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ON ¢(t)-STABILITY FOR THE
COMPARISON DIFFERENTIAL SYSTEM

YouNG SUN OH AND JEONG HYANG AN

ABSTRACT. We obtained sufficient conditions for ¢(t)-stability and uniform ¢(t)-
stability of the trivial solution of comparison differential system. we also investigated
the corresponding stability concepts of the trivial solution of the differential system
using the thoery of differential inequlities through cones and the method of cone-
valued Lyapunov functions.

1. Introduction

Let R™ denote the n-dimensional Euclidean space with any convenient norm ||- |},

and scalar product (, ). Ry =[0,00), R =(—o0,0), R} ={U € R*: U; > 0,i =
1,2,.-- ,n}, C[R4 x R"™, R"] denotes the space of continuous functions mapping
R, x R" into R™.
Definition 1.1. A proper subset K of R™ is called a cone if (i) AK C K, A > 0;
(i) K + K C K; (iii) K = K;; (iv) K° # 0; (v) KN (—K) = {0}, where K and K°
denote the closure and interior of K, respectively, and 8K denotes the boundary of
K. The order relation on R™ induced by the cone K is defined as follows :

Let z,y € K, thens <g yiff y—z€ Kand t <go yiff y—z € K°.

Definition 1.2. The set K* is called the adjoint coneif K* = {¢ € R™: (¢,z) > 0,
for all z € K} satisfies properties (i) ~ (v) of Definition 1.1.

Consider the differential system

o’ = f(t,z), x(to) = To,t0 20 (1)
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where f € C[R; x RN,RN]. Define S, by S, = {z € RN : ||z|| < p,p > 0O}

Let K C R" be a cone in R* , n < N, and V € C[R;y x S,,K]. Define for

(t,z) € Ry x Sp,h > 0, the function DYV (¢, ) by DYV (t,z) = limsup(%)[V(t +
h—0t

h', T+ hf(ta .’L‘)) - V(ta .’I))]

Consider the comparison differential system
u = g(t’ u)’ u(tO) = ug,to = 0 (2)

where g € C[R+ x K, R"], and K is a cone in R"™.
Let S(p) = {u € K : |lu|| < p,p > 0}, v € C[R4+ x S(p), K] and define for
(t,u) € Ry x S(p), h > 0, the function DY v(t,u) by Dtu(t,u) = limsup(;z-)[v(t +
h—0t
h’ u+ hg(t’ u)) - 'U(t, u)]
Now we give ¢(t)-stability definition of the trivial solution of (2).

Definition 1.3. The trivial solution v = 0 of (2) is

@(t)-equistable if, for each € > 0, to € R, there exists a positive function § =
d(to, ) that is continuous in t, for each ¢ such that the inequality (é(to),uo0) <
implies (¢(t),7(t)) < e, t>tp .

Other ¢(t)-stability concepts can be similarly defined.

In Definition 1.3, and for the rest of this paper, r(t) denotes the maximal solution
of (2) relative to the cone K C R™. We denote

P = {a € C[R4, Ry] : a(u) is strictly increasing in u and a(0) = 0}.

The following comparison theorem plays a prominent role whenever we employ
cone-valued Lyapunov functions.

Lemma 1.4. ([6]) Assume that
(i) v € C[R+ x S(p), K] and v(t,u) satisfies a local Lipschitz condition in = relative
to K and for (t,u) € Ry x S(p), Drv(t,u) <k g(t,v(t,u)) ;
(ii) g € C[R+ x K, R™] and g(t,u) is quasimonotone in u with respect to K for each
teRy.
If r(t,t0,u0) is the mazimal solution of (2) : w = g(t,u), u(to) = uo relative to
K and z(t;ty, 7o) is any solution of (1) : =1 = f(t,z) such that V(to,z0) <k uo,
then on the common interval of existence, we have V (¢, z(t,to, o)) <k 7(t,t0,uo).
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In general, ¢p-stability of the trivial solution u = 0 of (2) implies ¢(t)-equistability
of the trivial solution u = 0 of (2).

In particular, if ¢(t) in Ko* is constant , then ¢(t)-equistability and ¢¢-equistability
of the trivial solution u = 0 of (2) are equivalent.

Other stability notion can be similarly defined.(See [5])

2. Main results

Theorem 2.1. Assume that
(i) v € C[R+ x S(p), K], v(t,0) = 0, v(t,u) is locally Lipschitzian in u relative to
K, and for each (t,u) € Ry x S(p), DT v(t,u) <k 0.
(it) g € C[R+ x K, R"], ¢(t,0) =0, g(t,u) is quasimonotone in u relative to K.
(iii) For some bounded continuous function ¢(t) € Ko* and (t,u) € Ry x S(p),
a[(¢(t), ()] < (¢(t),v(t,u)), for some differentiable function a € P, t > to.
Then the trivial solution u = 0 of (2) is ¢(t)-equistable.

Proof. Since v(t,0) = 0 and v(t,ug) is continuous in to, given a(e) > 0, to € Ry,
there exists §; = &, (¢, a(c)) such that |[uo|| < &; implies ||v(to, uo)|| < a(e), a € P.

Now for some bounded continuous function ¢(t) € Ko*, for each t > to, [|¢(to)|| -
lluoll < |#(to)lld1 implies [|p(t)ll[lv(to, wo)ll < ll¢(£)llale). Thus (¢(to), uo) < ll¢(to)
8, implies (p(t),v(to,u0)) < |lo(®)|| - a(e). Put & = ||¢(to)l|61 and put M =
sup{||#(t)ll[t > to}. Then (¢(to), uo) < & implies (4(£), v(to, uo)) < [l#(2)]-[lv(to, o)
< M - a(e). Let u(t) be any solution of (2) such that (¢(to),uo) < d. Then by
(i), v(t,u) <k v(to,u0), t > to. Thus (¢(to),u(to)) < & implies a[(¢(t),r(t))] <
(9(2), v(to,w0)) < M - a(e).

Hence it is not difficult to prove that (¢(t),r(t)) < ke for all ¢t > tp by using the
mean value theorem, which completes the proof. [

Theorem 2.2. Assume that for some ¢(t) € C[R*, K*]
(2) v € C[R+ x S(p), K], v(t,0) = 0, v(t,u) is locally Lipschitzian in u relative to
K, for each (t,u) € Ry x S(p).
(%) g € C[R+ x K, R™], ¢g(t,0) =0, g(t,u) is quasimonotone in u relative to K.
(iii) For some continuous function ¢(t) € Ko™ with ||¢(t)]] — o0 ast — o0, t > tp
and (t,u) € Ry x S(p), D*(4(t),v(t,u)) < 0 and (4(t),7(t)) < b(¢(2),v(¢,w))
for somebe P, t > tp.



164 YOUNG SUN OH AND JEONG HYANG AN
Then the trivial solution u = 0 of (2) is ¢(t)-equistable.

Proof. Since v(t,0) = 0 and v(¢, uo) is continuous in ¢o, given 5-1(¢) > 0, to € R,,
there exists d; such that |luo|| < &, implies v(to,u0) < b~1(¢). For each t > to,
IgCEo)ll - lu(to)ll < llé(to)lld, implies (b(to), v(to,u0)) < lid(to)ll - b=*(¢). Thus
(8(to), uo) < l|l6(to)l|d1 implies (¢(to), v(to, uo)) < lIp(to)|| - 67 (e).

Let u(t) be any solution of (2) such that (¢(to),uo) < d. Put & = {[¢(to)[|01-
Thus if (¢(to),uo) < 4, then (&(t),r(t)) < b(o(t),v(t,u)) < b(d(to), v(to, u0)) <
b(|l¢(2o)|l - b~1(€)). By using the mean value theorem,we have (¢(t), r(t)) < ke for
each t > tp,the proof is complete. [J

Theorem 2.3. Assume that
(©) v € C[R+ x S(p), K], v(t,0) = 0, v(t,u) is locally Lipschitzan in u relative
to K, and for each (t,u) € Ry x S(p), and for some bounded ¢(t) € Kop*
D*(4(t), v(t,w)) < 0.
(it) g € C[R+ x K, R™], ¢(t,0) =0, g(t,u) is quasimonotone in u relative to K.
(#4%) For this ¢(t) € Ko* and (t,u) € Ry x S(p),
a[(6(t), 7(1))] < ((t), v(¢, w)) < bl((2), ()], @,b € P.
Then the trivial solution u = 0 of (2) is uniformly ¢(t)-stable.

Proof. For € > 0, let § = b~'[a(¢)] independent of ¢y for a,b € P. Let u(t) be
any solution of (2) such that (¢(¢o),u0) < 8. Then by hypothesis, (¢(t), v(t,u)) is
decreasing and so
(¢(t)’ ’U(t, u)) < (¢(t0)’ v(tO’ uO))
Thus a[(¢(t), 7(t))] < (¢(to), v(to, uo)) < b[(¢(2),7(t))] < b(8) = a(e). Hence
(#(to), ulto)) < & implies (4(&),r()) <e. O

Theorem 2.4. Assume that
(?) v € C[R+ x S(p), K], v(t,u) is locally Lipschitzian in u relative to K and for
(t,w) € Ry x S, DVo(t,u) <k g(t,v(t, u)),
(it) g € C[R+ x K, R"] and g(t,u) is quasimonotone in u relative to K for each
te Ry,
(i) f(£,0) =0, g(t,0) =0, (t,x) € R+-xS,, b(l|zl)) < (8(¢), V(t,2)) < a(t, ||zll),a,b €
P, for some ¢(t) € Ko*.
If the trivial solution u = 0 of (2) is ¢(t)-equistable, then the trivial solution x =0
of (1) is equistable.
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Proof. Let 0 < e < p and tg € Ry. Suppose that the trivial solution u = 0 of (2) is
¢(t)-equistable. Then given b(e) > 0, to € R, there exists § = d(¢p,€) > 0 such that
(¢(t0), uo) < & implies (¢(2), r(t)) < b(e),t > to. Choose a(to, ||zol]) = (¢(to), u(to))-
Then (¢(to), V(to, z0)) < a(to, ||zol]) = (¢(to),u(to)) implies V' (to,z0) <k uo be-
cause up = u(tp)-

Let z(t, to, zo) be any solution of (1) such that V(to, o) <k ug. Then by Lemma
1.4, V(t,z) <g r(t).

Now choose §; > 0 such that a(tg,d1) = 8. Thus the inequalities {|zo] < 6&;
and af(to, [|zol]) < ¢ hold simultaneously. Thus, since b(||z|]) < (#(t), V(¢,z)) <
(p(t),r(t)) < ble). ||z(t;to, xo)|| < € whenever ||zo]| < d;. Hence the trivial solution
z = 0 of (1) is equistable.

Theorem 2.5. Let the conditons (i) ,(i), and(iii) of theorem 2.4 hold.
If the trivial solution u = 0 of (2) is uniformly ¢(t)-stable, then the trivial solution
z =0 of (1) is uniformly stable.

Theorem 2.6. Let the conditons (i) and (i) of theorem 2.4 hold. Assume further
that for ¢ > 0, d > 0, (¢(to), uo) < [|Zo]|? and c||z||? < (p(t), V(t,z)). If the trivial
solution u = 0 of (2) is exponentially asymptotically ¢(t)-stable, then the trivial
solution ¢ = 0 of (1) is exponentially asymptotically stable.

Proof. Let x(t,to,x9) be any solution of (1) such that V(to,zo) <k wuo. Then
by Lemma 1.4, we have that V(t,z) <k r(t). Thus c|z||¢ < (é(t),V(t,z)) <
(¢(t),r(t)). Since the trivial solution u = 0 of (2) is exponentially asymptotically
¢(t)-stable, then there exists o > 0, @ > 0 both real numbers such that (¢(¢),7(t)) <
(é(to), u(to)) exp[—a(t — to)], t > to and cllz]|* < a((to), u(to)) exp[—a(t — to)] <
ool - exp[—a(t — t)]. This implies that ||z}| < M - ||zol|exp[—B(t — to)], t > to
where M =o/c,af/fd=4. O
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