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EXTREMAL STRUCTURE OF B(X*)

JounGg NaM LEE

ABSTRACT. In this note we consider some basic facts concerning abstract M spaces
and investigate extremal structure of the unit ball of bounded linear functionals on
o-complete abstract M spaces.

1. Introduction

The original definition of an abstract L; or M space is given by S. Kakutani. The
representation theorems of Kakutani are followed by several results which give joint
characterizations of the abstract L, spaces and M spaces among general Banach
lattices.

A Banach lattice X (BL, for short) for which ||z + y|| = max(]|z||, |y||), whenever
z,y € X and z Ay = 0, is called an abstract M space. Let 1 <p<oo. ABL X
for which ||z + y||? = ||z||” + ||y||P, whenever 2,y € X and 2 Ay = 0, is called an
abstract L, space. It is obvious that every L,(u) space is an abstract L, space if
p < oo or an abstract M space if p = co. The converse is also true if p < oo.

If {z4}aca is a set in a BL, we denote by VA Ty or by sup {24 }aca the (unique)

ae

element £ € X which has the following propeties: (1) z > z, for all @ € A and (2)
whenever z € X satisfies z > z,, for all @ € A then z > z. Unless the set A is finite,

V Zo need not always exist in a BL [5].
a€A

For an element z in a BL X we put z+ =2zV0and 2~ = —(z A0) = (—z) VO.
Obviously, z = ¢+ — z~ and |z| = 2+ + z~. Especially, if z =u—v, u>0, v>0
in X, thenu =zt +uAvand v=2"4+uAv. Also, if u Av =0, then ©u = 2+ and
v=2z" [6].
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The dual X* of a BL X is also a BL provided that its positive cone is defined by
z* > 0 in X* if and only if z*(z) > 0, for every > 0 in X. For any z*,y* € X*
and every x > 0 in X, we have

(z* Vy*)(z) =sup {z*(u) + y*(z — u);0 <u < x}

and

(z* Ay*)(z) =inf {z"(u) + y* (¢ — u);0 < u < z}.

For a BL X, if X is an abstract M space, then X* is an abstract L space and if
X is an abstract L space, then X* is an abstract M space, respectively. Also, if X
is a BL, then X™ is a space of regular functionals [3]. Obviously, for a BL X and
z* € X*, z*(z) = sup {|z* ()] : |y| < =} [4].

A BL X is said to be o-complete if every order bounded set(sequence) in X has a
sup, and a BL X is said to be bounded o-complete, provided that any norm bounded
and order monotone sequence in X is order convergent. Obviously, bounded o-
complete BL is o-complete, but the inverse does not hold [5].

Since every z* € X* can be decomposed as a difference of two non-negative
elements, it follows that every norm bounded monotone sequence {z,}S2 ; in X is
weak Cauchy. If, in addition, z,, ¥ 2 for some z € X then ||z, —z| —» 0asn — co.
This is a consequence of the fact that week convergecne to x implies the exitence
of convex combinations of the z,’s which tend strongly to z.

For a Banach space X, we always denote by B(X) and S(X) the unit ball and
the unit sphere of X respectively. € S(X) is called an extreme point of B(X) if
for any given y,z € B(X) and x = Ay+(1—A)zforsome 0 < A < 1, thenz =y = 2.
The set of all extreme points of B(X) is denoted by 0B(X). In this note we will
investigate the extreme points of the unit ball of a dual space.

Now we show some propositions which will be needed in the sequel.

2. Main theorem

A BL X is an abstract L, space if and only if for any z,y € X, 2,y > 0 implies
lz+yll = llzll + llyll. Moreover, |lull = lz* | +luAv], |v] = [z~ [+ |luAv], where
z,u,v € X,z =u—wvand u >0, v >0 [6). Hence, we have the following result.
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Lemma 1. Let a BL X be an abstract L, space and ¢ € X. Then z = zt — 2~
is unique in the sense that if ¢ = u —v,u > 0,v > 0 and ||u| + ||lv|| = ||z|, then
u=x" andv=2x".

Proposition 2. If a BL X is bounded o-complete and B(X) is order closed, then
there exists © € S(X) such that *(x) = ||z*|| for every z*(> 0) € X*, that is, z*
15 norm attainable.

Proof. Let z,, be a positive element in S(X) such that z*(z,) — ||z*|. Since X is
bounded o-complete and B(X) is order closed, y = \/ 2, exists in X and ||y|| = 1.
n
Hence, y > z, > 0 and z* > 0 implies ||z*|| > 2*(y) > z*(2,) — ||z*||.
Note that the conclusion of Proposition 2 may not be true if an abstract M space
X is not bounded o-complete. For instance, let X = ¢p and z* = (c,) € I1 with
infinitely ¢, # 0. Then there does not exist z € S(X) such that z*(z) = ||z*|.

If a BL X is bounded o-complete and B(X) is not order closed, then the con-
clusion of Proposition 2 is not true in general.

For a subset Y of a BL X, we define

Yt ={zxec X :|z|Alyl =0 whenever y € Y}, 2zt = {z}1.

Ifz € X =Y + Y+, then = can be uniquely decomposed into z = y + 2, where
y € Y and z € Y. In this case, we write z|y = y and z*|y (z) = z*(y) for z* € X*.

Proposition 3. If an abstract M space X is o-complete and z* € X*, then for
any € > 0, there exists a subspace Y of X such that X =Y + YL and ||z*" |y} <
g, llz* Iyl <e.

Proof. Let z be in S(X) such that z*(z) > ||z*|| — ¢, and put Y = (z7)+. Then
zt €Y, 2~ € Y+, and by [5] X =Y +YL. Moreover, by properties of an abstract
M space X*,

ot + - -

lz* Iyl + llz" fy el + 2" |yl + 2" |yl
+ -

=llz" | +llz* || = llz*]| <z*(z) +¢

= m*+|y(:1:) + 1L'*+|yJ. () —z* |y(z) — " |yr(z) +e
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Since z*" |y (z) < 0 and z*” |y (z) > O it follows that
*t *
lz* lyc ]l + =™ |yl

*t xt * *

= llz" | = ll=" Iyl + =™ {| = ll* |yl
«t »t x" *

Sllzm i -2 |y () +llz" | -2 |ys(2)

< a:*+|y¢ () —z* |y(z)+e<e

Lemma 4. Let an abstract M space X be bounded o-complete and B(X) order
closed. Then z* € X™* is norm attainable if and only if there exists a subspace Y of

X satisfying 2 = z*ly, ¥ = —2%|yzr.

Proof. Suppose that * € X* is norm attainable. Then, by Proposition 2, there
exist z,y(> 0) € S(X) such that :v*+(a:) = |z*"| and z*"(y) = ||]=*”). Since

«t

z*° = z*ly and z* = —z*|y., we may assume z € Y and y € Y1 (otherwise
we replace z,y by z|y, y|y+ respectively). Now, we put v = ¢ —y. Then |u|| =
|z — y|| = max {||z||, |lyll} =1 and thus, by properties of an abstract M space X*,

we get that
* xt * *t *
z* | = l== || + [|z" || = 2™ (=) + 2" (y)
="y (z) + 2" |y2 (-y) = =" (u).

Conversely, choose z € S(X) such that z*(z) = ||z*|, and define Y = (z7)*.
Then X =Y +Y1 and 2t € Y, 2z~ € Y1. Observe that ||z*|| = ||z*|v | +llz*|y+];

to prove ¢ = z*|y and z* = —z*|y1, it suffices to show z*|y > 0 and —z*|y+ >
0 thanks to Lemma 1. Indeed, if 2*|y (y) < 0 for some y(> 0) € S(X), then we may
assume y € Y. Therefore, z = —z~ — y satisfies ||z|| = max {|lz~||,||y||} = 1 and
thus,

27 > 2 (—2) =2"(2) —&*" (2) 2 2*(2)
= 2*|ys(=27) = 2"|y (v) > 2*|ys (-27) = —z"|y ().
"

Since ||z* " || > z*(z|y) = z*|y (x), this clearly leads to a contradiction that

* *T * * * * *
lz*]| = llz*"[| + flz* || > 2|y (z) — 2*|y+ () = 2™ (2) = [|="||.
A similar argument would show that —z*|y+ > 0.

Now we investigate the extreme points of the unit ball of a dual space. The
sequence {z,} converges weakly to zero in a Banach space X if and only if {zn} is
bounded, and z*(z,) — 0 for every z* € 0B(X*).
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Theorem 5. Let an abstract M space X be o- complete and z* € S(X*). Then
z* € OB(X™*) if and only if z*(x)x*(y) =0 for all x,y € X such that z Ay =0.

Proof. Sufficiency. First we show H:c*+ﬂ flz* || = 0. In fact, by Proposition 3, for
any € > 0, there exist orthogonal subspaces Y, Z, of X such that X =Y + Z and
lz*" |y|| < e, [|lz*"|z]l < e. Choose z € S(X) satisfying z*(z) > ||z*| — ¢, and
let £ = u+ v, where u € Y and v € Z. Then z*(u)z*(v) = 0 since u Av =0. If
z*(v) = 0, then

lz*]| — e < 2*(z) = 2™ |y () — =" |y (u)

~+ - -_
<™yl + llz* Iyl < =™ [ +e.

Let ¢ — 0. Then |lz* " || = ||lz*|| - |lz*"|| = 0. Similarly, assume that z*(u) = 0.

Then ||z* || = 0. Hence, without loss of generality, we may assume z* = .

Let y*, 2* € S(X*) satisfy 22* = y* +2*. Then 22" = (y*" +2°) — ("~ +2")
and by properties of an abstract M space X*,

e S R R Pl B Eal
=yl + (12" = 2 = [|22*|.

Thus, by Lemma 1, we have y** +2*" =2z* and y*~ = 2*~ =0.

Now we show that y* = 2* = z*, ie., £ € 0B(X*). To this end we notice
that y*(y) = 2*(y) = 0 whenever z*(y) = 0 (by [7], this means z* = ay* = bz*,
but z*,y*,z* € S(X*) and 2¢* = y* + 2%, s0 a = b = 1). First we assume
y > 0; then from y*(y) > 0, z*(y) > 0, and y*(y) + 2*(y) = 2z*(y) = 0 we have
y*(y) = 2z*(y) = 0. For the general case, since z*(y) = 0 and by the condition
given in the theorem, z*(y*)z*(y~) = 0, we have z*(y*) = z*(y~) = 0. Hence,
y*(y) = 2*(y) = 0 follows from the first case.

Necessity. Assume first that there exist z,y € X such that z Ay = 0 but
z*(z) > 0 and z*(y) > 0. Then we put Y = y*, and then by [5] X =Y +Y L. Now,
let ¥* = 2*|y and 2* = z*|y+. Then [y*|} > 0, [|2*]l > Osincez € Y, y € Y.
Therefore, since

x o Y «y 2
z" = |y ||m+||z Hm

and |ly*|| + [|z*| = lj=*|| = 1 according to Lernma 1 and the intrinsic M space
properties, we get that z* € 0B(X™), which is desired result.
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