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NEW IDENTITIES FOR STIRLING NUMBERS
VIA RIORDAN ARRAYS

G1-SANG CHEON*, MoawwaD E. A. EL-MIKKAWY**
AND HAN-GUK SEOL**

ABSTRACT. In this paper we establish some new identities involving Stirling num-
bers of both kinds. These identities are obtained via Riodan arrays with a variable
z. Some well-known .identities are obtained as special cases of the new identities for
the specific number z.

1. INTRODUCTION

We begin with some definitions and results. These results play a central role
in the present work because of their convenient properties. The notations are also
reproduced for those who are not familiar with it.

In terms of the falling factorial (t), defined by

(=1 and (t)n-——f[(t——r+1),n21,

r=1
we define the Stirling numbers [3]-(6], [9] of the first kind s(n, k) and of the second
kind S(n,k) by:

n

On=> s(n,k)tt and t"= i S(n, k) (),

k=0 k=0
where n > 0, s(n,0) = dng, S(n,0) = dno, Snk being the Kronecker delta. It is known
that [3]-[6], [9] the Stirling numbers satisfy the recurrence relations:

(1) Sn,k)=8(n-1,k—-1)+kS(n - 1,k).
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If F=(fo, f1,f2:---) = (fr)x>0 is a sequence of real numbers, then the function
f(t) defined on an interval containing zero with value at ¢ given by the formal power
series f(t) =Y qeq fxt® is called the (ordinary) generating function of the sequence
(fe)k>0- In this case we write fi = [t¥]f(t), where [t¥] is the coefficient operator.

A Riordan array [7) is an infinite lower triangular matrix defined by a couple of
formal power series D = (dnk)n k>0 = (d(t), h(t)), d(0) # 0 according to the rule:

dn,x = [t"]d(t) (EA(E))F.

If h(0) # 0 as well, the Riordan array is called proper. In this case dp, =
d(0)(h(0))™ # 0 for all n > 0. Therefore any proper Riordan array has a multi-
picative inverse. A common example of a Riordan array is the infinite Pascal matrix
P for which we have P = (ﬁ, Tl—t) It is known [7] that the set of all proper Ri-
ordan arrays forms a group with the identity I = (1,1) under matrix multiplication

*:
(2) (d(2), h(2)) * (9(2), £(t)) = (d(t)g(th(t)), h(t)E(th(2)).

The following summation property is very useful to get new identity by using the
concept of Riordan arrays:

Theorem 1.1 ([8]). Let D = (d(t),h(t)) = (dnk)nr>0 be a Riordan array. and let
f(t) be the generating function of a sequence (fx)k>0. Then we have

n
3) > dnrfi = ["d(2) F(tA(2))-
. k=0

As pointed out by Sprugnoli [8], the connection between Riordan arrays and
Stirling numbers is not immediate. Therefore the main objective of the present
paper is to establish new identities involving Stirling numbers via Riordan arrays.
This paper is organized as follows. In section 2 the main results are given and further
identities are given in section 3. A conclusion is given in section 4.

2. RIORDAN ARRAYS WITH A VARIABLE AND RELATED IDENTITIES

The nxn Pascal matrix P, = [(})]n,k>0 has been generalized by Py[z] = [(})z" ]
for any nonzero real number z. This generalization leads to interesting combinatorial
properties and identities (see [1], [10]). For example,

(4) Pn(x)Pn(y) = Pn(x‘{"y)'
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Motivated by this idea, we first introduce one of the generalization of the Rior-
dan array in a variable. Then we establish interesting identities by the summation
property of the Riordan array.

Let D = (d(t), k(t)) be a Riordan array and z a nonzero real number. Then
Dz} := (d(xt), h(xt)) = [dni(Z)]n k>0 defines the Riordan array with a variable z
such that

dp k() = [t"]d(at)(th(zt))*
(5) = [t"*ld(xt) (h(zt))*
= [t"]d(t)(th(t))ez"*.

For example,

1 0 0 O

z 1 0 0

(6) Pla] = (I—l-—,l1 J={a 2 1 0
-zt 1-at 28 322 3z 1

Applying (2), we obtain

(l—lxt’ljmt)*(l—lyt’l—lyt) - (1—(:51+y)t’1—(;+y)t)’

which immediately proves P[z]P[y] = P[z + y] (also see (4)).
To find generalized identities, we can apply the summation property (3) to the
Riordan array with variable z.

Example 1. Let D[z] = (%5, ) for any nonzero real number z. If we take
f@) = QA +H" and f(t) = (1_—1tW’ it is easy to obtain the following identities
respectively from (3):

0 ()7 - S ()1 )oar

k=0
n 2n
@ D (7 )a"* =Dk )+ o)k = (142

The identities including the Stirling numbers of both kinds together with the
binomial coefficient very frequentely arise in enumerative combinatorics, for example
see [2], [9], [8], [11]. Hence it is worthwhile to investigate such identities.
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Theorem 2.1. Let g(t) be the generating function of a sequence (gi)x>0. Then we

have
T [0 o]
(7 Z S(r,m)t™g™ (t) = E kT git*,r =0,1,2,...
m=0 k=0

where S(r,m) is the Stirking number of the second kind and g(™ (t) is the m-th
derivative of the function g(t) with respect to t.

Proof. We prove by induction on r > 1. Let g(t) = 3 5o, gkt*. Since
o0
tg'(t) = kgt
k=0

(7) holds for r = 1. Now assume that 7 > 2. From (1) and S(r,r) = S(r+ 1,7 + 1),

we have:

d T
e m ,(m)
tdt E S(r,m)t™g™ (t)

m=0

=t Er: [mS(r,m)t™ 1 g™ (t) + S(r,m)t™ g™V (1))

m=0
r T
= t[S(r, 1)g' (1) + >_ mS(r,m)t™ g™ () + D S(r,m)t™gt™ D (1)]]
m=2 m=1
r—1
=tg(t) +t Y_[S(r,m) + (m +1)S(r,m + 1)Jt"g"™ D (¢) + S(r, )t gD (1)
' m=1 : .
r—1 ) ‘
=tgd()+ )_ Str+1,m+ D™ g™ (@) 4+ S(r+ 1,r + 1) gt (@)
m=1 .
r+1 ) )
=3 S(r+1,m)tmg™ (1),
m=0
which completes the proof. - O

Note that Theorem 2.1 means that the function f(t) = Y. _,S(r, m)t™g(m (t)
is the generating function of the sequence (k"gx)x>0 with the weight k7 for each
r =0,1,.... Hence Theorem 2.1 and the summation property (3) allow us to find
such new identities. Consequently we can get lots of identities for Stirling numbers

whenever we take a suitable generating function g(t) in (7).

Theorem 2.2. Let £ be a nonzero real number. For each r,m =0,1,..., we have:



NEW IDENTITIES FOR STIRLING NUMBERS VIA RIORDAN ARRAYS 315

(i) é (Z) krgn-k Z k'( )S(r, k)1 + )"k,

(i)
> () ()
Zr:n kk'S (k) (m; f) (nrf;]j£>me(1_x)n_k—e'

Proof. Let D[z] = 1 Lo, L) and let f(t) = Y5 _o S(r, k)t g™ (2).
(i) Take g(t) = 125 Then we get dnx(z) = (})z"* and gr = 1. Hence fi = k"
where r = 0,1,.... Applying the summation property (3), we have:

kz:‘;(k)kr n—k _ tn] ZS’ (1_ t)k(l_g;_l—z-!z)kﬂ
k
- Zk!S(r, B ( i - mr .+1>

= Zk'( )S(r k)1 +z)"*,

which proves (i).

(ii) Take g(t) = (1 +¢t)™ for m = 0,1,.... Then we get dnx(z) = (})z"* and
9k = (7). Hence f;, = k() where r =0, 1, .... Applying the summation property
(3), we have:

lcz::ﬂ(z)(k) a kkrz[tn]“—zs( k) (1— t)kk!@) <1+1_txt)m_k
= ;k!S(r, k) (TZ) [tn_k]a———:ﬁm—ﬁ(l 4 (1= )t

=gk!5(r,k)( )ite](l t)mﬂ[n -

x (141 —z))™*

S S s () (") (et v

k=0 ¢=0

which proves (ii). a
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From (i) and (ii) in the above theorem, we can establish lots of interesting iden-
tities involving Stirling numbers for the specific number x. Also, some well known

identities are immediately reduced from it.

Corollary 2.3. Let x be a nonzero real number. For each r,m =0,1,..., we have:
n n )
) n\,r n n—k ' k
(1)Z(k)k’—2k!(k) k)2 Z(n_ () (rin — K)2,
k=0 k=0 .
(z=1in (@));

(i) S(r,m) = ,Z( (e @ = -1in )
("))

; > (Z) (m: k)xk(l —2)"*, (r = 0n (i4));

Note that (ii) is a third proof for Theorem 8.4, p.289 in [2] and (iv) is the well-
known Vandermonde convolution.

3. FURTHER IDENTITIES

In this section, we establish some identities related to the Stirling numbers s(n, k)
of the first kind by the summation property of the Riordan concept.

(1) Let D = (1&,1%) and f(¢t) = 1 +¢)(1 +2t)...(1 + mt). In this case we
obtain: dpj = (Z) and fr = (—1)¥s(m 4+ 1,m + 1 — k). Therefore using Theorem
2.1, we get

Z( 1)’°< )s(m+1m+1—k) Z( 1)'°(m+n’: k)s(mm k).

k=0

(2) Let D = (5%, %) and f(t) = 1 +t)(1 +2t)... (1 + mt). In this case we
get dnx = (—1)F(}) and fi = (-1)*s(m + 1,m + 1 — k). Consequently applying
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Theorem 2.1 gives

n

Z(Z)s(m+1,m+l—k)=i(m+:_—:+1)s(m+2,m+2_k)‘

k=0 k=0
In particular, if m = n — 1, then we have the identity:

zn: (Z)s(n,k) = zn: (n:k)s(n+1,k+1) = kz;o (:)s(n,n— k)

k=0 k=0

(3) Let D = (3%, %) and f(t) = (1—t)(1—é:)l..‘(1—mt)‘ In this case we obtain

dng = (—1)* (Z) and fr = S(k,m),k=0,1,2,.... Thus using Theorem 2.1, we get

En: (~1)* /”) S(k,m) = Zn: (~1)*S(k —1,m - 1), m > 1.
k=m \k

k=m

Substituting m = 1 it yields the well-known identity

kizo(—l)’“(:) =0.

4. CONCLUSION

Although the connection between Stirling numbers and Riordan arrays is not
immediate, this paper establishes new identities involving Stirling numbers of both
kinds via Riordan arrays with a variable. Some well-known identities are obtained
as special cases of the variable of the new identities.
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