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ON THE AXIOM OF CHOICE IN A WELL-POINTED TOPOS

Ic SunG KM

ABSTRACT. Topos is a set-like category. For an axiom of choice in a topos, F. W.
Lawvere and A. M. Penk introduced another versions of the axiom of choice. Also
it is showed that general axiom of choice and Penk's axiom of choice are weaker
than Lawvere’s axiom of choice. In this paper we study that weak form of axiom of
choice, axiom of choice, Penk's axiom of choice and Lawvere's axiom of choice are all
equivalent in a well pointed topos.

1. Introduction

The concept of a topos as a system was developed by F. W. Lawvere and M.
Tierney. The most prominent example of an elementary topos is a category Set
of sets and maps. In particular, Lawvere [4] introduced an axiom of choice as
following form: for any noninitial object A and f : A — B, there exists a morphism
g: B — Asuchthat fogof = f. And A. M. Penk (5] introduced an axiom of choice
as following another form: for any noninitial object A, there exists o : 24 — A such
that for all f: 1 — QA, we have ¢ o f € f’ where f': A’ — A is a monomorphism,
provided that ev o (f x i4) is not the characteristic morphism of 0 — A, which is
weaker form than Lawvere’s axiom. In a topos Set, three forms (general form and
the previous two forms) of the axiom of choice are all equivalent. In this paper, we
study various forms of the axiom of choice in a well-pointed topos.
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Definition 1.1. An elementary topos is a category £ that satisfies the following:
(T1) € is finitely complete,
(T2) £ has exponentiation,
(T3) £ has a subobject classifier.

(T2) means that for every object A in £, endofunctor (—) x A has its right adjoint
(—)A. Hence for every object A in £, there exists an object B4, and a morphism
evq : BAx A — B, called the evaluation map of A, such that for any Y and
f:Y x A — B in &, there exists a unique g such that evs o (9 X i4) = f. And
subobject classifier in (T3) is an £-object 2, together with a morphism true : 1 —
(denoted by the letter ” T”) such that for any monomorphism h : D — C, there is
precisely one map C — Q, called the characteristic map of h : D — C (denoted by
Xh) that makes the following diagram a pullback:

D— 1

hl l'r

Xh

Definition 1.2. (1) A topos is called degenerate if there is a morphism z:1 — 0
where 0 and 1 are an initial and a terminal object respectively, that is, all objects
are isomorphic.

(2) A non-degenerate topos is called well-pointed if it satisfies the extentionality
principle for arrow, that is, if f,g : A — B are a pair of distinct parallel arrows,
then there is an element a : 1 — A of A such that foa # goa.

(3) A non-degenerate topos is called bivalent if @ = {T, L}.

Definition 1.3. A topos is called Boolean if for every object D,

(Sub(D), €) is a Boolean algebra where Sub(D) is the class of monomorphisms
with common codomain D, and we say g € f if there exists a morphism h: B — A
such that foh = g where f: A— D and ¢ : B — D are monomorphisms.
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Definition 1.4. Let A be an £-object.

(1) The support of an object A is defined to be the subobject m : supp (4) — 1
of the terminal object 1 given by the epi-monic factorization [2] of the unique arrow
'+ A— 1 such that ! = moe where e : A — supp (A) is an epimorphism.

(2) We say that supports split (SS) in a topos & if, for every £-object A the epic
part e : A — supp (A) of the epi-monic factorization of ! : A — 1 is a retraction.

Lemma 1.5. £ is well-pointed if and only if € is Boolean, bivalent, and has spliting
supports.

Proof. [1, Chapter 12].
Lemma 1.6. In a well-pointed topos, every object is an injective object.

Proof. For any monomorphism m : A — B and any morphism f: A — J, since it
is Boolean, there exists a monomorphism —m : —A — B such that

0 —— A

is a pushout diagram.
For f:A—Jandbo!:—-A— Jwhere!:—-A—1andb:1—J,

0 — A

Lol

—A o J
bo!

commutes.
Hence there exists a morphism ¢ : B — J such that tom = f.
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Definition 1.7.

(1) We say that an object A of a topos £ is internally projective if the functor
(=)A : € — € preserves epimorphisms.

(2) We say that an epimorphism u : C' — D is locally split in £ if there exists an
object V with an epimorphism V — 1 such that V*(u) is a retraction in £/V.

(3) We say that my (f) has global support if there exists an epimorphism e :
Ty (f) — 1 where f: X — Y is a morphism and 7y (f) is a pullback of f¥Y : XY —
YY andiy:Y - Y.

2. On the Axiom of Choice in a Well-Pointed Topos

In this section we study equivalent forms of the axiom of choice in a well-pointed

topos.

Proposition 2.1. For any topos £, the following statements are equivalent:
(1) Every object of £ is internally projective.
(2) Every epimorphism in £ is locally split.
(3) If e: A — B is an epimorphism in £, then Ilg(e) has global support.

Proof. (1) = (3): Let e : A — B be an epimorphism. By hypothesis, e : AB — BB
is also an epimorphism. Since

ng(e) —— AB

! I

1 — BB
iB

is a pullback, it yields an epimorphism wg(e) — 1. Thus wg(e) has global
support.
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(3) = (2): Let e: A — B be an epimorphism. By hypothesis, there exists an
object 7 (e) such that 7g(e) — 1 is an epimorphism. We only show that mg(e)*(e)
is a retraction in £/mg(e). By the definition of 7g(e)*(e), p2 o mp(e)*(e) = ma. By
the product A x mg(e), there exists a morphism k : B x wg(e) — A x wg(e) such
that mo o k = po,

mele) —— 7a(e)

. [ sz

Ax g(e) —— B xmp(e)

ml lm

A — B

where s is a right inverse of e by hom(B*(1),e) & hom(1,ng(e)). Hence ps o
(wB{e)*(e)ok) = po. Since ps is monic, it yields mp(e)*(e) is a retraction in £ /7 (e).
(2) = (1): Let u : C — D be an epimorphism. By hypothesis, there exists
an object V with an epimorphism V' — 1 such that V*(u) is a retraction in £/V.
Then V*(uX) is isomorphic to V*(u)V (X) for any object X [3]. Since V*(uX)is an
epimorphism and V* reflects epimorphisms [3], it yields that X is an epimorphism.

Theorem 2.2. In o well-pointed topos £, the following statements are equivalent :

(1) Every epimorphism is a retraction.

(2) For any noninitial object A and f : A — B, there exists a morphism g : B —
A such that fogo f=f.

(3) For any noninitial object A, there exists 0 : Q4 — A such that for all
f:1—> QA we have oo f € f' where f' : A — A is a monomorphism, provided
that ev o (f X i4) is not the characteristic morphism of 0 — A.

Proof. (1) = (2): Let f: A — B be a morphism. Then we have f = m o e where
e: A — C is an epimorphism and m : C — B is a monomorphism. By LEMMA 1.6,
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there exists a morphism 7 : B — C such that r o m = i¢ and by hypothesis, there
exists a morphism s: C' — Asuch that eos=i¢c. Let g=sor: B — A. Then it
turns out that fo(go f) = f,

since (moe)o((sor)o(moe))=mo(eos)o(rom)oe=moe=f.

(2) = (1): ¥ f : A — B is an epimorphism where A 22 0, then f is monic,
hence f is an isomorphism, so is split by its inverse. If A % 0, by hypothesis we
get g: B — A such that fogo f = f =1ipo f. Since f is an epimorphism, we get
fog=1ip, making g: B — A a right inverse of f: A — B.

(1) = (3): Consider the product object 24 x  together with two projections
p 4 xQ — Qand py : Q4 x Q — QA. Then by the definition of product,
for each ev : Q4 x A — Q and p; : 04 x A — QA, there exists a morphism
<pLev> Q4 x A— Q4 xQ, where ev o < ¢,a >= T if a € b for two morphisms
c:1—-0% a:1— A and a monomorphism b: B — A. And foreach t: Q4 — Q
and i: Q4 — Q4 wheretod =T and iga od =d for all d : 1 — QA4 there exists a
morphism < iga,t >: Q4 — Q4 x Q.

Since £ is bivalent, ev is an epimorphism. Hence it yields that < p;,ev > is an
epimorphism. By hypothesis, there exists a morphism A : 24 x @ — Q4 x A such
that < p1,ev > o h = iqayo-

We construct a morphism py o h o < iga,t >: Q4 — A where py : Q4 x 4 — A.
We show that pp o h o <iga,t>o0c € bwherec:1— Q4 is any morphism and
b: B — A is a monomorphism. Since

ho<iga,t>oc=ho<e,T>=<da>1—0%x A4,

ityleldsd=p; 0 <d,a>=p;0o ho<e¢,T>=p/o<p,ev >0h<e¢ T >=
pilo<e, T>=c

We only show that a € b, that is, ev o < ¢,a >= T. Since ev o < ¢,a >=
evo ho<e¢ T >evo ho< p,ev >0 < ¢c,boxr > wherex : 1 — B and
evo ho< prev>c0<cbox>=p) o< p,ev >0ho < p,ev >0 <
cbox >=ev o <cbox >= T, it implies a € b. Therefore it turns out that
ppoho<iqa,t>oc=pro<d,a>=a € b
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(3) = (1): Let e: X — Y be an epimorphism and a : 1 — X be any morphism.
By hypothesis, we construct following morphism

co(Ro{}):Y - X

where {}: Y — QY is a singleton map.

X —% L, Y

o] |0

QX QY
Qe

We need only show that eccoQ¢o{}oeoca=c¢eoa.

Since eca : 1 — Y is a monomorphism, the terminal object 1 is a pullback of
the T:1 - Q and Xeoa : Y — 2. Also V is a pullback of the T : 1 — Q and
Xeoa ©€: X — Q where k: V — X is a monomorphism.

1 — 1

Y — Q
Xeon
\%4 1 1
Nt
X Y Q
e Xeoa

By hypothesis, for any 6 oo {}oeoca : 1 — X where 0 : X — X and
2 o{}oeoca:1— QX there exists a morphism ¢ : 1 — V such that kot =
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oo o{}oeoqa where k: V — X is a monomorphism. And by the property of
pullback [2],

X —Y

is also a pullback square. Hence it yields
eocgoflfo{}oeoa=eceo(kot)=(ecao!l)ot=(ecaoci)=eoa.

Since 1 is a generator and e is an epimorphism, hence e o (o 0 Q¢ o {}) = iy.

Theorem 2.3. Every epimorphism is a retraction if and only if every object is
internally projective in a well-pointed topos

Proof. Lete: A — B bean epimorphism. Since every object is internally projective,
it yields an epimorphism €8 : AP — BB, Since

np(e) —— AP

! L

1 — BB
iB

is a pullback, k : mg(e) — 1 is an epimorphism. By LEMMA 1.5, there exists a
morphism s : 1 — mwg(e) such that k o s = i;. Since B* has a right adjoint 7p,
hom(B*(1), ) is natural isomorphic to hom(1,mg(e)). Hence, for any s : 1 — wg(e),
there exists a morphism h : B*(1) — e such that e o h = B*(1) = ip.

Conversely, let u : C — D be an epimorphism, then, by hypothesis, there exists
a morphism ¢ : D — C such that u o t =ip. We show that uX : CX — DX is an
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epimorphism. Let m o uX =n o uX. Thenforanyb: X - Dandt: D — C,
mouX(tob) =nouX(tob). It implies that m(b) = n(b) for any b: X — D. Hence
for any object X, the functor (—)* preserves epimorphisms.

Corollary 2.4. In a well-pointed topos £, the following statements are equivalent:

(1) Every epimorphism in £ is a retraction.

(2) For any noninitial object A and f : A — B in £, there exists a morphism
g:B — A such that fogo f=f.

(3) For any noninitial object A in &, there exists o : Q4 — A such that for all
f:1— Q4 wehave oo f € f' where f' : A' — A is a monomorphism, provided
that ev o (f X i4) is not the characteristic morphism of 0 — A.

(4) Every object of £ is internally projective.

(5) Every epimorphism in £ is locally split.

(6) If e: A — B is an epimorphism in E, then Ig(e) has global support.
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