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ON A CLASS OF FUNCTIONS Hi[A, B|
DESCRIBED BY SUBORDINATION

Young Ok PARK

ABSTRACT. We introduce a new class of functions Hy[A, B] described by subordina-
tion and we derive a few geometric properties for the class H[A, B].

1. Introduction

For 2 < k < 4, let V}, be the class of all functions

fz)=z+ ianz"

n=2

in E={z:|z| <1} with f'(2) # 0 satisfying

r—1 f'(2)

Vi is the class of functions with boundary rotation at most k7. Every function

27 "
limsup/ lRe(l-%—zf (z))]dBSkﬂ (z=re®, 0<r<1).
0

f € Vi can be given by the Stieltjes integral representation

zf”(z) B 1 /27r 1+eiez

fi(z) 2w

where foz7T dy(0) = 2m and f02 " |d¥(6)| < km, 1¥(6) being a function of bounded
variation on [0, 27].

1+ ——di(8),

1—eifz
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For 2 < k < 4 let us define the class Wy as follows; f(z) € Vj if and only if
z2f'(z) € Wy.

Now, by using a function g(z) in the class Vj of bounded boundary rotation when
2 < k < 4, we shall generalize the concept of strongly close-to-star functions which
was introduced originally by Reade [4]. We shall denote this class of functions by
Hy. And we shall define a new class Hi|A, B] that is described by subordination.

Definition. Let f(z) be an analytic function in E with f(0) = 0, f'(0) = 1. For

—1 < B < A < 1, f(z) belongs to the class Hi[A, B] if there is a function g(z) in

Vi such that zj;ga) is subordinate to }—'f% (in notation, zﬂg,%z—) =< —}—%).
Equivalently, f € Hi[A, B],(—1 < B < A < 1) if there is a function h(z) € Wy

such that

f_(z_) 1+ Az

o E.
h(z) “1+B7’ i

In this note we reduce a few geometric properties for the new class Hy[A, B].

2. Main results for the class Hy[A, B]

For A and B with —1 < B < A < 1, a function p(z) which is analytic in F with
p(0) = 1 is said to belong to the class P[4, B] if p(z) is subordinate to ;4.

Theorem 2.1. For f € Hi[A, B] and |2| < r < 1, we have

1+ Ar r(1+47)3k1
14+ Br (1-—r)sk+l’

1—Ar p(1—7p)3k-1
A= e <
1—-Br (1+r)2k+1

The bounds are sharp.
Proof. For f € Hy[A, B), there exists a h € W}, and p € P[4, B] such that

f(2) = h(2)p(2)- (2.1)

Since h is in Wy, if and only if foz %Qd{ is in Vi and for g(2) € Vi, |2| <7 < 1, we
have [3] that

(1+7)5k!

(1—T)%k_1 !
—— = <1d'(@)| < (_I—:T)%—H—l,

(14 7)zktl
and we can write L1 .
r(l—r)2 <|h(z),_<_r(l+r)2

(LR T eI (22)
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Also for p € P[A, B], |z| <, the univalence of 1T4Z gives us that

1+ Bz
1-—Ar 14+ Ar
< < . .
1——B7'_[p(z)|_1+Br (2.3)

Therefore, from (2.1),(2.2) and (2.3) the result follows. Equality is obtained for
f € Hy[A, B] satisfying

14 Az 2(142)7k1

=17 B2 (l—z)%k“ and z=+r. O

f(2)

Theorem 2.2. For f € Hi[A, B] and |z| <r < 1,, we have

(A-B)r

m (mod 271')

|arg f(z)| < k- arcsinr + arcsin

Proof. For f € Hi[A, B], we have

|arg f(2)| < |arg h(z)| + |arg p(z)|, (2.4)

where h(z) € Wy and p(z) € P[4, B]. Since h(z) € Wy and g(z) = [, ﬂc-QdC € Vi,
we know (cf. [3]) that, for |2| < r < 1,

|arg g'(2)| < k - arcsin 7.
Therefore for h(z) € Wy, we have

|arg h(z)| < |arg 2| + | arg ¢’ (2)1, (2.5)
<k-arcsinr (mod 27).
For p € P[A, B], p(|z| < r) is contained in the disk
1-ABr?| (A-B)r

PE) - T S 1o (2.6)
from (2.6) it follows that
. (A-B)r
|arg p(z)| < arcsin ﬁ (2.7)
From (2.4), (2.5) and (2.7) we have
(A - B)r

|arg f(z)| < k- arcsinr + arcsin (mod 27). O

1— ABr2?
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Theorem 2.3.
Hk[C: D] - Hk[A) B]

if and only if
|AD - BC| < (A~ B) - (C - D),
where —1 < B< A<land -1<D<(C<1.

Proof. Since |z| = 1 is mapped by 81—1’3’3 (~1 < B < A < 1) onto a circle centered

at =48 with radius 455, we have

Hk[C, D] C Hk[A,B]

if and only if

1-CD
1-D?

C-D 1-AB
1

A-B
_DZ}C{w.iw~1_—B2 :

w: |- )

equivalently it is

1—A<1—C an 1+C<1+A
1-B~1-D 1+D " 1+8B

ie.,

|AD - BC| < (A-B)—(C-D). O

The convolution of two power series f(z) = Y oo a,2z™ and g(z) = Y oo bp2™
e o]
n=0

is defined as the power series (f * ¢)(2) = > ., anbnz™.

Theorem 2.4.

if and only if for all z € B, h(z) e Wy,2 <k <4 and all {,[{| =1,

(f* (1+B§)z) B (h* (1+AC)z) 40,

1-2 1-2

Proof. A function f is in Hy[A, B] if and only if there is an h € W}, such that

fG) , 1+AC

—  fi E and |[{|=1
h(z)7é1+BC orz€ Eand |(| =1,
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which is equivalent to

(1+BOf-(1+Ah#0

or

(1+BC)(f* 1;) —(1+AC)(h* 152) £ 0.
Therefore
(54 B0 _ (1 024902 4o

Lemma 1. If¢ € K and g € Vi, 2 < k <4, then for each function F, analytic
in E with F(0) = 1, the image of E under %&i is a subset of the convex hull of
F(E).

Proof. If g is in V4, 2 < k < 4 then we have defined that z¢’(z) is in Wj. Due to
Ruscheweyh and Sheil-Small [6] it is easy to see that

¢xFg' _28xFg) ¢*F(zg)
pxg 2(p*g') ¢ * (29')

is a subset of the convex hull of F(F). O

Theorem 2.5. If f € Hi[A, B), then so is f x ¢ for any function ¢(z) =z +---,
analytic and convez in E.

Proof. We have f € Hi[A, B] if and only if, for 2z € E, there is a function h € W,

such that
f 1+ Az

h 14+ Bz
and equivalently for z € E, there is a function g € Vi such that

=H, -1<B<AX<I1

S A icBcac<t
zg 1+ Bz

Since H is convex, Lemma 1 yields

(¢px]) _ ¢+Fg
(6x29) ~ brg

so that ¢ x f € Hy[A,B]. O

< H,
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Corollary 1. For f € Hi[A,B] and 2 < k < 4, let

)= [ =2 [ s

then Fi(z) and Fy(z) are also in Hi[A, B).
Proof. If F1(z) = f * ¢1, Fa(z) = f * ¢3, where ¢1(z) = —log(1 — 2) and

—2[z + log(1 — 2)]

¢2(2) =

then trivially ¢; and ¢, are convex and from Theorem 2.5, Fy(z) and F»(z) are also
in Hi[A,B]. O

Corollary 2. If f € Hi[A,B], 2<k <4, then

1 z
it} / t71f(t)dt, Revy>0
4 0

is also in Hy[A, B].

Proof. We can write to use convolution of two power series

1+7/0t7 Lf(t)dt = f * Z +7”

vl

Since Y o>, ﬂ_%z was shown to be convex by Ruscheweyh and Sheil-Small [6], the

result follows from Theorem 2.5. O
Corollary 3. If f € Hi[A,B|, 2 <k <4, then

* f(¢) — f(=C)
A —?jx—g—df (lz| <1,z #1)

is also in Hi[A, B).

Proof. We may write

Q- 1@
| L ac= (s,

where
X 1-z™ 1 1-z2
h(z) = Zl = m)nz = log — p, (lz| <1,z #1).

l—=z 1
Since h is clearly convex, if f € H[A, B], 2 < k < 4, from Theorem 2.5, so is

* Q) — f(=¢)
——C‘—_—z&“—dc (Jz] <1,z #1). O
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Lemma 2 [1]. Let f(2) = z+bgz® + .- be in Vi. Then |by| < £ and

1[k%-4 k% — 4
ax |bs — b2| < — | —— 2
%ngbﬂ [ +(k+2) + ]

- 12 2 4
1[3,,
=—|-(k"—-14 k+2
S[3E -0+ wr2)]
if 2<k<4.

Theorem 2.6. For f(z) =z + 3 . ,a,2" in Hy[A, B], we have

(5k — 2)(3k +2)

lag] <k+(A—-B) and |az| < 6

+(A-B)(k+1)

f2<k<4

Proof. For f(z) = z+ Y oo, anz™in Hi[A, B], there exists a function

oo
9(z) =z+anz" eVi

n=2

and a Schwarz function w(z) = Y o2 | 7,2™ such that
£ _ 1+ Au(e)

2¢'(z) 1+ Buw(z)’

Comparing series expansions,

z€e E.

az = 2by + (A — B)m,
ag = 3b3 + 2az — 4by + (A — B)ya — (A — B)Bv?
= 3b3 + 2(A ~ B)byy11 + (A — B)(72 — B7}).
From the above Lemma 2,
lag| = |2b2 + (A — B)m| < [2b2] + |A — Bllm| < k+ (A - B).

Also by Lemma 2 and (2.8), we have the bound
1](3k —2)(k +2)
4 4

3 3k2 +4k—4
<Zgrye= T o0
_4k + 6

(5k — 2)(3k + 2)

las| < 3[ba|* + + 2(A - B)|be| + (A — B) max(L,|B])

+2(A-B)-; +(A-B)

+ (A - B)(k+1),

65

(2.8)
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