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INTUITIONISTIC FUZZY WEAK CONGRUENCE
ON A NEAR-RING MODULE

KuL Hur*, SU YOUN JANG* AND KEON CHANG LEE*™*

ABSTRACT. We introduce the concepts of intuitionistic fuzzy submodules and in-
tuitionistic fuzzy weak congruences on an R-module (Near-ring module). And we
obtain the correspondence between intuitionistic fuzzy weak congruences and in-
tuitionistic fuzzy submodules of an R-module. Also, we define intuitionistic fuzzy
quotient R-module of an R-module over an intuitionistic fuzzy submodule and obtain
the correspondence between intuitionistic fuzzy weak congruences on an R-module
and intuitionistic fuzzy weak congruences on intuitionistic fuzzy quotient R-module
over an intuitionistic fuzzy submodule of an R-module.

0. INTRODUCTION

The concept of fuzzy set was formulated by Zadeh [26]. Since then, there has
been a remarkable growth of fuzzy set theory. The notion of fuzzy relation on a set
was defined by Zadeh [27]. Some researchers [9, 20, 21, 23-25] applied the concept of
fuzzy sets to congruence theory. In particular, Dutta and Biswas [9] investigated
fuzzy congruences on a near-ring module.

In 1986, Atanassov [1] introduced the notion of intuitionistic fuzzy sets as the
generalization of fuzzy sets. After that time, Coker and his colleagues [6,7,10], Lee
and Lee [22], and Hur and his cdlleagues [15] applied the notion of intuitionistic
fuzzy sets to topology. Also, several researchers [2,4,12-14,16] applied the to alge-
bra. In particular, Bustince and Burillo [5], and Deschrijver and Kerre [8] applied
the concept of intuitionistic fuzzy sets to relation. Also, Hur and his colleagues [17]
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investigated several properties of intuitionistic fuzzy equivalence relations. More-
over, Hur and his colleagues [18,19] introduced the notion of intuitionistic fuzzy
congruences on a lattice and on a semigroup, and studied some of their properties.

In this paper, we introduce the concepts of intuitionistic fuzzy submodules and
intuitionistic fuzzy weak congruences on an R-module (Near-ring module). And
we obtain the correspondence between intuitionistic fuzzy weak congruences and
intuitionistic fuzzy submodules of an R-module. Also, we define intuitionistic fuzzy
quotient R-module of on R-module over an intuitionistic fuzzy submodule and obtain
the correspondence between intuitionistic fuzzy weak congruences on an R-module
and intuitionistic fuzzy weak congruences on intuitionistic fuzzy quotient R-module
over an intuitionistic fuzzy submodule of an R-module.

1. PRELIMINARIES

We recall some definitions and results that are used in this paper.

For sets X,Y and Z, f = (fi,f2) : X — Y X Z is called a complez mapping if
fi: X —-Y and f5 : X — Z are mappings.

Throughout this paper, we will denote the unit interval [0,1] as I and for any

ordinary relation R on a set X, we will denote the characteristic mapping of R as

XR-

Definition 1.1 ([1,6]). Let X be a nonempty set. A complex mapping A =
(ta, va): X — I x I is called an intuitionistic fuzzy set (in short, IFS) in X if for
each z € X pa(z) + va(z) <1, where the mappings g : X - T and vy : X — I
denote the degree of membership (namely p4(z)) and the degree of nonmembership
(namely v4(z)) of each z € X to A, respectively. In particular, 0. and 1. denote
the intuitionistic fuzzy empty set and the intuitionistic fuzzy whole set in X defined
by 0.(z) = (0,1) and 1.(z) = (1,0) for each z € X, respectively.

We will denote the set of all IFSs in X as IFS(X).

Definitions 1.2 ([1]). Let X be a nonempty set and let A = (ua,v4) and B =
(uB,vp) be IFSs in X. Then

(1) AC Biff ua < up and v4 > vp.

(2)A=Biff ACBand BC A.

(3) A° = (va, pa).
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(4) ANB = (pa A pp,vaVvp).
(5) AUB = (pa V up,va Avp).
(6) [JA=(pa,1—pa), <>A=(1-wva,va)

Definition 1.3 ([6]). Let {A;}ics be an arbitrary family of IFSs in X, where
A; = (pa,,va,) for each ¢ € J. Then

(a) mAl = (/\/’LAi’VVAi)'

(b) UAl = (\//‘LAi’/\VAi)‘
Definition 1.4 ([6]). Let AbeanIFSinaset X and let A\, p € I with A+ p < 1.

Then the set AN = {z € X : pa(z) > X and va(z) < p} is called a (X, p)-level
subset of A.

[=2]

Result 1.A (14, Proposition 2.2]). Let A be an IFS in a set X and let

(A1, 1), (A2, u2) € ImA.
If A&7 < Ag and g1 > po, then AP2#2) ¢ AGp),

Definition 1.5 ([13]). Let G be a group and let A € IFS(G). Then A is called an
intuitionistic fuzzy subgroup (in short, IFG) of G if it satisfies the following conditions

(i) palzy) = palz) A paly) and va(zy) < va(z) V va(y) for each z,y € G.
(ii) pa(z™!) > pa(z) and va(z™?!) < va(x) for each z € G.

We will denote the set of all IFGs of G as IFG(G).

Result 1.B ([13, Proposition 2.6]). Let A be an IFG of a group G. Then A(z™!) =
A(z) and pa(z) < pale),valz) > vale) for each z € G, where e is the identity
element of G.

Result 1.C ({13, Proposition 2.17 and Proposition 2.18]). Let A be an IFS of a
group G. Then A € IFG(G) if and only if for each (A, pu) € I x I with (A, u) < A(e),
i.e., A< pa(e) and p > va(e), AN s a subgroup of G.

Definition 1.6. An intuitionistic fuzzy nonempty set A4 in an additive group G is
called an intuitionistic fuzzy normal subgroup (in short, IFNG) of G if it is satisfies
the following conditions : for any z,y € G,

(i) palz +y) = pa(z) A paly) and va(z +y) < valz) vV va(y),

(ii) pa(—=z) 2 pa(z) and va(—z) < va(z),

(ili) Ay + = —y) = A(z).
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We will denote the set of all IFNGg of G as IFNG(G).

Result 1.D ([14, Proposition 2.13 and Proposition 2.18)). Let G be a group and let
A € IFS(G). Then A € IFNG(G) if and only if AWK 45 o normal subgroup of G
for each (A, p) € ImA.

Definition 1.7 ([16]). Let A be an IFNG of an additive group G and let z € G.
Then the intuitionistic fuzzy set z + A of G defined by (z + A)(y) = A(y — =) for
each y € G, is called the intuitionistic fuzzy coset of A determined by x.

Definition 1.8 ([5,8]). Let X be a set. Then a complex mapping R = (ugr, VR) :
X x X — I x I is called an intuitionistic fuzzy relation (in short, IFR) on X if
wr(z,y) + vr(z,y) < 1 for each (z,y) € X x X, i.e., R€ IFS (X x X).

We will denote the set of all IFRs on a set X as IFR(X).

Definition 1.9 ([8]). Let X be aset and let R,Q € IFR(X). Then the composition
of R and @, Q o R, is defined as follows : for any z,y € X,

/LQOR(I', y) = \/ [MR($7 2:) A :U’Q(z’ y)]
z€X

and

vaor(z,y) = J\ vr(z,2) V vo(z,y)]
zeX

Definition 1.10 ([5,8]). An Intutionistic fuzzy Relation R on a set X is called
an intutionisitic fuzzy equivalence relation (in short, IFER) on X if it satisfies the
following conditions :

(i) it is intutionisitic fuzzy reflezive, i.e.,R(z,z) = (1,0) for each z € X.

(i) it is intutionisitic fuzzy symmetric, i.e.,R(x,y) = R(y,z) for any z,y € X.

(iii) it is intutionisitic fuzzy transitive, i.e., Ro R C R.
We will denote the set of all IFERs on X as IFE(X).

Let R be an intuitionistic fuzzy equivalence relation on a set X and let a € X.
We define a complex mapping Ra : X — I x I as follows : for each z € X

Ra(z) = R(a, z).
Then clearly Ra € IFS(X). The intuitionistic fuzzy set Ra in X is called an intu-

itionistic fuzzy equivalence class of R containing a € X. The set {Ra : a € X} is
called the intuitionistic fuzzy quotient set of X by R and denoted by X/R.



INTUITIONISTIC FUZZY WEAK CONGRUENCE ON A NEAR-RING MODULE 171

Definition 1.11 ([7]). An IFR R on a groupoid S is said to be:
(1) intuttionistic fuzzy left compatible if pur(z,y) < pr(zz,2y) and vr(z,y) >
vr(zz, zy), for any z,y,z € S.
(2) intuitionistic fuzzy right compatible if ur(z,y) < pr(rz,yz) and vg(z,y) >
vr(zz,yz), for any z,y,z € S.
(3) intuitionistic fuzzy compatible if pgr(z,y) A pg(z,t) < pr(zz,yt) and
vr(z,y) Vvg(z,t) > vr{zz,yt), for any z,y,2,t € S.

Definition 1.12 ([17]). An IFER R on a groupoid S is called an:

(1) intuitionistic fuzzy left congruence (in short, IFLC) if it is intuitionistic fuzzy
left compatible.

(2) intuitionistic fuzzy right congruence (in short, IFRC) if it is intuitionistic
fuzzy right compatible.

(3) intuitionistic fuzzy congruence (in short, IFC) if it is intuitionistic fuzzy

compatible.

We will denote the set of all IFCs [resp. IFLCs and IFRCs] on a groupoid S as
IFC(S) [resp. IFLC(S) and IFRC(S)].

Let R be an intuitionistic fuzzy congruence on a semigroup S and let a € S. The
intuitionistic fuzzy set Ra in S is called an intuitionistic fuzzy congruence class of

R containing a € S and we will denote the set of all intuitionistic fuzzy congruence
classes of R as S/R.

2. INTUITIONISTIC FUZZY SUBMODULE

Definition 2.1 ([9]). A near-ring R is a system with two binary operations, addition
and multiplication, such that :

(i) (R, +) is a group.

(ii) (R,-) is a semigroup.

(iii) z(y + 2) = zy + zz for any z,y,z € R.

Definition 2.2 ([9]). An R - module (i.e, near-ring module) M is a system consisting
of an additive group M, a near-ring R and a mapping - : M x R — M such that :
(i) m(z +y) = mz + my, for each m € M and any z,y € R.
(if) m(zy) = (ma)y, for each m € M and any =,y € R.



172 KurL Hur", Su YOUN JANG™ AND KEON CHANG LEE™™*

Definition 2.3 ([9]). Let M and M  be any two R- modules. Then a mapping
f:M — M is called an R- homomorphism if it satisfies the following conditions :
(i) f(ma1 +ma) = f(ma) + f(mz), for any my,my € M.
(ii) f(mr) = f(m)r, for each m € M and each r € R.

The submodules of an R- module M are defined to be the kernels of R-homomor-

phisms.

Result 2.A ([3]). An additive normal subgroup B of an R-module M is a submodule
if and only if (m + b)r — mr € B for each m € M,b€ B and r € R.

Definition 2.4 ([9]). A relation P on an R-module M is called a congruence on
M if it satisfies the following conditions :

(i) It is an equivalence relation on M.

(ii) If (a,b) € P and (c,d) € P, then (a + ¢,b+d) € P and (ar,br) € P for any
a,b,c,d € M and each r € R.

Definition 2.5. Let A be an intuitionistic fuzzy nonempty set in an R-module M.
Then A is said to be an intuitionistic fuzzy submodule (in short, IF'SM) of M if it
is satisfies the following conditions :

(i) A € IFNG(M).
- (i1) pa{(z + y)r —zr} > paly) and va{(z + y)r — zr} < valy) for any z,y €
M and each r € R.

We will denote the set of all IFSMs of M as IFSM(M). The following is the

immediate result of Definition 2.5.

Example 2.5. Consider the additive group Zs = {0,1,2,3} and the near-ring
(M(R),+, ), where M (R) denotes the set of all 2x 2 matrices over the real numbers,
and + and - denote the usual matrix addition multiplication, respectively. Let - :
Z4 x M(R) — Z4 be the mapping defined as follows: For each (m, A) € Z4 x M(R)

mA=m+  +m (|A] times),

where |A| denotes the determinant of A. Then clealy Z,4 is an M(R)-module.
We defined a complex mapping A = (14,v4) : Zg — I x I as follows: For each
m € Zy,
ifm=0or2,
if m=1or3,

pra(m) = {

RN

and
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va(m) = % ifm=0or2,

A Tl 3 ifm=1or3,
Then we can easily see that A € IFNG(Z4). Moreover, we can check that the
condition (ii) of Definition 2.5 holds. Hence A € IFSM(Zy,). O

Proposition 2.6. Let B be a non-empty subset of an R-module M. Then (xB, XB<)
€ IFSM(M) if and only if B is a submodule of M.

Proposition 2.7. Let M be an R-module and let A be an intuitionistic fuzzy

nonempty set in M. Then A € IFSM(M) if and only if for each (A, ) € ImA, AMH)
is a submodule of M. In this case, AN 4s called a level submodule of M.

Proof. (=) : Suppose A € IFSM(M) and let (), ) € ImA. By Result 1.D, AXM#) ig
a normal subgroup of M. Let me M, b€ AMH r e R. Since A € IFSM(M),

pa{(m +0)r —mr} > pa(b) > A
and

va{lm+br—mr} <wva(b) < p.-
Thus (m + b)r — mr € AG) Hence, By Result 2.A, A®H is a submodule of M.

(<) : Suppose the necessary condition holds. By Result 1.D, A € IFNG(M).

Let z,y € M and let r € R. Let A(z) = (t1,s1) and let A(y) = (2, s2) such that
ty <t and s > s;. Then z,y € A/ t2:51V52) By the hypothesis and Result 2.A,
(z +y)r — zr € Alirt2s1Vs2) Thyg

paf{lz+y)r—zr} >t Aty =t
and

va{(z +y)r —ar} <s1Vs2 = so.
So pa{(z+y)r—zr} > pa(y) and va{(z+y)r—zr} <va(y). Hence A € IFSM(M).
This completes the proof. 0O
Proposition 2.8. Let G be an additive group and let A € IFNG(G). Thenz+ A =
y+ A if and only if A(x — y) = A(0) for any z,y € G.
Proof. (=) : Suppose z + A=y + A for any z,y € G. Then for each z € G

(z+ A)(z) = (y + A)(2), ie., A(z —z) = A(z — y).

In particular, A(y — z) = A(y — y) = A(0).
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(<) : Suppose A(z — y) = A(0) for any z,y € G and let z € G. Then

pota(z) =

I

v

and

VgsA (z)

pa(z — )
pal(z —y) + (y —z))

pa(z —y) A pa(y — z) (By Definition 1.6(1))
na(z —y) A pa(0)
pa(z —y) (By Result 1.B)
py+4(z)
va(z—z) =va(lz - y) + (y — 2))
va(z = y) Vvaly — z) = val(z —y) V va(0)

va(z —y) = vy a(2).

By the similar arguments, we have

:u'y-i-A(Z) > #z—}-A(z) and Vy+A(Z) < Va:+A(Z)-

So (z + A)(2) = (y + A)(z) for each z € G. Hence z + A = y + A. This completes

the proof.

Theorem 2.9. Let M be an R-module and let A € IFSM(M).
of all intuitionistic fuzzy cosets of A is an R-module with respect to the operations
defined by (z+ A)+ (y+ A) = (z+y)+ A and (x+ A)r =2r+ A for anyz,y € M
and each v € R. If f: M — M/A is a mapping defined by f(z) = x + A for each
x € M, then f is an R- epimorphism with Kerf = {x € M : A(z) = A(0)}.

Proof. Let z,y,7’',y' € M such that t + A=2z'+ Aand y+ A =3 + A. Then, by

Proposition 2.8, A(z — z') = A(0) and A(y —y') = A(0). Thus

palz+y—vy —2)

and

valz +y—y — ')

= pa{(-2'+z)+ (y— ')} (Since A € IFNG(M))

> pa(—z' +z)Apaly —y)
= palz—2)Apaly—y') = pa(0)

va{(—z' +z) + (y — )} Sval-2" +2) Vvaly - y)

va(z — ') Vvaly —v') = va(0).

Then the set M/A
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By Result 1.B, pa(z +y—y — 2') = pa(0) and va(z +y — ¢ — ') = v4(0), ie.,
Alz+y—y —2)=A00). So(z+y)+A=(d'+y)+ A4, ie, (z+A)+(y+ A) =
(z'+A)+(y'+ A). Hence the operation (z+A4)+(y+A) = (z+y)+ A is well-defined.
Again, let z,y € M such that x + A =y + A. Let r € R. Then, by Proposition 2.8,
A(z — y) = A(0). Thus

pa((y —y+z)r —yr)
> ua(—y+y) (By Definition 1.6(ii))

1a(0)

palzr —yr)

and
va(ar —yr) = va(ly —y+z)r —yr) <val-y +y) = va(0).
Thus, by Result 1.B, pa(zr — yr) = pa(0) and va(zr — yr) = v4(0), ie, Alxr —
yr) = A(0). Soar + A =yr + A, ie, (x + A)r = (y + A)r. Hence the operation
(z + A)r = zr + A is well-defined. It is easy to show that M/A is an R-module.
Let z,y € M and let r € R. Then
faty)=(+y)+A=(@+A4)+y+4)=F(z)+ )
and
flery=azr+ A= (z+ A)r = f(z)r.
Thus f is an R-homomorphism. Moreover, it is clear that f is surjective. So f is an
R-epimorphism. Now let x € M. Then
ze€Kerf & f(z)=0+4
& z+A=0+A
s A(z) = A(0).
Hence Kerf = {x € M : A(z) = A(0)}. This completes the proof. d

Definition 2.10. The R-module M/A is called the intuitionistic fuzzy quotient
R-module of M over A.

3. INTUITIONISTIC FUZZY WEAK CONCRUENCE

Definition 3.1. Let M be an R-module. An intuitionistic fuzzy nonempty rela-
tion P on M is called an intuitionistic fuzzy weak equivalence relation (in short,
IFW ER) if it satisfies the following conditions :
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(i) P is intuitionistic fuzzy weak reflezive, i.e, for each x € M,
P(.T,$) = ( \/ MP(Z/,Z), /\ Vp(y,Z))-
y,zEM y,zEM
(ii) P is intuitionistic fuzzy symmetric, i.e, P(z,y) = P(y,z) for any z,y € M.
(iii) P is intuitionistic fuzzy transitive, i.e, Po P C P.
We will denote the set of all IFWERs on M as IFEw (M).
Definition 3.2. Let P be an IFWER on an E-module M. Then P is called an
intuitionistic fuzzy weak congruence (in short, IFWC) on M if for any a,b,c,d € M
and each r € R,
ppla+c,b+d) > pp(a,b) A up(c,d), up(ar, br) > pp(a,b)
and
vp(a+¢,b+d) <vp(a,b) Vvp(cd),vp(ar,br) < vp(a,b).
We will denote the set of all IFWCs on M as IFCy (M).

Example 3.2. Consider the M (R)-module Z4 in Example 2.5. We define a complex
mapping P = (up,vp) : Zg X Zy — I x I as follows :

P| 0 1 2 3

0](0.9,0.1) (0.6,0.3) (0.9,0.1) (0.6,0.3)
1|(0.6,0.3) (0.9,0.4) (0.6,0.3) (0.9,0.1)
2 (0.9,0.1) (0.6,0.3) (0.9,0.1) (0.6,0.3)
31(0.6,0.3) (0.9,0.1) (0.6,0.3) (0.9,0.1)

Then we can easily see that P €IFCy (Zy).
The following is the immediate result of Definition 3.2.

Proposition 3.3. Let P be a relation on an R-module M. Then P is a congruence
on M if and only if (xp, xpe) € IFCw(M). In fact, (xp, xpe) € IFC(W).

Proposition 3.4. Let P be an IFWC on an R-module M. Then P(z,y) = P(z —
y,0) for any z,y € M.

Proof. Let z,y € M. Then
up(e—4,0) = pp( ~y,y — ) > up(e,y) A pp(~y, —y) = up(z,y)
and

vp(z —y,0) = vp(z —y,y — y) < vp(z,y) Vp(—y, —y) = vp(z,y).
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Also we can easily see that up(r — y,0) < pp(z,y) and vp(z — y,0) > vp(a,y).
Hence P(z,y) = P(z —y,0) for any z,y € M. : 0

Remark 3.5. In Proposition 2.13 of [19], Hur and his colleagues proved that if P
is an intuitionistic fuzzy congruence on a groupoid S, then for each (A, u) € I x I
with A+ ¢ < 1, P is a congruence on S. But our definition of intuitionistic
fuzzy reflexivity enables us to establish both necessary and sufficient condition of
the theorem which is as follows.

Theorem 3.6. Let P be an IFR on an R-module M. Then P is an [FWC on M
if and only if P™M) is a congruence on M for each (\, 1) € ImP.

Proposition 3.7. Let P be an IFWC on an R-module M. We define a complex
mapping Ap = (uap,vap): M — I X I as follows : for each a € M,

Ap(a) = P(a, 0)
Then Ap € IFSM(M). In this case, Ap is called the intuitionistic fuzzy submodule
of M induced by P.
Proof. 1t is clear that Ap € IFS(M) from the definition of Ap. Since P # 0., there
exists an (xo,yo) € M x M such that P(zo,y0) # (0,1). Then Ap(0) = P(0,0) =
(Veyenm P Y)s g yers vP(T,y)) # (0,1). Thus Ap # 0. Let a,b € M. Then

pap(a+b) = pp(a+5,0) > pp(a,0) A pp(b,0) = pap(a) A pap(b)

and
vap(e+0b) =vp(a+0b,0) <vp(a,0) Vup(h,0)=va(a)Vvap(b).
Also,
pap(—a) = pp(—a,0) =pp(—-a+0,-a+a)
2 wp(—a,—a) A pp(0,a)
= pp(0,a) = pp(a,0) = pay(a)
and
vap(—a) = vp(—a,0)=vp(-a+0,—a+a)
< vp(—a,—a)Vvp(0,a)

vp(0,a) = vp(a,0) = va,(a).
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Again,

Papla+b—a)

v

1l

and

Vapla+b—a)

IA

So Ap € IFNG(M).

HP

ppla+b—0a,0)=ppla+b—a,a+0-a)

)=
a+b,a+0)Aup(—a,—a)

)

(

wp A
> ppla,a) A up(b,0)

ppla+ba+0

(
(
(
(6,0) = pap(b)

vpla+b—a,0)=vpla+b—a,a+0—a)
vp(a+b,a+0)Vvp(—a,—a)
vp(a+b,a+0) <wvp(a,a) Vvp(h,0)
vp(b,0) = va,(b).

Now let a,b € M and let r € R. Then

paps{(a+b)r—ar}

and

vap{(a+b)r—ar}

= pp((a+b)r—ar0)

a+ b)r —ar,ar — ar)

Y

pnp((a
pp((a+b)r,ar) A up(—ar, —ar)
pp((a+b)r,ar) > pp(a+b,a)
pp(a,a) A pup(d,0) > pp(b,0) = pap(b)

A%

vp((a + b)r — ar,0)

i

)
vp((a + b)r — ar,ar — ar)
)

IA

vp((a + b)r,ar) V vp(—ar, —ar)
vp((a +b)r,ar) <vp(a+b,a)
vp(b,0) = vap(b).

Il

IN

Hence Ap € IFSM(M). This completes the proof. O

Proposition 3.8. Let A be an IFSM of an R- module M. We define a complex
mapping Pa = (pp,, vp,) : M X M — I x I as follows : for any z,y € M,

Pa(z, y) = A(z —y)-

Then Py € IFCw(M). In this case, P4 is called the intuitionistic fuzzy weak con-

gruence on M induced by A.
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Proof. 1t is clear that P4 € IFR(M) from the definition of P4. Since A # 0., P4 #
O~. Let z € M. Then for any y,z € M,

HPy (1}, l‘) =

and

pa(0) > paly — z) = pp,(y, 2)

VPA(I’x) = VA(O) < VA(y - Z) = VPA(y’ Z)'

Thus 290 (E’ 11)) = vy,zeM Hpy (y’ Z) and Vp, (l‘, I) = /\y,ZEM VP4 (y7 Z). So PA(ZL‘,.'E) =
(Vy,zenr #Pa (Y- z)y Ny.2em VPa(Y,2)), 1€, Pa is intuitionistic fuzzy weakly reflexive.
It is clear that P, is intuitionistic fuzzy symmetric. Let z,y € M. Then for each

pa(z —y) =pa(z—2+2-y)
—2)Apa(z —y) = pp,(T,2) A pp,(2,y)

valx —y)=valz —z+2—-y)

valx —2)Vvalz —y) = vp,(x,2) Vvp,(z,9).

pp,(T,y) 2 \/ (1P, (@, 2) A pp,(z,y)]

z€M,
pp,(z,y) =
> pa(z
and
UPA('T,y) =
<
Thus
and

z€M

’/PA(x?y) < /\ [VPA(xvz) VVPA(Z’y)]'

zeEM

So Py o Py C Py, i.e., Py is intuitionistic fuzzy transitive. Hence P4 € IFEw (M).
Let z,y,2’,9 € M and let r € R. Then

pp(z+2y+y) =
>

and

vea(z + 2y +)

IN

palz+a' -y —y) =pal-y+z+2' —y)
pa(=y +z) Apal — )
1p, (2, y) A pupy (2 y)

valz+ 2 -y —y)=va(-y+z+2 —9)
va(—y +z) Vva(a' —y)

vp, (.TL', y) Vv vp, (zla yl)
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Also,
ppa(zryr) = pa(zr —yr) = pal(y —y+z)r —yr)
2 pa(-y+z)=ppz,y)
and
vea(zr,yr) = valer —yr) =vally —y+z)r —yr)
< val-y+2) =vp,(z,9)
Hence P4 € IFCw (M). This completes the proof. O

Example 3.8. Let A be the IFSM of the M(R)-module Z, in Example 2.5. We
define a complex mapping Py = (up,,vp,) : Zy x Zy — I x I as follows : For any
m,n € 2y,

P4s(m,n) = A(m —n).
Then, by proposition 3.8, P4 is the intuitionistic fuzzy weak confruence on 2, in-
duced by A. In fact, P4 is defined as follows :

Ps| O 1 2 3
Ty Iy 2Ly (L1
0 (i’i) (i’i) (i’i) (i’i)
1 (33 (5:3) (G:3) (535)
21 4 (21 (@1
3 (§a§) (5)5) (_2"§) (§75)'

Theorem 3.9. Let M be an R-module. Then there exists an inclusion-preserving
bijection from IFSM(M) to IFCw (M).

Proof. We define two mappings ¥ : IFSM(M) — IFCw (M) and @ : IFCyw (M) —
IFM(M) as follows, respectively :

U(A) = P4 for each P € IFSM(M)
and

®(P) = Ap for each P € IFCw (M).
JFrom Proposition 3.8 and Proposition 3.7, it is clear that ¥ and ® are well-defined.
Let A € IFSM(M) and let a € M. Then

[(@o®)(A)(a) = [®(¥(A))(a)=[2(Pa)l(a) = Ap,(a)
= Py(a,0) = A(a - 0) = A(a)
= [idirmn)(A)](a).
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Thus ® o ¥ = idipgm(ary- So ¥ is injective. Let A, B € IFSM(M) such that A C B.
Let (z,y) € M x M. Then

upe(2,y) = 1p(z ~y) 2 pale —y) = upa(z.9)
and
vpg(2,y) = va(z — y) <va(z —y) = vp,(z,y).
Thus P4 C Pg,ie., ¥(A) C ¥(B). So ¥ is inclusion- preserving. Let P € IFCy, (M)
and let z,y € M. Then
(To@)(P)(z,y) = [(2(P)](z,y) = [¥(Ap))(z,y)
= Pap(z,y) = Ap(z —y) = P(z - ,0)
= P(z,y) (by Proposition 3.4)
‘ = lidircw (P))(z,y)-
Thus ¥ o ® = idipc,, (m)- So ¥ is surjective. This completes the proof. O

Proposition 8.10. Let P be an IFWC on an R-module M. Then for each (A u) €
ImP, Ap"M ¥ = {x e M :z = 0(P™ M)} is the submodule induced by the congru-
ence PO 1),

Proof. Let a € M. Then
acAp™ P o pa(a)>Aand va,(a) < p
<  pp(a,0) > A and vp(a,0) < p
& (a,0)e PO W
& a=0PN M)
& aef{zeM:z=0P™ M)}
Hence Ag\’” ) is the submodule induced by the congruence P(’\v“). d

Proposition 3.11. Let A be an IFSM of an R-module M. Then for each (X, p) €
ImA, Pa ) s the congruence on M induced by A™ ¥,

Proof. For each (), i) € ImA,let Q be the congruence on M induced by A® #) and
let z,y € M. Then

(z,9) e Qe z—ye AN H,
Let (z,y) € Py # Then

1ps(2,y) = palz —y) 2 A and vp, (z,y) = valz —y) < p.
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Thusz—y € AN H#_ So (z,y) €Q, ie., Py # < Q. By the similar arguments, we
have Q C P4 #)_ Hence P4 1) = Q. This completes the proof. a
Definition 3.12. Let M be an R-module and let P € IFCy(M). Then Q €
IFCw (M) is said to be P-invariant if P(z,y) = P(z, y') implies that Q(z,y) =
Q(z', v') for any (z,y), (',y') € M x M.
Lemma 3.13. Let M be an R-module and let A € IFSM(M). We define a complez
mapping P/P = (up,/psy VPy/p,) @ M/A X M/A — I x 1 as follows : for any
z,y €M,

Pa/Pa(z + A,y + A) = Pa(z,y).
Then P4/ Py € IFCy (M/A).
Proof. From the definition of P4/Py, it is clear that P4/P4 € IFR(M/A). Suppose
r+A=12+Aand y+ A=y + A Then A(x — ') = A(0) and A(y —¥') = A(0).
Thus, by the definition of Py,

Pa(z,@) = ( \/ wpa(p9), /\ vp,(p, ) (%)

p,gEM P.gEM
and

Paw,y)=( \/ wraa), /\ vra(p,@) (++)

PgEM peEM
On the other hand,

pp (T, y) > pp (z,z') App,(z',y) (Since Py is intuitionistic fuzzy transitive)
= upa(7's y) By (+))
> pp, (2, ¥')App, (v, v) (Since Py is intuitionistic fuzzy transitive)
= up,(2',¥') A up,(y,y') (Since Py is intuitionistic fuzzy symmetric)
= pupy(z', y') (By (x+))
and
vpa(z,y) < vpal(e,a’) Vp, (e, y) = ve, (@, y)
< wpa(' Y) Ve Y, y) = veala, ¥)
By the similar arguments, we have
pp(@’, y') > pp(z,y) and vp(z', ) < vp(z,y).

Thus P(z,y) = P(z', ¢/), i.e., P/P(z + A,y + A) = P/P(2' + A,y + A).
So P4/ Py is well-defined. The rest of the proof is easy. This completes the proof. []
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Theorem 3.14. Let M be an R-module and let A € IFSM(M). Then there exists

a one-to-one correspondence between the set
IFCwp,(M)
and the set
IFCw,p,/p,(M/A),

where IFCy,p, (M) and IFCyw p,/p,(M/A) denote the set of Pa-invariant IFCs on
M and the set of Ps/Pa-invariant IFCs on M/A, respectively.

Proof. Let Q € IFCyy, pA(M ). We define a complex mapping
Q/Pa = (ug/ps» Vorps) : M/AX M/A—Tx1
as follows : for any z,y € M,
Q/Pa(z + A,y +a) = Q(z,y).

Suppose z+ A =1z'+ A and y+ A =19y + A. Then Pa(z,y) = Pa(z’,v’). Since Q is
Py-invariant, Q(z,y) = Q(z’, y'). Thus Q/P4 is well-defined. Moreover, it is clear
that Q/P4 € IFR(M/A) from the definition of Q/P4. It is easy to show that Q/Pa
is a P4/ Py-invariant IFWC on M/A.

We define a mapping @ : IFCw,p,(M) — IFCy p, /p,(M/A) by ®(Q) = Q/Pa
for each Q € IFCw p,(M). Let Q1,Q2 € IFCw p,(M) such that Q; # Q2. Then
there exist z,y € M such that Q1(z,y) # Qa(z,y). Thus

Q1/Pa(z + A,y + A) = Q1(z,y) # Q2(z,y) = Q2/Pa(z + 4,y + A).
So ®(Q1) # ®(Q2), ie., D is injective.
Now let Q" € IFCy p,/p,(M/A). We define a complex mapping Q = (uq,vq) :
M x M — I xI as follows : for any z,y € M,
Qz,y) =Q'(z + A,y + A).
Let z € M, Then
po(z,z) = ug(z+ A,z + A)

= \/ po{u+ A,v+ A) = \/ po(u,v)
ut+Av+AesM/A u,vEM

and
vo(z,z) = vo(z+ Az+ A)

= N\ wt+Av+A)= A vy
u+Av+AEM/A u,veEM
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Thus @ is intuitionistic fuzzy weakly reflexive. It is easy to see that Q is intuitionistic

fuzzy symmetric. Let z,y € M. Then

po(z,y) = po(z+Ay+A4A)
> \/ wg(x+ A, z+ A) Apg(z+ A,y + A)]
z+AEM/A

V kg, 2) A pg(zy)]
zeM

Il

and

VQ'(x+Aay+A)
N o+ A z+A) Veg(z+ A,y + A)
z+AeM/A
N o(z,2) v vg(z,y)).
z€M
Thus Q is intuitionistic fuzzy transitive. So Q € IFEy (M).
Let z,y,a,b € M and let r € R. Then

vQ(T,y)

IN

,uQ(;'c—i-'a,y-f-b) = qu(at+a+A,.y_+b+A)
= po((z+A)+(a+A),(y+A)+(b+A4)
> po(z+Ay+A)Auglat+ A b+ A)
(Since Q' € IFCy p,/p, (M/A))
rQ(@,y) A pgla,b)

Il

and
volz+a,y+b) = volz+a+Ay+b+ A)
= vo((z+A)+(a+A),y+A)+(b+A)
< voglz+Ay+A) Vgla+ Ab+ A)
= vglz,y) Vrg(a,b).
Also,

polzr,yr) = por(zr + A,yr+ A) = po((z + A)r, (y + A)r)
;J,Q/(.’E + A,y + A) (Since Q e IFCW’pA/pA (M/A))
po(z,y)

v

Il
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and

vo(zryr) = volzr+ Ayr+ A) =vo((z + A)r, (y + A)r)
< volz+Ay+ A =vg(z,y).

So Q € IFCw (M).
Let z,y,u,v € M and suppose Pa(z,y) = Pa(u,v). Then

Ps/Pa(z+ A,y + A) = Pa/Pa(u+ A,v+ A).

Since Q' € IFCy,p,/p, (M/A), Q'(x+ A,y + A) = Q' (u+ A,v + A).

Thus Q(z,y) = Q(u,v). So Q is P-invariant. Let (z + A,y + A) € M/A x M/A.
Then Q/Pa(z + A,y + A) = Q(z,y) = Q' (z+ A,y + A). Thus Q' = Q/P4 = ®(Q).
So ® is surjective. Hence ® is bijective. This completes the proof. ’ O

Theorem 3.15. Let M be an R-module and let A € IFSM(M). If (A, ) = (V
Imup,, A Imvp, ), then M/A = M/P/(‘)"'u).

Proof. We define a mapping & : M/A — M/P/({\’“) by ®(z + A) = IP/({\’M) for
each x € M, where zPX““)
P/({\’”). For any z,y € M, suppose z + A = y + A. Then A(z —y) = A(0). Since
Py(z,y) = Alz —y),

Pa(z,y) = (\/ Impp,, /\ImVPA) = (A, p).

Then (z,y) € PX““). Thus fo({\’“) = yPIE{\’“). So ®(z + A) = ®(y + A).
Hence ® is well-defined.
Let z,y € M and let » € R. Then

denotes the congruence class of z by the congruence

Bz +A)+(y+4) = Sa+y+A)=(z+y)PL"
_ PO oy pO)
= ®z+A)+P(y+ A
and
O((z+ A)r) = O(zr+ A') = er/({\’“) = (CEP,({\’“-))T
= (®(z+ A))r.
So ¢ is an R-homorphism.

For any x,y € M, suppose ®(z + A) = ®(y + A). Then a:PJE{\’”) = yP/(f"”). Thus
(z,9) € P, ie., Pa(z,y) = (\,p). Since Pa(z,y) = Az —y), Alz—y) = (\p).
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Then A(z —y) = A(0). Sox+ A =y + A, ie., ® is injective. It is clear that ® is
surjective. Hence M/A = M PX\’“ ). This completes the proof. O
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