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ON UNIVALENT SUBORDINATE FUNCTIONS

Suk JoO PARK

ABSTRACT. Let f(2) = 24 a22%2 4+---+an2™+--- be regular and univalent in A =
{2 : |z| < 1}. In this paper, using the proper subordinate functions, we investigate
the some relations between subordinations and conditions of functions belonging to
subclasses of univalent functions.

1. Introduction

Let
fR)=2+a22 +--+a2"+--- (1.1)

be regular and univalent in A = {2 : |2| < 1},and suppose that f(A) = D. If g(z)
is regular in A, f(0) = ¢(0), and g(2) € D, then g(2) is said to be subordinate to
f(2) in A, and we write [7] [8]

g9(z) < f(z) (1.2)

and also f(z) is said to be superordinate to g(z) in A, (or f(z) is said to be majorant
to g(z) in A).

The subordinate function ¢(2) < f(z) in A if and only if there is a function b(z)
that satisfies the conditions of Schwarz’s Lemma |b(z)| < |2] for 0 < |z| < 1 and (8]

9(z) = f(b(z)) (1.3)
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g(lzl <rye f(lzl<r) |z| <r< 1 (1.4)

Let A be the class of univalent functions f(z) = z+a22?+---+a,2" +- -+ which
are regular in A.

Let ST be the subclass of A composing of functions which are starlike. A function
f(z) belonging to the class A is said to be starlike if and only if 271f(z) #0 in A
and (4] [8], Re denotes real part,

Re { z]]: (S)} >0 in A. (1.5)

Let CV be the subclass of .A composing of functions which are convex. A function
f(2) belonging to the class A is said to be convex if and only if f (z) # 0 in A and
[4] [8]

2f (2) :
Red1+ —/—= >0 inA. 1.6
{ 16 } (19
Let CC be the subclass of A composing of functions which are close-to-convex.

A function f(z) belonging to the class A is said to be close-to-convex if and only if
f(z) - f(~2) #0in A and [5] [8]

2f (2)
fie { 7@ - 1=

Let oS be the subclass of A composing of functions which are a-spirallike. A
function f(z) belonging to the class A is said to be a-spirallike if and only if [6] [8]

Re {e'ia%} >0 inA. (1.8)

} >0 in A. (1.7)

In this paper, using the proper subordinate functions, we investigate the some re-
lations between subordinations [(¥.1),(3.2),(3.3) and (3.4)] and conditions [(1.5),(1.6),
(1.7) and (1.8)] of functions belonging to these subclasses (ST',CV,CC and aS) of
the class of univalent functions.
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2. Preliminaries

In this chapter, we investigate the relations between subordinate function and
regular functions g(z,t) and b(z,t), depending upon a real parameter ¢, and then
using them to obtain some results on univalent subordinate functions.

Definition 2.1. Let b(z,t) be regular in A for 0 <¢ < 1. Let

[b(z,t)] <1 for |z| < 1,0 <t <1, b(z,0)=2 (2.1)
we define bz, 1)
. Zt)—z2
oo = i {*20) e

where p is a positive real number. We obtain the following relation.

Theorem 2.2. If b(z) is regular in A, Re b(0) # 0,b(0,t) =0,and 0 <t < 1, then
Reb(z) < 0 in A.

Proof. i, Since |b(2,t)| < |z| in A with equality only if b(2, t) = zexpif(t) by Schwarz’s

Lemma, the function
b(z,t) — 2

™0 = e e

(2.3)

is regular and Rem(z,t) < 0in A.
ii, When b(2,t) = zexpif(t), Since m(z,t) = i tan(1/20(t)) is purely imaginary,
Re(m,t) = 0. Thus m(z,t) is regular and Rem(z,t) <0 in A with equality occur-
ring only if b(z,t) = zexpif(t). Hence
Reb(z) = Re lim {M_—_z}
t—0+ ztP
— Re Lim b(z,t) =z b(zt)+2
t—0t 2tP b(z,t)+z

— Re lim }b(z,t)z 2z }
{

(2.4)

A ET

This completes the proof of theorem 2.2.
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Definition 2.3. Let g(z,t) be regular in A, 0 <t <1. Let g(2,0) = f(z) and
9(0,t) = 0. We define

g(2) = tg%l+ {y(z, t)z—tpg(z, 0) }

where p is a positive real number and g(z,t) is continuous from ¢t — 0*.

(2.5)

We obtain the following relation.

Theorem 2.4. If g(z,t) < f(z) in & ,0 <t <1 ,and Reg(0) # 0, then

Re { J; I((;)) } <0 inA. (2.6)

Proof. Since g(z,t) < f(2) in A we have g(z,t) = f{b(z,t)} in A, 0 <t < 1, where
b(z,t) is regular, continuous and |b(z,t)| <1in A, 0 <t < 1. Since g(z,0) = f(2)
and f(z) is univalent in A we have b(z,0) = 2. Since f(0) =0, g(0,t) = 0 and f(2)
is univalent in A we have b(0,t) = 0. Now we write

2t 2tP b(z,t) — b(z,0) 27)
— f{b(zv t)} - f{b(z’ 0)} . b(Z, t) - b(zv 0) .
b(z,t) — b(z,0) ztP

lim
t—0t

(oot —se0) _ \, [0E0L- 0G0} ), Kol ~He

ztp T ot b(z,t) — b(z,0) T 10+ ztP

By (2.2), (2.5) and b(2,0) = 2
9(2) = £ (2)-b(2), f(2) #£0. (2.8)

Therefore b(z) = g(2)/f (2), Reb(0) = Reg(0). By Reb(0) = Reg(0) and theorem
2.2 we have

Re}g—,((% = Reb(z) <0 in A. (2.9)
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When g(z) is regular in A and g(0) # 0. we have

1 () in
R{ ()}<0 A.

This completes the proof of theorem 2.4.

3. Some Result

In this chapter, using the preliminaries, we investigate some results which there
exists each condition of the subclass(ST,CV,CCand aS) of the class of univalent
functions for each given proper relation subordinated to univalent functions that
f(z) =z+a2®++--+a,2" + - are regular and univalent in A.

Theorem 3.1. Let

(1-0)f(z) < fl2), 0<t<L, in D (3.1)

then

Re {z}{ég)} >0 and f(z) € ST in A.

Proof. From (3.1) since (1 —t)f(z) < f(2),0 <t <1, letting
9(z) = (1~ 1)/ (z) = f{blz,¢)}
and in (2.5) taking p = 1 we have

ofe) = Jip QO -IED D 2 g~ LD 4o

Re{f,—(z—)} <0 inA
g9(z

From (2.6), since
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PO\ _plt@ N\ _p [ @),
Re{g(z)}“Re{—f<z)/z}‘Re{ T }<° &

zf (2)
Re { 7@ }>0

This completes the proof of theorem 3.1.

we have

Hence

and from (1.5) f(z) € ST in A.

Theorem 3.2. Let

1 it —it .

i{f(e 2)+ f(e™2)} < f(z), 0<t<1l,inA, (3.2)
then

Re {l—i—Z}{(S)} >0 and f(z) € CV in A.

Proof. From (3.2), since 3 { f(€*2) + f(e™*2)} < f(2),0 <t < 1,inA, letting
g(z,t) = f(e*z) + fle ™2)

and in (2.5) taking p = 2 and using L'Hospital rule we have

g(z,t) g(z,0) - lim e

3t

t-—~)0+ zt T o0+ 2zt
1 8%g(

= o atz —{f<z>+f<z>}

9(2) =

since, f' and f " denote %{ and %—z respectively,

0g(z,t)

5 = F(et2)ize® + f (e " 2)ze~ (—0)

- iz{fl(eitz)eit _ f’(e—itz)e—it}
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d%9(z,1)

5 = iZl{f (e®z)zetie® + £ (e2)ei} — {f" (e %2)e 2(—i)e~*

+ £ (e *2)e *(—i)}]

mgéq‘”dUW@“+f@ﬁk-UY@A—@+ﬁux4»]

= —{f @2+ F @} - AL (D)2 + £ (2)}
=-2{f (2)z+ f (2)}

From (2.6), since
Re{f (Z)} <0 inA

9(2)

F@)) _ /(2 N
Re{ oz }‘Re{—{zf"(z>+f'(z)}} <oma

Since f (0) = 1,9(0) = —1 and Reg(0) # 0

1
Re - >0 in A.
{1+zf7(:) }

we have

Hence

Re {1 + z?,l((;))} >0 and from (1.6) f(z) € CV in A.

This completes the proof of theorem 3.2.
Theorem 3.3. Let

(I-t)f(z) +tf(=2) < f(2), 0<t<1, inA (3.3)
then

Re{m%} >0 and f(2) € CC in A
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Proof. From (3.3) since (1 —t)f(2) +tf(—2) < f(2),0 <t <1, in A, letting
9(z 1) = 1 - 1)f(z) + tf(-2)

and in (2.5) taking p = 1. We have

T g(zvt) —g(Z, 0) — lag(z’t
9(2) = tgr(l)l‘f' 2t Tz Ot

)= 1)+ 7))

and ¢(0) # 0. From (2.6),since

we have

& _ 2f (2) :
Re{ e } —Re{————————_f(z) +f(—z)} <0 in A.

Hence Re {ﬂ—zz)%} > 0 and from (1.7) f(z) € CC in A.
This completes the proof of theorem 3.3.

Theorem 3.4. Let
(1 —te*)f(2) < f(2), in A (3.4)

where 0 < t <1, a is a real constant and |a| < 3, then

Re {e‘ia%} >0 and f(z) € aS in A.

Proof. From (3.4) since (1 — te**)f(z) < f(z),inA, letting
9(z,t) = (1 - te") f(2)
and in (2.5) taking p = 1 we have

. g(z, t) —g(z, 0) 1 ag(za t) 1 (Yo
R R et G ARAC),
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and from (2.6), since

I (2) .
Re{m} <0 inA

1@\ _ 1@ \_p @V,
S EEN S T N E12C) A

Re {e”iaz—Jtl—(?l} >0

Hence

f(2)
and from (1.8) f(z) € aS in A.

This completes the proof of theorem 3.4.
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