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THE PETTIS INTEGRABILITY OF BOUNDED WEAKLY
MEASURABLE FUNCTIONS ON FINITE MEASURE SPACES
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1. Introduction

Since the concept of Pettis integral was introduced in 1938 [10], the Pettis inte-
grability of weakly measurable functions has been studied by many authors [5, 6, 7,
8, 9, 11]. It is known that there is a bounded function that is not Pettis integrable
[10, Example 10. 8]. So it is natural to raise the question : when is a bounded
function Pettis integrable ?

In this paper we study the Pettis integrability of bounded weakly measurable
functions on finite measure spaces. We will show that the Pettis integrability of
those functions is deeply related to the core of the function and the sets S(w, B).

Throughout this paper, (€2, X, 1) denotes a finite measure space and f a function
from €2 into a real Banach space X with continuous dual X*. For each z* € X*,
z*f : @ — R is the scalar function defined by (z* f)(t) = z*(f(t)), t € Q. For any
A C X, ©A denotes the closed convex hull of A.

A function f :  — X is said to be weakly measurable if for each z* € X*,
the function z* f is measurable. This function f : @ — X is said to be strongly
measurable if there is a sequence {f,} of measurable simple functions such that

Lim [[fa—fI=0 a e

Two functions f,g : 2 — X are said to be weakly equivalent if z*f = z*g a. e.
for all z* € X™*.

A weakly measurable function f : € — X is said to be Pettis integrable if for
every set E € X, there is an element of X, denoted [ g fdu, such that

o ()=
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for all z* € X*. [, fdu is called the Pettis integral of f.

Remark 1. If z*f is integrable for all * € X™, then for every set E € X, there
exists an element z** € X** such that z**(z*) = [ «*fdu [2, Lemma 1, IL 3].
This «** = [ fdu is called the Dunford integral of f.

Hence f is Pettis integrable if for all E € ¥, the Dunford integral of f over E
lies in X.

A strongly measurable function f is Bochner integrable if there is a sequence of
simple functions {f,} such that

tm [ 1fa = flld =o.
In this case, we denote fE fdp = limp_oo [ fadp.
For Bochner integrable function, the following is true :

Theorem [3, Corollary 8, II. 2]. Let f : @ — X be Bochner integrable, then
for each E € 3 with u(E) > 0,

/E fdu € &(f(E))u(E).

Motivated by the above theorem, we consider the case of Pettis integrable func-
tions.

Let f : @ — X be Pettis integrable and B € £. Let 7 be any finite partition of B,
that is 7 is a finite set of disjoint measurable subsets E of B such that Jg¢, E = B.

Then
| tiu=3 [ fiue ¥ wtEme)

Een Een
We denote the closure of ) . T f(E)u(E) by S(m, B).
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Remark 2. Note that
[ faue Y wfEWE) c S(r. B)

Eerw
for all finite partition = of B. And so

/deu e()c S, B),

where the intersection is taken over all partitions 7 of B.

Let f:Q — X and let E € ¥. The core of f over E, denoted by Corg(E), is the
subset of X given by

Corg(E)= ()| Sf(E\ A).

n(A)=0
If Corf(E) # 0 for each set E of positive measure, then we say that f has nonempty

core.
2. Main Results

The following theorem asserts that the average value of a Pettis integrable func-
tion lies in its core.

Theorem 2.1. If f:Q — X is Pettis integrable, then for each set F in ¥,
1
Cors(E =E{—/fd : BC E,u(B >O}.
7(E) B Sy T #(B)

Proof. Let B C E be of positive measure. Let A be a null set and z* € X™*. We

have
() = o

> [ fle F(E\ Ald
B
= inf[z* f(E \ A)|u(B).
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Hence for all z* € X*, the inequality
o |7 [ fau] 2 il 1B\ )
— inf[x
wB) Js' | =
holds. By the Hahn-Banach theorem,

1 1 —
25 o€ gy [, S € THEND)

Since A was an arbitrary null set, we see that

#(B)/fd,uECorfE— (| Sf(E\ 4.

n(A)=0
Moreover, since CorE is closed and convex,
as{ ! /fdu BcE,u(B)>o}cC E
—_— : s orsE.
u(B) JB !

Let z € Corys(F) and ||z*]| < 1. For any ¢ > 0, choose a countable partition = of E
and a function @, constant on the set 7 such that the inequality

[o* £(2) —a(®)] < 3

holds for all ¢t € E. If B is any set in 7 with positive measure and ¢t € B, then

T f(t) —

*fdul <

N ™

(B)

since « is constant on B.
Let A be the union of the null sets in m. Then z € ¢6f(E \ A) and hence there
is a finite convex sum ¥A; f(¢;) such that t; € E\ A and

llx - ZA,f(t,)“ < %
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We have

T (z) = > Az f(t:)

For each 7, let B; be the set in m containing ¢;. Then

VIR T
z*(z) Z)\,#(Bi)/Bia: fdy

Since ¢ was arbitrary, we can see that

<
2"

<E.

z*(z) > inf [x* {;L—(IF)/B:E*fd,LL : BC E,u(B) > 0}] X
By Hahn-Banach theorem, we conclude that
T Gﬁ{-—l—/ z*fdy : B C E,u(B) >0}.
wB) Jp
This shows that

Corf(E)CE{;L—(—lB—)/Bm*fdu : BCE,H(B)>0}.

This completes the proof.

Corollary 2.2. If f is weakly equivalent to a strongly measurable function g, then

f has nonempty core.

Proof. Let E be any measurable set of positive measure. Then there exists a subset
B of E such that gx|p is bounded and Bochner integrable. Since fx|p is weakly
equivalent to a Bochner integrable function gx|g, it is Pettis integrable (see [2]).

Hence Corp(B) # 0. O

Next, we will show that the sets S(w, B) play very important role in the study

of the Pettis integrability.
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Theorem 2.3. A bounded weakly measurable function f :  — X is Pettis inte-
grable if and only if for each measurable set B, [, S(, B) # 0, where the intersec-
tion is taken over all finite partitions of B.

Proof. Let f be Pettis integrable. By Remark 2,

/B fdu € () S(r, B).

Conversely, assume that () _S(7,B) # 0 for all B € . We will show that
e S(x,B) = {5 fdu} for all B € T. Fix B € ¥ and = € (), S(r, B). First,
we will show that z*(z) = [z 2* fdp for all z* € X*. Fix z* € X* and ¢ > 0. Since
z*f is bounded and measurable, it is the uniform limit of a sequence of simple
functions. Hence there is a finite partition 7 of B such that

lz* f(t1) — 2" f(t2)| < ¢

for all £ €  and t,,t; € E.
Let E € 7 then for any ¢ € E, we have

|;(15 ]E z* fdp —w*f(t)’ <s,

and

[ s - 0B < euc)

If 3 a;f(t;) is a convex sum with each ¢; € E, then

[t =2 st u(B)| < ent)

It follows that if g € TOof(E),

l/E z* fdu — rc*(a:E)u(E)l < ep(E).
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Summing over all the sets E € #, we have

< eu(B).

/ z* fdy — x*(z)
B

Since ¢ was arbitrary, we have

*(z) = / z* fdu,
B
and this means that ¢ = [ fdu where the integral is the Pettis integral.

Theorem 2.4. A bounded weakly measurable function f : § — X is Pettis inte-
grable if and only if for each set B in ¥, there is a weakly compact set W C X such
that W () S(w, B) # 0 for every finite partition 7 of B.

Proof. Suppose that f is Pettis integrable. Let W be the weak closure of the set
{f/g fdu : E € X}. Then by Corollary 9, IL. 3 in [3], W is weakly compact. Since
Jg fdp € W S(w,B), WnN(r,B) # 0 for all finite partition = of B.

Conversely, let B € ¥ and 7 and 7’ be finite partitions of B such that 7' refines
7. Then S(7', B) C S(w, B) and hence the family of sets {WNS(x, B) : 7 is a finite
partition of B} has the finite intersection property. Since W is weakly compact
and these sets are weakly closed, this family has the nonempty intersection. Since
B € ¥ was arbitrary, f is Pettis integrable by Theorem 2.3.
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