUATION WITH TWO TYPES
OF IMPULSES

*S. A. BELBAS AND *JONG SEO PARK

ABSTRACT. We formulate and analyze a hybrid system model that involves Volterra
integral operators with multiple integrals and two types of impulsive terms. We
give a constructive proof, via an iteration method, of existence and uniqueness of
solutions.

1. INTRODUCTION

The class of Volterra integral equations has been traditionally used to model
the behavior of systems with memory. The question of existence and uniqueness
of solutions of Volterra integral equations is carried out by applying appropriate
fixed point theorems; in addition to the classical works [4, 8], we mention the papers
[2,9,10] that contain techniques related to the material of the present paper.

In this paper, we not only formulate and analyze a novel class of equations that
contain some of the characteristics of Volterra integral equations, but also fall into
the general category of hybrid systems theory.

The discipline of hybrid systems aims to formulate and analyze models of systems
that combine continuous and discrete features. as well as to solve associated problems
of control theory and game theory. In the area of ordinary differential equations,
the standard model of hybrid systems is the class of impulsive differential equations
[1). The topic of Volterra integral equations with impulses has received considerable
attention in the recent research literature [5,6,7,11]. To the best of our knowledge,
the paper [3] is the first to contain a general Volterra type term describing the

impulses; previous papers contained particular types of impulses.
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In this paper, we set out to explore the inclusion of multiple-integral Volterra
terms and multiple types of discrete impulsive terms, with two qualitatively different
types of impulses; the various ingredients can be combined in several different ways.
It is expected that the present work will form the basis for further developments in
the area of systems described by Volterra equations with multiple integral terms and
also multiple integral-sum terms. In order to make these concepts clear at this stage,
we shall describe t.c various types of integral equations that can arise as extensions
and generalizations of the classical Volterra model.

The standard (nonlinear) Volterra equation of the second kind for a scalar-valued

unknown function y(t) is

o
(11) y(t) = yolt) + /0 £(t,5,3(s))ds

It is well known that general smooth phenomena with memory are not always mod-
elled by single integral operators of the type fg f(t,s,y(s))ds, but rather they involve
series of multiple integrals. The multiple integral series analogue of (1.1) is

oo 1 2 1t
Gy VO =wOrE s L[ [ s s

y(s1).y(s2), -, y(sn))ds1dss - - - dsy,
and a continuous solution is sought over 0 <t < 7T .

If the functions f, are continuous in all their arguments, satisfy bounds
|f(t,.5‘1, 8, X1, T2, ’xn)l S Cn

and Lipschitz conditions
n
|fn(t)317 8y Ty, X2, 0 ,xn) - fn(tasl-, to ,3111615527 o 7571)[ < LTLZ lmi - 51'
i=1

. . n n . .
with the series Y | M, tn—!, oo Lnt1 % having radius of convergence R > T, then
the existence and uniqueness of a solution of (1.2) can be shown, in a constructive

manner, by showing that the operator S, defined by

oasd 1 t t t
(1‘3) (S.’E)(t) : =yO(t)+;aA /0 A fn(ta317327 """ »Sn,

z(s1).z(s2), -+ ,z(sn))ds1dsy - - - dsp
is a contraction on C(0, T; R)(the space of continuous real-valued functions on [0, T7)

in the norm

Jo— —ut
(1.4) 2] := max e™*ja(t)].
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If p is sufficiently large, then the proof of the contraction property relies on the

estimate
e M |z(t) — &(t)]
fn(t 51,82, ,8n,€(51) 6(32)’ +&(sn))|ds1ds; - - - dsy,
<o o f S et -t
ge—#tzm/ / /0 ;eﬂston—{IIu
(15) 1—8 ut * - 1 j=
— p ; o nLy|lx — f”u

1 —eH 7

=S SLnle €l

s m=0
1 - e~ &

— > rbmalle €l

m=0

Ly, and

and the contraction property follows from the convergence of 3 >, 7;”.

the fact that lim, 1= eu 0.

It is plain that we may assume, without loss of generality, that each function f, is

symmetric with respect to permutations of the symbols (s;,z;), i = 1,2,--- ,n. ie.

fn(t* Sa(1)s " s So(n)s To(l)s " 73:(7(71)) = fn(t7 Sty Spy L1, 7xn) for every per-

mutation o of (1,2, ...,n), otherwise we could replace each f, by its symmetrization
fn(t 81y v Spy L1y 7'7:71)

(16) . ' Z fn(t 85(1)s " 1 So(n)» La(1)s "+ ’xa(n))a
UEH

where [[,, is the set of all permutations of (1,2,...,n), and we would have

/ //fn(t 81,82, ,8n,Z(81), Z(82), - ,T(sn))ds1dsa - - - dsp
(1.7)
/fntsl,82, <+, 8n, T(81), T(S2), - -+ ,z(8y))ds1dsy - - - dsy

Under the condltlon of symmetry of each f,, (1.2) can be written as

Sn 52
t)—'yo + / / f(t,51,32,"',3,
(18) Z n=0 Jsp_1=0 s3=0 " "

S
y(s1), y(SQ) <, yY(sp))dsy - - - dsp_1dsn.
Another extension of the standard Volterra equation (1.1) has been introduced in

[3]. This extension involves impulsive terms, and the impulsive Volterra equation
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becomes
t
19) v =w(®) + [ ftsu(oNds+ 3 oft,my(n)
0 i<t
(The problems in [3] included controlled equations of the type (1.9).)

The time-instants 7; in (1.9) are the impulsive times. The unknown function y will
have jump discontinuities at these instants; however, the effect of the jumps in y are
more general than in the case of impulsive ordinary differential equations. A crucial
feature of an impulsive Volterra equation of the type (1.9) is that a constructive
proof of existence and uniqueness of solutions requires the use of a two-dimensional
vector-valued metric and a concept of contractions with a 2 x 2 matrix, instead of a
scalar, contraction “coefficient”. We refer to [3] for the details.

In this paper, we further explore the interrelationships between continuous and
discrete components of systems with memory. To this effect, we consider Volterra
equations with integral terms up to order two, discrete terms up to order two, and
mixed discrete and continuous terms up to order two, with two kinds of impulsive
effects, impulses of order 1, at impulsive times denoted by 7;, and impulses of order 2,
at variable times denoted by a;(t). The detailed formulation of this model, together
with explanations of the terminology of higher-order impulses, is presented in the
next section.

The constructive proof of existence and uniqueness of solutions for our second-
order full impulsive model requires the use of a three-dimensional vector-valued
metric, and proof of contraction property with the role of contraction coefficient

played by a matrix.

2. PROPERTIES AND HYPOTHESES

In this section, we give some properties and hypotheses for the functions.

Now we consider the following basic Volterra integral equation

z(t) = 2o(t) + _/Ot it s,z(s))ds + /‘?:_As fa(t, s, s1,2(s), z(s1))ds1ds
(2.1) + D Gtz + Y Y Galt T a(r), (7))
i<t nTi<t j=1

t
+/0 z Z g(t, s,0i(s), 75, 2(8). z(di(s) ™), z(7; ))ds

toi(s)<t Jimi<i
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+ S Gttty 7 2(0i(t)), 2.

wo{t)<t 3 <t

Let p;j, 1 =1,2,--- ,N;. j =1,2,--- , N,; be the solutions of equation
(2.2) t = 0;(t)

Define 0 = {0;() :i=1,2,--- , Ny}, and we assume that, for every i = 1,2.--- | N,.
equation (2.2) has a finite number of solutions. Let

(2.3) p={pij 1 <j<Ngy, 1 <i < Ny}
We set

(2.4) 7:= {70,712, " , TN, }

and

(2.5) =TUp

The space C(0,T; R; I) is defined as the space of real-valued functions z(-) which
are bounded and continuous on every open interval (o, 8), with endpoints a and
in I, and has limits z(at) := lim,_,+ 2(t), z(a™) := lim;_,,- 2(t) at every point
a € IN(0,T), as well as limits £(0%) := lim,_,g+ z(t), (T ) := lim,_p- z(t).

Let x(t) = £(t), z(7; ) = m and z(03(t)”) = B;(t). Assume that the functions
f1, f2. G1,G2,G3 and g satisfy the following conditions:

(H1) fi(t,s,z(s)) is continuous for 0 < s < ¢, z € C(0,T; R:; 1), there exist L; > 0
such that

lfl(tﬁsaml) - fl(tas)x2)’ < Lllml - 1'21-
(H2) fa(t, s, s1,2,y) is continuous for 0 < 53 < s < t, z,y € C(0,T; R;I), there exist
Loy. Legs > 0 such that
|f2(2, 8,81, 21, 91) = fa(t, 8, 81,22, 42)| < Laa|z1 — Za2| + Loalyn — 2l

(H3) G\ (t,7i,z(7;")) is continuous impulse function for 0 < 7; <t < T, z € R",
there exist Lg, > O such that

|Gl(t7Tian3) - Gl(t77—ian?)| S LGlln;,l - 7712l

(H4) Go(t, 7,75, 2(7,7),2(7;7)) is continuous impulse function for 0 < 7; <73 <t <
T, z € R™, there exist Lg,,, Lg,, > 0 such that

|G2(t)7-‘ia7jani1, ,’7}) - G2(t»TiaTjalr’?an2')l S LGzl‘nil - I”z?‘ + LGzzl"?}' - 77,2|



126 *S. A. BELBAS AND *"JONG SEO PARK

(H5) Gs(t,04(t), 75, z(03(t) ™), z(7; ) is continuous impulse function for 0 < 7; <
oi(t) <t < T, z € R", there exist Lg,,, Lgs, > 0 such that
IG3(t, Ji(t)a 79,2/311 (t)7 T’JI) - G3(t> Ui(t)a Tjs /312(t)7 77,2)|
< Lgy, !7731' - 773'! + LG’az'ﬁz‘l t) - B ().
(H6) g(t,s,0i(s),75,%(s), z(di(s)7),z(7;")) is continuous function for 0 < 7; <
oi(s)<s<t<T,zeC([0,T]:7), there exist Ly, Ly,,Lg; > 0 such that
l9(t, s, Uli(s),Tj,fl(t),ﬂil (t),?}) —2|g(t, S,Gi(IS),Tj,ﬁz(t)-ﬂ?(t)ﬂﬁ)l
< Loy [€°(2) — E5(B)] + LgaInj — mjl + Lgs |67 (8) = G (2)].
(H7) There is a positive number h such that 7; — 7,3 > h for all i = 1,2,--- | Ny,
oj(t)—oj_1(t) > hforallj =1,2,---,N,, and for all ¢t € [0,T]; whenever o;(s) < 7,
for some j € {1,2,--- ,N,} and i € {1,2,--- , N;}, then 7; — 5;(s) > h.

3. EXi1STENCE AND UNIQUENESS OF SOLUTION OF THE STATE EQUATION

In this section, we will show the existence and uniqueness of solution for the
nonlinear Volterra integral equation.

For each collection of impulse times, we seek a solution (2.1) in the space C(0, T
R;I) of real valued function z(t) that are bounded and continuous on every open
interval («, 3), with endpoints « and 8 in I and have limits z(a™) := lim;_, o+ z(¢),
z{a~) = lim,_,,- z(t) at every point a € 1N (0,T), as well as limits z(0") :=
limy o+ 2(t), 2(T7) := lim,_ - z(t).

Theorem 3.1. Suppose that hypotheses (H1) ~ (H7) are satisfied. Then for every
T and every o, (2.1) has a unique solution z(-) in the space C(0,T; R;I).

Proof. We observe that the hybrid Volterra equation (2.1) implies the following

impulsive conditions at the times 7 and py;:

k-1
z(ry) = z(1) + G1(7, T (7)) + ZGz(Tk,Tk,Tj,x(T[),x(Tj_))
j=1
(3.1) +/0 Z 9(7x, 8,04(8), Tk, x(s), (03 (s) ™), x(7; ))ds

B0 {s)< Tk

+ Y Ga(moi(m), e, 2(0i(me) ), 2(7y)

203 {7k ) <7k

(3:2) z(ph) = z(p) + Z G3(pr1; Pr1> T3, T(Prp)s 2(757))
J:Ti<pri
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The interval [0, T'] can be expressed as {0, T] = Up<i<m [, ay41), for some positive
integer M, with each o; € I, and all the corresponding open intervals satisfying
(g, 1) N (o, ap1) = B for k £ 1, (g, 0041) NI =0

The solution of (2.1) can be obtained inductively as follows: equation (2.1) can
be solved on [0, ;) as a Volterra integral equation(including double integral terms,
for which existence and uniqueness is provided by the argument in the introduc-
tion), and therefore z(c ) can be determined. Then z(aj) can be found by the
impulsive conditions (3.1), (3.2) above. The equation (2.1) becomes a Volterra in-
tegral equation(with multiple integral terms, but no impulses) for the restriction
of z(¢) to the interval (a;, as), and consequently z(¢) can be uniquely determined
over the interval [0, a2). Inductively, if z(t) has been determined over the interval
[0,a1), then z(a; ) can be determined, and z(aj) can be found from the impul-
sive conditions (3.1), (3.2), so that (2.1) becomes a Volterra integral equation(with
multiple integral terms, but no impulses) for the restriction of z(t) to the interval
(au, cvy41), which is uniquely solvable on (ay, 41 ), therefore z(t) will be known over
the interval [0, ay41). This completes the induction. 0

We consider the space V = C(0,T;R;I) x R¥" x C(0,T;R;I) with a vector
valued norm defined for each (£,7;,8;) in V denoted by £(t) = z(t), i = z(7; ),
Bi(t) = x(0i(t)7) by

1€l = S e HE)],

(3.3) Al = lrgiggve “HTE ], n=[Mmi:0<i< Ny,
I18ll, = jmax, sup e Ogi(t),  B=1[8:0<5< N,

We define an operator S on V by

Se(&.m, B)
(34) S n.B) = { [Sal&n B |,
[Sm(£7 7, ﬁ)]P

where S,: V — C(0,T;R;I), Sg: V — R and S, : V — C(0,T; R; 1);
Sc(€,m,B)(¢t)
= zo(t / falt,5,€(s))ds + / || #attos.s1.666), o0

+ > Giltmem)+ ZGz(t Tir T i 115)

<t tTi<t j=1

(3.5)
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t
[T ot 706 A(s),m)ds

iioi(s)<t jiTi<t
-+ Z Z G3(t,01(t),7'pﬂz(t)a7b),
o ()<t i<t
[Sa(&,n, B)]i y s
~ao(m)+ [ (3, 6(5)ds + [ [ ftons.s1.609,ts1)dmas

i—1
+ ZG](TZ,Tiﬁni) + z ZG2(TI,Ti,Tjﬂ7i,7Ij)

i<l i<l j=1

7 -1
+/0 "> 9(nys,04(s),75,6(s), Bi(s),m;)ds

iioi{s)< j=1
-1

+ Z ZGQ,(TI;Ui(Tl))Tj)Bi(Tl)7nj)7

iioi ()< =1

[S’m. (Sa 7. /3)]1’7 (t)

ap(t)

t
= 29(0,(1)) + / F1(0p(2). 5,£(s))ds
op(t) s 0 dsid
+A Af2(op(t)7sv31)6(8)75(31))‘_‘:1 S
(3.7) + Y Giop)mm)+ Y. Y Galop(t), T Ty M)

i <op(t) iimi<op(t) J=1

op(t)
+/0 Z Z g(o‘p(t),8,J,j(S),Tj,f(S),/311(8),7)_7')618

iioi(s)<op(t) jimj<op(t)
+ E Z G3(op(t), 0:(op(t)), 75, Bi(0p(t)), m))-

i:0i(op(t))<op(t) Jiry<op(t)

(3.6)

We shall call that S, is continuous component of S, Sy is discrete component of S

and S,, is mixed component of S.

Lemma 3.2. The solution of equation (2.1) is equivalent to the problem of finding
a fized point of the operator S defined in (3.5) ~ (3.7) above.

Proof. Tt is clear that, if z(¢) is a solution of (2.1) in the space C(0,T: R;I), then it
is plain that the triple (£*,7n*, 3*), defined by
&) ==(t), n=z(r]), B;(t):=2(o;()7)

is a fixed point of the operator S in the space V.
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Conversely, suppose that (£*,%*,8*) € V is a fixed point of S. Let the intervals
[, a41] be as in the proof of Theorem 3.1. It follows from (3.5) that £*(t) is a
solution of (2.1) over the time-interval [0,). If &y € 7, it follows from (3.6) that
n} = £*(ay ), and then it follows from (3.5) that £*(ay") satisfies the impulsive condi-
tion (3.1) at t = og. If oy € p, it follows from (3.7) that 55 (a1) = £*(01(a1)7), and
then it follows from (3.5) that £*(o1(a1)™) satisfies the impulsive condition (3.2) at
t = o1. Inductively, if £*(¢) solves (2.1) over [0, oy) and £* (o) satisfies the appropri-
ate impulsive condition, (3.1) or (3.2), at t = a;, then we shall show that £*(¢) also
solves (2.1) over [0, ay4+1) and £*(cff, ;) satisfies the appropriate impulsive condition,
(3.1) or (3.2), at t = ay4;. Suppose that the points agp, o1, ,q; correspond to
{2 :0< A< A} U0, 11 <oy, < o). Then it follows from (3.5) that £*(t) solves
(2.1) over [0, c41), since the equation obtained from (2.1) over the interval oy, ay41)
as in the proof of Theorem 3.1, contains no impulses in (a;, ap41). If ap; € 7, then it
follows from (3.6) that £*(a, ;) = 73,4, and then it follows from (3.5) that, in case
a1 < T, 5*(0‘1-:-1) satisfies the impulsive condition (3.1) at ¢t = agq1 = Tag41. If
a1+1 € p, then it follows from (3.6) that £*(y ;) = 8;j(0j(cus1)™) for some j > po,
and then it follows from (3.5) that, in case ay11 < 7, f*(af:l_l) satisfies the impulsive
condition (3.2) at ¢ = p;jr = a4 for some k. The induction is complete. a

Lemma 3.3. If # > 0 is sufficiently large, then for aﬁy (€1, 0%, BY), (62,72, 8%) of V,
we have
@) 156" 7", 8") — Se(6% 1%, 8%l
< anllg' - &+ anzln' = n?llu + a3)|8' = 8%,
(i) 1Sal€", 0", BY) = Sa(€. 1%, %)l
< anlig' = Ellu + azzln' — ?llu + a2l 8" = Bl
(i) [|Sm(€" 0" BY) = Sm(€%. 1%, %),
< an €' — ¥l + azlin’ = n”llu + asslB* — 52,

where all constants a;; are nonnegative elements of the matrix A := (a5;)1<ij<3-

where all constants a;; are nonnegative elements of the matrix A := (a;;)1<i j<3.

Proof. We will show that the operator S satisfies the contractive condition. It is
cnough to have lim, 0o D = 0, lim, oo T = 0 and lim, o0 § = 0 for D = det(A),
T = tr(A) and S = a11a22 + a22033 + 33011 — 413031 — Q23032 — 01202) (see Appendix
I). '
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Let Ly = max{La, Ly}, Lg, = max{Lgy, . La,, }, Ly = max{Lg,, Ly,, Ly} and
L¢, = max{Lgs,, Lg;, }- Then we have

(i) e #|S.(1,n", BH(E) — Se(€2,7°, B2)(t)]
1
< e{ /0 u(t 5, 61(s)) = a(t, 5, €2(s))]ds

+ Z lGl(thiJ?il) - Gl(thi)n?)]
<t

i—1
+ 3 Y Ga(t mi,ymd o)) — Galt, i, 7508, 03)
1<t j=1

t
<[ X tattson(s), €6, 8 m)

ioi{s)<t i<t

—g(t,s,0:(s), 7. £2(s), B2 (s),n})|ds

+ Z Z |G3(t701(t)7T)7ﬂzl(t)7n;)—G3(t707(t),T)7B?(t)/n?)l}
Loi(t)<t Jir<t
Hence, by the assumption (H1) ~ (H7),
15:(6" 0", B8Y) = Se(€%, 7% B*) |

1—e M t te M 1—e
S{Ll ; +L2(p - eu ) + Lg(Nt)2 : }llé _52“u

1-— e"l"'(Nt—l)h‘
+{LG1 (1 + ——eﬁT—) +Ley (N, = 1+ (N — 1)(N, — 2)

+Nt(Nt - 1))6~”h

1-— e_/-‘(Nt"'l)h 1-— e_/‘(Nt_l)h
+L9Nt<1 + WT)+LGaNté + T )}“"71 - "72“H

__—uNih o —uNih
+{LG3Nt<L"£—“) + LyTN; (11—_6—8%7)}13@ an

1 — e Hh
(i8) e*™|Sa(€",n*, B)(m) — Sal€, 0%, 67)(m)]

< “{ /0 " fam 5, €45)) — (s, €2(s)lds

+/Tl/s]f2(7”‘3’31’51(3)’51(51)) ~ fa(m1. 8,51,6%(5), £2(51))|ds1ds
o Jo

+Z |G1 (11,73, mF) — Gi(m, 73, m2)
i<l
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i1
+ N 1Ga(m,m, Ti 7)) — Ga(m, 73, 75,18 n)|
i<l j=1

7

-1
+ / >+ 190 5,04(8), 75, €4(5), B (s),m1)

ioi(s)<n  g=1

“g(Tl’ 3, Ui(s)¢ Ti» 52(8)’ 512(3)7 7732)"18
1-1

+ Z]G3(7’l,0¢(7'l):7'j:51:1(7'1)77731‘)

104 (Tl)<7l Jj=1

—Gs(Tz,Uz-(Tz),Tj,ﬂf(n)ﬂﬁ)l}-

Hence, by the assumption (H1) ~ (H7),
”Sﬂl(’sl’nl:ﬂl) - 34(5277727,32)”;1

1 — e M T Te BT 1 — e tm
< {Ll—#— +L2(—’ - ) FL- 1>NT,T}HEI ey,

U
1 — e #(I-1)k (1 —1)erh 1— e n(i-2)h
+{LG1 T +L02‘“—2—+ 02w
1 — e—/.t(l—l)h 1— e—u(l—l)h

+LgN,m

+{Lg(l — l)Tle*‘uh

T — + LGaNn ehh _ 1 }”771 - "72”,'.t

1-— e"ﬂ(NTl*l)h —uh 1-—- e_#<er"1)h

1—e-#h 1—e#h

x |8 — 32,..
(443) B—HtHSm(ﬁla ﬂlaﬁl)]p(t) - [Sm(£2’772v32)]p(t),
Up(t)
< e{/o F1(0p(0), 5,€(5)) — Fa(op(t), 5, £2(s))ds

op(t) ps
+ /0 /0 F2(op(t), 5, 51,61 (s), 1 (51)
*fg(dp(t)-,8,51,62(3),52(81)),d81d8
+ Y 1G1op(t), 7)) = Gr(op(t), )|

+ ) Zle(‘fp(t)e-Ti,Tj»mlm})—Gz(ap(t)aTi,Tj,flf,

T <op(t) =1

tTi<op(t)

i—1

+Lay(I— e Mo )

n?)|

131
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op(t)

+ / S S (9(op(®),5,04(5), 7 E1(s), BM(s). )
O iwi(s)<ap(t) jirs<op(t)
—g(O'p(t),S,O’i(S),Tj,52(8),,37;2(8),7’]32-)|d8

+ ). > 1Gs(op(t), 0i(o(t)), 75, B (0p(t)), 7})
ioi(op(t))<op(t) jir;<op(t)

—G3<op<t>,a,-<ap<t>>,rj-.ﬂpr(t»,n?);}.

Assume that ¢;41(t) — 0i(s) > h whenever s < ¢;(t). Then, by the assumptions
(H1) ~ (HT),

Sm(€, 0", 8Y) = Sm(€,%, 87|,

1 — e—#op(t) on(t te—Hop(t) 1 — e—#op(?)
< {Ll—-———l—Lg( P( ) _ Up( Je )‘*‘Lg(Nap(t))z——‘E—}

p 7

X ”fl - 62”;1,
1 — e #Nop() N, (t)(NU O)-De-sn 1 e~ 1Ny (t)
+{LG1—W—+LG2(N%(H+ — - )
Noyy(Noppy — e 1 - e"‘Napmh)

—uh
+Lg, (va(t)e g 2 - eth — 1

1-— e—#hNap(t) 1— 6—#hNap(t) 1 9
+L90P(t)Nop(t)W—'_ + LG3N0'p(t)_1"__e_:Lh—}“n =0 |lu
1 — e #MNopy—1)h 1 — e #WNopmy—1)h
+{Lg0p(t)Nap(t> i1 tLesNooy }
x |8 — ﬂ2”u~

If we take a;5, 1 <4,5 <3, in the above result inequalities as same as (i), (i7) and
(#44) of this lemma, then (a1, a91,a92, a3, as,ass) — (0,0,0,0,0,0) as p — oo,
and aj3,a;3,a32 remains bounded as ¢ — oo ; consequently (D,7T,8) — 0 as
# — oo. That is, for p sufficiently large, the operator S will be satisfied the
contractive condition. 0

We consider the following iterative scheme for the solution of (2.1): (£(0),n(0),
5(0)) is an arbitrary element of V; for k = 0,1,2,---, (£(k+ 1),n(k + 1), 8(k + 1))
is defined by

Er+1)(2)

t t 8
B8 e+ | st oas+ [ [ alt.sn. 0y (6)- g (e)dsrds
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i—1
+ 3 Gt T + DL Y Galt, T T Dy M) 5)

1,7‘,<t L <t j=1

/ DD 9ts,0u(9), 75 Ewy (9), Biry () a5 )ds

iioi(s)<t JiTi<t

+ Z Z G3 t,O’i(t),'Tj-,,B(k),i(t)’n(k),j)’

o (t)<t 3im<t
(3.9)
Nk+1),1

= zo(n) + /OTI Ji(m1, 8, €k (s))ds +/ fa(m1, 8,51, &) (8), § (k) (s1))ds1ds

+> Gl TlaTlan(k)z)+ZZG2 T0 Ti T k)i k) )

i<l i<l j=1

Z Zg (71,8,04(8), 75, 1) (8), Biwyi (8), ry.5 ) ds

i a,(s)<‘rl J=1

+ Z ZGs(Tz,Ui(Tz),Tj,ﬁ(k),i(ﬂ),’?(k),j),
iwoi(m)<n j=1
(3.10)
Bra1)p(t)
op(t)

=aoloy) + [ Alop(t) 5, (e))ds
op(t)
/ / fa(op(t) 5,51, k) (8), Egiey (51))dsads

i—-1
+ Z G1(0p(t), Ti, N(ky,i) + Z ZGz(Gp(t),Ti,ij(k),i,n(k),j)
1T <op(t) i <op(t) J=1

ap(t)
+/0 > Z g(op(t), 8,0:(8). 5. €(k) (8)s By i (8)s Mxy. 5 )ds

1:0;(s)<op(t) 7:7;<op(t)

+ > Y Galop(®),0i(0p(8))s 75, Biryi(op(8) Mexy.)-

i03(0p()<op(t) iy <op(?)

Then we have:

Theorem 3.4. Suppose that (H1) ~ (H7) are satisfied. Then the iterative method
defined by (3.8) ~ (3.10) above converges to (x(-), (z(7y ), =(73 ), z(73 ), -+, z(7x.)),
z(o1(-)7),z(62(:)7), -+ ,z(on,(-)7)), as k —> oo; the convergence of £y to x(-)
is uniform on each closed interval o, 8] that does not contain points of I in the
interior, in the sense that, if we define the restrictions {E’;g =&k %) = x to the
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interval (o, 6] by €57(¢) = € (t) for t € la. ), £25(6) = &y (87), 2°7(1) = a(t) Jor
tela,B), z28(8) = z(87), then 583 — 22 uniformly on (o, B].

Proof. By Lemma 3.3, if p is sufficiently large, the operator S is a contraction
with respect to the vector-valued norm || - ||, on V. The contraction property with
respect to the vector valued norm || - ||, means that, for all z,y € V, we have
ISz — Sy|l, < Allx — yll,, where the 3 x 3 real matrix A has lim, .o D = 0,
lim, .o T = 0, lim,_,« S = 0. Consequently, the iterates of S, with arbitrary
initial data, converges to the unique fixed point of S in the topology induced on
V by the vector valued norm || - ||,;; this is a well known extension of the standard
Banach fixed point theorem to the case of a vector valued metric, and the proof
proceeds as in the standard case. Convergence with respect to uniform convergence
on cach [r;_1,7;]. The fixed point of S gives the solution of (2.1) by Lemma 3.2. O

Remark. It follows from (3.5) ~ (3.7) that ngynyy = Eur)( )y Brrra =
Eey(ou(t)™) for all k > 0, so that, for k > 1, (3.5) ~ (3.7) can also be written

in the form

1 i s
Eorn)(t) = Zo(t) + /0 Fits 5. €y (8))ds + /0 /0 Falt, 8,51, €y (8), Egy (1)) ds s

1—1
+ Z Gi(t, 73,6y (77)) + Z ZG2(t,ﬂ>’fj,§(k)(Tf),€(k)(T_))

<t i<t j=1

) A
+/ Z Z 9(t,8,0:(8), 75, €y (8), Emy (8), €y (75 ) )l
0 o (s)<t Jimi<t
+ Z Z Gs(t,04(t), 75, §ky (0: (1) 7 ) §ay (75)-
ioy(t)<t jimj<t

Of course, if n(gy is chosen as 7(g); = £(0)(7;" ), B(o) is chosen as

By, = €py(oi(t)™),

then (2.1) holds for all k = 0,1,2,------

Appendix I. Condition for a 3 x 3 matrix to be contractive. We shall derive
the necessary and sufficient conditions for a 3 x 3 matrix A = [a;;]1<i j<3 to be
contractive, in the sense that all eigenvalues of A will have modulus strictly less
than 1.
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The characteristic polynomial of A is
(A1) FO) =X -Tx+S\-D,

where T = tr(A) = aj1 + a2 + ass, the trace of A, D = det(A), the determinant of
A, and

a11 a2 a31 a3 a2 Qg3
a1 a2 aszy ass a3z ass
= a11092 + A22033 + Q33011 — (13031 — Q23032 — A1202].

S =

(A.2)

We recall, from the theory of the Routh-Hurwitz stability criteria, that a cubic
polynomial p(w) = pow? + pyw? 4 paw + ps, with po > 0, will have all its roots in the
open left-half plane (on the plane of complex numbers) if and only if the following
conditions are satisfied:

(A.3) P1>0;  p3>0;  pips > pops.

The transformation A = “*l maps Re(w) < 0 onto |A] < 1. By using this
transformation into (A.1), we find that A will have all its eigenvalues in the interior
of the unit circle on the complex plane if and only if the polynomial
gw)=1-T+8S—-DJud+[3-T - S+ 3DJw?

(4.4) +3+T -5 —3Dw+[1-T+5+ D]

has all its roots in the half-plane Re(w) < 0. After some straightforward algebra,

we find
(A.5) P1P2 — Pop3 = 8 — 45 — 8D? + 4DT.

Consequently, assuming pg = 1 — 7T+ .5~ D > 0, the matrix A will be contractive
if and only if
3-S+4+3D-T>0;

(A.6) 14T+S+D>0;
8 - 45 —8D? + 4DT > 0.

Further, we note that a sufficient condition for A to be contractive is that the
quantities S, T, D should be sufficiently small.

In case the elements a;; of the matrix A depend on a parameter p (as will be
the case in the application to the mappings defined in Section 3 of this paper), a
sufficient condition for A to be contractive is that (S, D,T) — (0,0,0) as y — 0.
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