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ON PROPERTIES OF COMPLEX ORDER FOR
THE CLASSES OF UNIVALENT FUNCTIONS

Suk Joo PARK

1. Introduction

Let A be the class of univalent functions
f(z) = z4+azz* +az2® +--- (1.1)

which are analytic in the unit disk A = {z: |z < 1}.

Let S*(p) be the subclass of A composing of functions which are starlike of order
p. A function f(z) belonging to the class A is said to be starlike of order p (p # 0)
if and only if 271 f(2) # 0 (z € A) and

Re[1+%{27f££;—)—1}]>0 (= € A). (1.2)

Let K(p) be the subclass of A composing of functions which are convex of order
p. A function f(z) belonging to the class A is said to be convex of order p (p # 0)
if and only if f'(2) # 0 (z € A) and

Re [1+%{%}] >0 (z € A). (1.3)

Note that f(z) € K(p) if and only if zf'(z) € S*(p).
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Let C(p) be the subclass of A composing of functions which are close-to-convex
of order p. A function f(z) belonging to the class A is said to be close-to-convex
of order p (p # 0) if and only if there exists a function g(z) € K(1) such that

f(2) = 2'(2) and

1 f'(2) H

Re 1+—{————1 >0 z € A). 14

[ p 19'(2) ( ) (14

Note that C(1 — p) = C(p), where C(p) is the class of close-to-convex functions of
order p (0< p<1).

Let aS(p) be the subclass of A composing of functions which are a-spirallike of

order p. Let B represent the class of normalized holomorphic functions of positive
real part, i.e., P € B if and only if P is holomorphic in A and P(0) = 1.

Re{P(z)} >0 (2 €A). (1.5)
If f € a5, the introduction of appropriate normalizing factors enables us to write
seca [e** {zf'(2)/f(2)} — isina] 0= L.

This leads to useful representation formulas for members of &S in terms of function

in B such that )
2f'(z) _ cosa.P(z)+isina

f(z) =~ cosa+isina

(z € A), (1.6)
or equivalently

f(z) = zexp {cosa Lol /0 -Pﬁ?t;ldt} (z € D). (1.7)

A function f(z) belonging to the subclass aS(p) is said to be a-spirallike of order
p (p < 1,|lal < 7) if and only if f is defined by (1.6).
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In this paper, we investigate the several interesting properties and coefficient
inequalities of functions belonging to these subclasses S*(p), K(p), C(p) and a.S(p)

of the class of univalent functions.

2. Preliminaries

In this chapter, investigate the several interesting properties for functions belonging
to the classes S*(p), K(p), C(p) and a.S(p).

Lemma 2.1. (7] Let g(z) be the univalent in A, 6{w) and ¢(w) be analytic in the
domain D containing q(A), and p(w) # 0 for w € g(A). Set

Q(z) = z¢'(2)p(g(2)) and h(z2) = 6(q(2)) + Q(2).

Suppose that
(i) Q(z) is starlike in A with Q(0) = 0, Q'(2) # 0, and

a0} (60T o,

If p(2) is analytic in A with p(0) = ¢(0), p(A) C D, and

0(p(2)) + 2zp'(2)p(p(2)) < 6((2)) + 24'(2)p(4(2)) = h(2), (2.1)

then p(z) < ¢q(z), and ¢(z) is the best dominant of the subordination (2.1).

Theorem 2.2. If a function f(z) is in the class S*(p), then

{f(:) }a . - —12)2“’ (2.2)
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where a is a complex number, a # 0, and either |2ap+ 1] <1 or |2ap — 1| < 1. The
function 1/(1 — 2)2%? is the best dominant of the differential subordination (2.2).

Proof. Letting q(z) = 1/(1 - 2)%%#, §(w) = 1, and p(w) = 1/apw in Lemma 2.1, we
see that Q(z) =2z/(1 — 2) and h(z) = (1 4+ 2)/(1 — 2).
Therefore, Q(z) is starlike in A, Q(0) =0, @'(0) =2 # 0, and

PR ELTCL S S VPN

Thus, the conditions (i) and (ii) of Lemma2.1 are satisfied. Also, we see that ¢(z)
is univalent in A by Royster [1]. We define the function p(z) by p(z) = (f(z)/z)*
for f(z) € S*(p). Then p(z) is analytic in A,

p(z) =1+ pi(z) + pa(2)* + -+,

and p(z) # 0 for 0 < |z| < 1. Since

, 1 LG 1)
B(p(e)) + 2/ (o) = 1+ o B 14 S [FLE ad g

f(z) € S*(p) implies that

1 (zf'(2) } 1+2
1+—{—-——--—1 ~ = h(z). 2.4
REe = k() (2.4)
Consequently, with the help of Lemma 2.1, we observe that
1 (zf'(2) 1+2 fN* 1
1+p{f(z) -1 Py s 4(1_2)2”. (2.5)

This completes the proof of Theorem 2.2.
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Lemma2.3. (Jack[8]) Let w(z) be regular in A and such that w(0) = 0. If |w(z)|
attains its maximum value on the circle |z| = r at a point zy, then we have
zow'(20) = kw(zo), where k is real and k > 1.

Theorem 2.4. If a function f(z) belonging to A satisfies

8
<[pI**?  (zeA) (2.6)

[+ 4

') 7|27 _ 2f1(2)g" ()
9'(2) g'(2) g'(z)?

for some a > 0, B > 0, and g(z) € K(1), then f(z) € C(p).

Proof. Defining the function w(z) by

wo-H{£8

for f(z) belonging to A and ¢(z) belonging to K(1), we see that w(z) is regular in
A and w(0) = 0. Noting that

zf"(z) _ 2f'(2)g"(2)

!
pzw' (z) = , 2.8
D=6 " ep 28)
we know that (2.6) can be written as
lpw(2)]*[pzw! (2)]F < [p|"+. (29)
Suppose that there exists a point z9 € A such that
i fu(e)] = fu()] = 1 (2.10)
Then Lemma 2.3. leads us to
lpw(20)|*lpzow' (20)|® = |p|**Pk? (k> 1)
(2.11)

> |p|*+?
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which contradicts our condition (2.6). Therefore, we conclude that |w(z)| < 1 for

all z € A, that is, that

ll {f’(Z)

ple'(z)

IH<1 (z € D).

This implies that

Re [1+%{£8 —1}] >0  (z€eA),

which proves that f(z) € C(p).
Letting g(z) = z € K(1) in Theorem 2.4, we have

Corollary 2.5. If a function f(z) belonging to A satisfies
If'(z) = 1% ()1 < 1pl**? (2 €A)

for some o > 0 and B8 > 0, then f(z) € C(p).
Proposition 2.6. If
f(z) =2+ Z anz" (z € A),
n=2
f € aS(p) and w is a function holomorphic in A, then
n-—-1

z{ke‘“ seca + (1 — 2p —itan a)}arz® | w(z)
k=1

n [o <}
= Z{kci"seca -(1 +itana)}akzk + Z br2*
k=2 k=n+1

(2.12)

(2.13)

(2.14)
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Proof. If w is a function holomorphic in A, and

P(z) ={1+(1-2pw(z)}/{l1 —w(z)} (z€4), (2.15)

then P € B. Consequently, the representation given in (1.5) may be written

e secar. Eﬁ—i—? —itana = 1+ (11——5(/)3;0&). (2.16)
Hence
[Z{kei“ seca+ (1 —2p—itan a)}akzk} w(2)
k=1 - (2.17)
= z{k‘ei" seca — (1 + i tan a)}ag2*,
k=2
or

[Z{kei" seca + (1 —2p —itan a)}akz"] w(z)

k=1

n oo
= Z{kei“ seca — (1 +itana)}arz® + Z b z*.
k=2 k=n+1

with the last sum convergent in A and n =2,3,---.

3. Main Properties

In this chapter, we investigate the coeflicient inequalities for functions belonging to

classes 5*(p), K(p), C(p) and aS(p).
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Theorem 3.1. If a function f(z) € A satisfies

e o]

Y (n—1+lpDlaal <ol (p#0), (3.1)

n=2

then f(z) € S*(p).

Proof. From (1.2), since

Re [1+%{%;—)—1}] >0 (z€A) < f(z) € S*(p),

we can transform

AE R B

to Y rra(n—1+|pDlan] < lp| (p # 0)=> f(z) € S*(p). Therefore this completes
the proof of Theorem 3.1.

Theorem 3.2. If a function f(z) € A satisfies

oo

D on(n~1+lplanl <lol (0o #0), (3-2)

n=2

then f(z) € K(p).
Proof. From (1.3), since

Re[l+%{ij—m(—z)}] >0 (z € A) <= f(2) € K(p),

f'(2)

1 fzf"(z) }’

L S2CIN NP
,p { fiiz) Ji™

to Y o on(n—1+|p|)las| < lp| (p # 0) == f(2) € K(p). Therefore this completes

the proof of Theorem 3.2.

we can transform
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Theorem 3.3. If a function f(z) € A satisfies

Sl <l (p#0) (3.3)
then f(z) € C(p).
Proof. From (1.4), since
1[fG) . .
Re [1+p{g'(z) H >0 (z€A) < f(z) € C(p),

f(z) = 2¢'(2) and ¢(2) € K(1). We can transform

RECRIE

to > o0 onlas| < |pl (p # 0) = f(2) € C(p). Therefore this completes the
proof of Theorem 3.3.

Proposition 3.4. If a function f(z) € aS(p), then for larger n by induction argu-

ment establishing bounds are

n—1

4(1 - p) Z(k —p)lar]? > (n —1)*sec’ a. |aq|?. (3.4)
k=1
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Proof. In (2.14),let z=re’, O0<r <1, 0<6<2r,then
n—1 )
Zlkew‘ seca + (1 — 2p — i tan @)|?|ax |?r2F
k=1
1 2 n—1 . . 2
=5 [ke'*seca + (1 — 2p — i tan a))arr*e®*| 46
0 k=1
1 27 n—-1 . . 2 .
25; [ke'*seca + (1 — 2p — i tan a)]agr®e’®*| |w(re'?)|?ds
k=1
n 2
1 ; - k_i6k = k_i0k
>— [ke'*seca — (1 + itan a)]axr®e'™" + Z brrte”"| df
2w
=2 k=n+1
> Z [ke'*seca — (1 +itana)|? . |ai|*r2F + E |by |2r2¥
k=2 k=n+1
> Z lke'®seca — (1 + i tana)|? . |ag|*r?*. =
Letting r close to 1 and rewriting the preceding inequality, we obtain
n—1 ) )
Z{ke"’ seca+(1 —2p —itana)|® — |ke'*seca — (1 + i tan a)|*}|ax|?
k=1

>|ne**seca — (1 + itan a)|* . |an |

some simplification reduces this to

n—1
41— p) Yk — p)lasl? = (n = 1)?sec’ a. an?
k=1

which is established for larger n by an induction argument.

Letting n = 2 in proposition 3.4, we have
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Corollary 3.5.
4(1 — p)? > sec’ a . |az|? (3.5)

or
laz] £ 2(1 — p)cos a

which is equivalent to (3.5).
Theorem 3.6. If a function f(z) € aS(p) and

f(z) =2+ z anz" (z € A),

n=2

then for all admissible o and p and for each n, these sharp bounds are

n—2 ;
12(1 — p)cosa.e™** + k|
< = .o
lan] < I—l P , n=23,--, (3.6)

Proof. Fix n,n > 3, and suppose that (3.4) holds for k =2,3,--- ,n — 1. Then

, _4(1 — p)cos? |2(1 — p)cosa . e 4 j|?
lanl* <= 255 {1—p)+Z(k p)H G }

g ? S4(1 p) cos? a{ P)‘*‘Z b P)H |2(1—p)cosa e i 4+ jj

(n— 12 N
12(1 — p)cosa e 4 g2
=) H (7+1)? }

_n—3 12(1 — p)cosa.e”i + |2 [(n— 2)2 +4(n—1-—p)(1 — p)cos? a
‘]HO Gr1p { (=1 }
~ |2(1 — p)cosa . e™t* + j|?

I;I (7 +1)2

(3.7)
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Therefore ,
T 12(1 - p)cosa. eI 4 k|
lan]| < H .
P k+1
This completes the proof of Theorem 3.6.

—

10.
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