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WEAKLY B-REGULAR NEAR-RINGS

THIRUGNANAM TAMIZH CHELVAM* AND YONG UK CHO**

ABSTRACT. The notion of regularity in near-ring was generalized by the concept of
b-regular and some characterizations of the same was obtained through the substruc-
tures viz bi-ideals in near-rings. In this paper, we generalize further and introduce
the notion of weakly b-regular near-rings and obtain a characterization of the same.

1. INTRODUCTION

Throughout this paper by a near-ring we mean a right near-ring. For basic
definitions one may refer to Pilz [4]. Tamizh Chelvam and Ganesan [7] introduced
the notion of bi-ideals in near-rings. Further Tamizh Chelvam [5] introduced the
concept of b-regular near-rings and obtained equivalent conditions for regularity in

terms of bi-ideals.

2. PRELIMINARIES

In fact, the following result in that context generalizes the result of Kovacs [2]
for rings.

Theorem 1 (Tamizh Chelvam [5]). Let N be a near-ring Then the following are
equivalent.
(i) N is b-reqular.
(ii) RL = RN L for every left N -subgroup L of N and for every right N -subgroup
R of N.
(i) For every pair of elements a and b in N, (a), N(d)y =(a)(b):.
(iv) For any element a € N, (a).N (a); =(a)-(a);.
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Corollary 1 (Kovacs [2]). A ring R is regular if and only if ANB = AB for every
right ideal A and every left ideal B of R.

In this paper we further generalize and introduce the notion of weakly b-regular
near-rings. In order to have a characterization for this, we also introduce the notion
of strong bi-ideals, using which we obtain properties of weakly b-regular near-rings.

For any two subsets A and B of N, AB = {ab | a € A,b € B} and AxB =
{ai(az + b) - a1a2 | a1,a2 € A and b € B}. A subgroup B of (N,+) is said to
be a bi-ideal of N if BNB N (BN)x B C B [7]. In the case of a zero-symmetric
near-ring, a subgroup B of (N,+) is a bi-ideal if and only if BNB C B [5]. A
subgroup @ of (N, +) is called a quasi-ideal of Nif QN N NQN NxQ C Q [8]. If
N is zero-symmetric, a subgroup Q of (N, +) is a quasi-ideal of N if and only if QN
NNQCQ.

A near-ring N is said to have additive property if N is a subgroup of (N, +) for
every £ € N. A near-ring N is said to be sub commutative if zN = Nz for every
z € N. Note that every sub commutative near-ring N is a near-ring with additive
property.

A near-ring N is said to be left (right) unitalif a € Na(a € aN) foralla € N. A
near-ring N is said to be unital if it is both left and right unital. An element a € N
is said to be regular if @ = aba for some b € N. A near-ring N is said to be reqular if
cvery element in N is regular. It may be noted that a regular near-ring is a unital
near-ring, but not the converse.

An element a € N is said to be strongly regular if a = ba?, for some b € N. A
near-ring N is called strongly regular if every element in N is strongly regular. N
is said to satisfy Insertion of Factors Property (: IFP) if ab = 0 implies axb = 0 for
all z € N. A near-ring is called left bi-potent if Na = Na® fora € N.

A subgroup M of (N,+) is said to be a left (right) N-subgroup if NM C
M(MN C M). A near-ring N is said to be two sided if every left N-subgroup
is a right N-subgroup and vice versa. A near-ring N is called b-regular near-ring
if a € (a);N(a); for every a € N where (a), ((a);) is the right (left) N-subgroup
generated by a € N[6]. Note that every regular near-ring is b-regular.

A near-ring N is said to be left permutable if abc = bac for all a,b,c € N. Let E
be the set of all idempotents of N and L the set of all nilpotent elements of N. A
near-ring N is called a generalized near-field (: GNF) if for each a € N, there exists
a unique be N such that a = aba and b = bab (3].
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3. STRONG BI-IDEALS

In this section, we introduce strong bi-ideals and obtain some of the properties
of the same.

Definition 1. A bi-ideal B of N is said to be a strong bi-ideal if N B2 C B.

Example 1. Let N be the near-ring constructed on the Klein’s 4-group according
to the scheme (0, 13, 0, 13 ) (p. 408, Pilz [4]). Note that {0,a} is a strong bi-ideal
of N.

Example 2. Let N = {0,a,b,c} be a near-ring constructed on the Klein’s 4-group
according to the scheme (0, 1, 1, 1) (p. 408. Pilz [4]). Note that {0.a} is a bi-ideal
which is not a strong bi-ideal of N.

Proposition 1. The set of all strong bi-ideals of a near-ring N forms a Moore
system on N.

Proof. Let {B;|i € I} be a set of strong bi-ideals in N. Let B = NB;,4 € I. Then
NB2C NB;B, = NBZ-2 C B; for every i € I. Hence NB? C B. Therefore B is a
strong bi-ideal of N. O

Proposition 2. Let N be o near-ring and B a strong bi-ideal of N. If elements of
B are strongly regular, then B is a quasi-ideal of N.

Proof. Let x € BNNNB. Thenz = bn = n't’ for some b, € Bandn,n’ € N. Since
B is strongly regular, b = cb? and b = db”? for some ¢,d € B. Hence z = bn = cb*n
= cbbn = cbn'b = cbn/db? C NB? C B, i.e., BNNNB C B. Hence B is a quasi-ideal
of N. 0

Proposition 3. Let N be a left permutable near-ring and B a bi-ideal of N. If the
elements of B are strongly regular, then B is strong bi-ideal of N if and only if B
is a quasi-ideal of N.

Proof. Only if part follows from Proposition 3.5. Conversely, if x € NB2, then
2 = nbiby € NB2 Since N is left permutable, 2 = bynby C BNNNB C B.
Therefore NB2 C B and hence B is a strong bi-ideal. O

Proposition 4. Let N be a left permutable near-ring. If B is a strong bi-ideal of
N, then nB and Bn' are strong bi-ideals of N, where n is a distributive element of
N andn’ € N.
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Proof. Since n,n’ € N and n is distributive, nB and Bn' are bi-ideals of N. If z €
N(Bn')? = NBn'Bn/, then z = n;bn'b'n' = nin'bb'n’ € NBBn' = NB?*n/ C Bn'.
Similarly if x € N(nB)2 = NnBnB, then £ = ninbnb; = nnibnb; = nninbb; C
nNBB = nNB? C nB. Therefore nB and Bn' are strong bi-ideals of N. ]

Proposition 5. If B is a strong bi-ideal of a near-ring N and S is a sub near-ring
of N, then BN S is a strong bi-ideal of S.

Proof. Let C = BN S. Now SC? = SCC = S(BNS)(BNS) = S(BBNSB)N
(BSNSS)) C S(BBNSS)C SB*NSSCBNS=C,ie,SC?CCandso BNS
is a strong bi-ideal of S. O

Proposition 6. If N is a left permutable near-ring, then B is a bi-ideal if and only
if B is a strong bi-ideal.

Proof. If part is trivial. Conversely suppose B is a bi-ideal of N. For x € NB?,
since N is left permutable, £ = nbiby = binby € BNB C B. ie., B is a strong
bi-ideal of N. O

Proposition 7. Let N be a near-ring. If N is strongly reqular, then B = NB? for
every strong bi-ideal B of N.

Proof. Let B be a strong bi-ideal of N. Trivially NB2 C B. Let b € B. Since N is
strongly regular, there exists x € N such that b = zb?* C NB?, ie, BC NB?. O

Proposition 8. Let N be a left permutable and left unital near-ring. Then N is
strongly regular if and only if B = NB? for every strong bi-ideal B of N.

Proof. Only if part follows from Proposition 3.10. Conversely, since Na is a strong
bi-ideal of N, a € Na = N(Na)2 C NaNag, ie., a = nianga = ningaa € Na?. This
implies that N is strongly regular. O

Since strongly regular and left bi-potent are equivalent in a left unital near ring
(Theorem 1.12 [1}), we have the following proposition.

Proposition 9. Let N be a left permutable and left unital near ring. Then N is left
bi-potent if and only if B = NB? for every strong bi-ideal B of N.

Proposition 10. Lei N be a left permutable near-ring and B a bi-ideal of N. Then
B = BNB if and only if B= NB2.
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Proof. Assume that B = BN B for a bi-ideal B of N. By the Proposition 3.9, B is
a strong bi-ideal of N. If x € B = BNB, then z = bynbs for some b;,by € B and
n € N. Since N is left permutable, x = nbiby € NB2. ie., B C NB2. Conversely
if B = NB? for every bi-ideal B of N, then for x € B = NB2, x = nbjby = bynby €
BNB,ie. BC BNB. O

Theorem 2. Let N be a left permutable and left unital near-ring. Then the following
conditions are eguivalent.

(i) NB? = B for every bi-ideal B of N

(it) N is regular o

(i) N is left bi-potent

(iv) B = BNB for every bi-ideal B of N

(v) @ = QNQ for every quasi-ideal Q of N

(vi) N is strongly regular.

Proof. (i) = (ii) Let a € N. Since Na is a strong bi-ideal of N and N is a left unital
near ring, we have a € Na = N(Na)? C NaNa. i.e., a = zaya for some z.y € N.
Since N is left permutable, o = azya € aNa. Hence N is regular.

(ii) = (iii) Let * € Na. Since N is regular, £ € Na C NaNa and so z =
nianga = ninga® C Na%. This implies that Na C Na? and so Na = Na2.

(iii) = (iv) By Theorem 1.10 [1], N is regular and so B = BN B for every bi-ideal
Bof N.

(iv) = (v) Assume that B = BN B for every bi-ideal B of N. Let a € N. Since
N is a left unital near ring and N is left permutable Na is a bi-ideal of N containing
a € N. Thus by the assumption, we have ¢ € Na = NaNNa C NaNa C aNNa,
i.e., N is regular. Let Q be a quasi-ideal of N. Since every quasi-ideal is a bi-ideal
we get QNQ C Q. Also if g € Q, then g = gq19 € QNQ. Thus Q@ = QNQ.

(v) = (vi) Since Na is a quasi-ideal, Na = NaNNa. Since N is a left permutable
left unital near-ring a € Na C NaNa C Na?. ie., N is strongly regular.

(vi) = (i) Follows from Proposition 3.11. O

4. WEAKLY b-REGULAR NEAR-RINGS

In this section, we introduce the notion of weakly b-regular near-ring and obtain

some characterization of the same.



162 THIRUGNANAM TaMizZH CHELVAM™ AND YONG Uk CHO™*

Definition 2. A near-ring N is called left (right) weakly b-regular, if a € N(a);(a €
(a);N) for every a € N where (a);((a),) is the left(right) N-subgroup generated by
a € N. A near-ring N is called weakly b-regular if N is both left and right weakly
b-regular.

Every regular near-ring is b-regular and so weakly b-regular. However there exist
near-rings which are weakly b-regular but not b-regular.

Example 3. Let N be the near-ring defined on the cyclic group (Z4, +) with multi-
plication as per the scheme 11: (0 1 3 2) (p. 407, Pilz [4]). This near-ring is weakly
b-regular, but not b-regular since 2 € (2), N(2),.

Proposition 11. Let N be a near-ring. Then the following are equivalent.
(i) N is weakly b-regular
(il) RNNNL = RN L for every right N-subgroup R and left N-subgroup L of
N.
(iii) For any element a of N, (a);N N N(a); = (a)r N (a);.

Proof. (i) = (ii) Let R and L be right and left N-subgroups of N respectively. Let
x € RN L. Since N is weakly b-regular, z € (z),N N N(z); C RNNNL, ie,
RNLC RNNNL. But trivially RNNNLC RNL. Hence RNNNL = RN L.
(i1} = (iii) Trivially true.
(iii) = (i) Let a € N. Then a € (a), N (a); = (a);N N N(a),, i.e., N is weakly
b-regular. O

Proposition 12. Let Nbe a near-ring. Then the following conditions are equivalent.

(1) Ewvery right N subgroup is idempotent and N(z); = (z), N for everyz € N.
(ii) N is weakly b-reqular, two sided and (z),N = (2)2N for everyz € N.
(ii) N is b-regular and two sided.

Proof. (i) = (ii) If z € N, then z € (z), = ()2 C (), N = N(z);. This implies
that N is weakly b-regular. By the assumption (z),N = (z)2N. Let L be any left
N-subgroup. For z € L, zN C (z),N = N(z); C (z); € L. Hence L is a right
N-subgroup of N. Similarly one can prove that every right N-subgroup is also a
left N-subgroup Thus N is two sided.

(ii) = (iii) Let z € N. By the assumption, N is two sided, ie., (z); = (z),.
Since N is weakly b-regular, by the Proposition 4.3 we get that z € (z), N (z); =
()N N N(z); = (2)2N N N(z); C (z)-(z)r = (x)r(z);- ie., (2); N (z); C () (z)
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Trivially (z),(z); C (), N (z); and so (z),(z); = (z)r N (z);. By Proposition 3.2 [5],
N is b-regular.

(iii} = (i) Let M be a right N-subgroup of N. Then M is a sub near-ring of N
and MNMNMNNM. Since N is b-regular, form € M, m € (m);N(m); C MNM,
ie., M C MNM. Hence we observe that M = MNM C MM = M? and so M is
idempotent. Since (z); is a bi-ideal and N is b-regular and two sided, (z);N(z);
(@) Now (z),N C (), = (z)1 = (&) N(z) € N(z) C ()i = (2)r C () N(z)r
(z),N and so (z), N = N(z);.

0N

Theorem 3. Let N be a unital near-ring with additive property. Then the following
are equivalent.

(i) N is two sided and every quasi-ideal of N is idempotent
(i1) N is b-regular and two sided
(i) N is weakly b-reqular and RN N NL = LR for every left N-subgroup L and
right N-subgroup R of N
(iv) N is regular and sub commutative
(v) N is a GNF
(vi) B = NB? for every strong bi-ideal B of N and N is sub commutative
(vii) B = BNB for every bi-ideal B of N and N is sub commutative.

Proof. (i) = (ii) Suppose A and B are two quasi-ideals of N. Then AN B is also a
quasi-ideal of N. By the assumption we have, ANB = (ANB)2 C ABNBA. Trivially
we have ABNBAC ANNNA C A. Thus we get that ABNBA C ANB. From this,
for a € N, we have (a), N (a); = (a)r(a); since left and right N-subgroups are also
quasi-ideals. Since a € (a), N (a); = (a)r(a);,a = be for some b € (a), and ¢ € (a);.
Similarly b = de for some d € (b), C (a), and e € (b);. Thus a = dec € (a),N(a),.
i.e., N is b-regular.

(ii) = (iii) Trivially N is weakly b-regular. Thus by Proposition 4.3, RN N NL
= RN L. Since N is b-regular and two sided, by Lemma 3 [6], RN L = LR. ie,
RNNNL = LR.

(iii) = (iv) Let R and L be right and left N-subgroups respectively. Since N
is weakly b-regular, by Proposition 4.3, RN N NL = RN L. By our assumption
RNNNL= LR andso RNL = LR. Taking L as N, we get that R = NR and so
R is a left N-subgroup of N. Similarly L is a right N-subgroup of N. Hence N is
two-sided. Since N is a unital near-ring with additive property, a € (a), N (a); =
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aN N Na = aNNa. ie, N is regular. Also by assumption Na = (a); = (a), = aN
and hence N is sub commutative.

(iv) = (v) Follows from Theorem 1 [3].

(v) = (vi) Let B be a strong bi-ideal B of N and b € B. By the assumption, we
have b = beb. Also by the Theorem 1[3], idempotents lie in the center. Since cb is
an idempotent, b = cb® = Nb®> C NB2. Thus B = NB? for every strong bi-ideal B
of N.

(vi) = (vii) Since N is sub commutative, every bi-ideal is a strong bi-ideal and
hence B = BN B for every bi-ideal B of N.

(vil) = (i) Let a € N. Since N is a unital near-ring with additive property,
a € aNNNa=(aNNNa)N(aN NNa)CaNNa. ie., N is regular. Let @ be any
quasi-ideal in N. Trivially Q2 € QN N NQ C Q. On the other hand let a € Q.
Then @ = aba = a’c € Q2N. Thus a € Q*N NQNQ = Q(QN N NQ) C Q2. Thus
Q = Q2. i.e., every quasi-ideal is idempotent. Since N is a unital near-ring with
additive property, N is two sided. O
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