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SOME IDENTITIES INVOLVING FACTORIALS

JUNE SANG CHOI

ABSTRACT. We obtain some interesting identities involving factorials by using the

theory of Bessel functions.

1. Introduction

We find (1, p. 294; Theorem A.7.] an interesting identity: For n any positive

i n I'(v+ k&
;(_l)k(k)fﬁj:& m::O, 1,... ,n—-l, (1)

where v is an arbitrary real (or complex) number and I' denotes the well-known

integer,

Gamma function one of whose important properties is
I(n+1)=nl, n=20,1,2,.... (2)

Setting v = £+ 1 a positive integer greater than or equal to n in (1) with the aid

of (2) leads to an interesting identity involving factorials:

- n\ (L+k)! B
kZﬂ(‘U"(,ﬂ)m—& m=0,1,...,n—1. (3)
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In this note we are aiming at getting some identities involving factorials of similar
character as in (3) by using the theory of Bessel functions. For this purpose we

introduce the definition of Bessel functions. We define, for n not a negative integer,

3 o (_1)kz‘2k+n
(D) =) e e T ) 4)
k=0
If n is a negative integer, we set
In(2) = (=1)"T-n(2). (5)

For all finite z and n J,(z) is defined by the equations (4) and (5). Then the
function J,(z) is called the Bessel function of the first kind of index n. Of course

(4) is a solution of the Bessel’s differential equation:
220" + 20 4+ (22 - nPw = 0. - (6)

As noted in [2, p. 109], no other special functions have received such detailed
treatment in readily available treatises as have the Bessel functions: The most

striking example is Watson’s exhaustive (804 pages) work; Watson [3].

2. Identities involving factorials

In [2, p. 120, Ex.1] we obtain the following identity:

> Jinn(@) =3 [ dow)ds ©

n=0
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Using the definition (4) and expanding the left hand side of (7) in powers of z, we

obtain
(_1)kx2k+2n+l

D (@) = D) Gt i G T T )

n=0 n=0 k=0
o n 1)k 2n+1

22"+1k'I‘(2 Fon—k) (8)

k 2n+1
k‘I‘(2 +12)n - k)} ( ) '

0 k=0

3
]

t”ﬁs

i

n=0 k=0

On the other hand, we get
1 % B 1 & (_l)ny2n
2/0 Joly)dy = 2/0 n}; STl 7 7)Y
L& (<) [,
) Z 22"n!n!/ y*"dy ©)
ot ( " 2n+1
g 2n + 1)nln! ( )

In view of (7) with the help of (8) and (9), equating the coefficients of (z/2)?"+!,

we obtain the following interesting identity:

Theorem 1. Let n be a nonnegative integer. Then we have

1) __(=)n
;_0 Hen T L=k (@n+ Lninl’ (10)

or equivalently,

k_}ijo(—l)" ("5 = (). (1)
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In [2, p. 122] we obtain Neumann’s expansion:

k!

1\" S (n+28)n+k—1)Tnio(z
() SECET ST

Multiplying both sides of (12) by (z/2)~" and using (4), we get

L - i i (=1)¢(n + 2k)(n + k — 1)1220+2F
- EWIT(1 + n + 2k + £)22k+2¢

oo k
3 (-1)(n+2k —20)(n + k— £ —1)! [z\2*
=22 (k — £)18!(n + 2k — £)! (5) ’

from which we also obtain an interesting identity:

Theorem 2. Let n and k be positive integers. Then we have

k
(1) (n+2k-20)(n+k—£-1)!
3 (D X )

2 (k= 010(n + 2k — £ 0
or, equivalently,
i(-l)' F\(r+2k-2)(n+k—t-1)
¢ (n+ 2k — &)! B

£=0

from which we observe that (14) is an interesting companion of (3).

In [2, p. 120] we find

sin(z sinf) = 2 Z Jon+1(2)sin[(2n + 1)6].

n=0

(12)

(13)

(14)
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Differentiating each side of (15) with respect to 8 and setting § = 0 in the resulting
equation yields

z2=2) (204 1)Jzn41(2). (16)

n=0

Applying (4) to (16), we have

G (@) (zykem

B 2 ,; kT(2+2n + k) (5)
> (=1)*(2n+1—-2k) | s2\2"
2 {Z kIT(2 +2n — k) } ('2') ’

from which we obtain the following identity:

Theorem 3. Let n be a positive integer. Then we have

"\ (=1)¥(2n + 1 - 2k)
=0, 17
,;0 Kl(2n + 1 — k)! (17)
or, equivalently,
= on +1
Z(—U"( "; )(2n+1—2k)=0. (18)
k=0

Setting 6 = 7 in (15), we obtain

sinz = 22(—1)“J2n+1(z). (19)

n=0
Applying (4) to (19) and using the Maclaurin series of sin z, we have
(—1)n+kg2k+2n+1

Z( (2n ¥ 1)' Z Z 2ZRFENEIT(2 + 2n + k)

n=0 k=0
( l)n z2n+l

=ZZ K2 +2n— k) 227 '

n=0 k=0

from which we obtain the following identity:
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Theorem 4. Let n be a nonnegative integer. Then we have

" /2n+1) 1
Z(n: )55:=1' (20)
k=0

We conclude this note by posing a natural question: Show that identities (10),
(13), (17) and (20) are true without using the theory of Bessel functions.
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