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CONTROLLABILITY OF
NONLINEAR DELAY PARABOLIC EQUATIONS WITH
NONLGCCAL INITIAL CONDITION UNDER BOUNDARY INPUT

JONG SEO PAarK AND YOUNG CHEL KwuUN

ABSTRACT. In this paper, we study controllability of nonlinear delay parabolic equa-
tions with nonlocal initial condition under boundary input.

1. Introduction

Let A(&,8) be a second order uniformly elliptic operator

n 0 ou n ou
A€, 8)u = _j:‘; 3, 9O 5g) + ; bj(e)-é—f—j—, +c(€)u

with real, smooth coefficients a;i, b;, c defined on £ € 2, Q a bounded domain in
R™ with a sufficiently smooth boundary T.

In this paper, we consider the following parabolic equation:

6(:;;6) g A(& B)U(t, f) + F(t,{,ut) in (O,T] x €,
(1) U(t’é‘) + g(tl + 0’ t2 + 0’ o "tN + 0,5,“(',5)) = ¢(t’§) in ["'f', 0] X Q,

Bu|r = f(t,£) . on (0,T] x I

Here
u:[—r,00] x Q@ — R,
ut(0,€) = u(t+6,¢) forall§ € [—r,0],
F:RxQxC(-r0; R) - R,
and

g:[-nTIV xQxC(-r0; R) > R
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are given nonlinear functions and B is an associated boundary operator of the usual

form
B:u - au+pPu, at T

where u,, is the exterior conormal derivative

Oou Ou
Uy = 2= = ) Gjk Tk,
“T op j‘; 7" Oy,
where n = (7)) is the unit exterior vector normal to I', with “sufficiently smooth”
(real) coefficients, normalized so that o + 82 = 1. We distinguish between (and
admit) the two cases;
Dirichlet : a=1, B=0;
Neumann : a=0 =1

In this paper, we prove controllability of nonlinear delay parabolic equations with
nonlocal initial condition under boundary input by using a “semigroup approach”.

In Section 2, we give some notations used throughout this paper and formulate
the problem.

In Section 3, we will attempt to solve controllability for the equation (1) using
the method by Nussbaum’s fixed point theorem.

2. Notations and Formulations

Let A: D(A) C L?(R) — L%(Q) be the operator Af = A(¢,8)f for f € D(A)

where
D(A) = {u € L*(Q) : Au € L*(Q), Bu|r = 0}.

It is well known that A generates an analytic semigroup S(t) on Lz(Q) under
the assumption that A(¢,d) is strongly elliptic. For simplicity we assume that the
spectrum of A is on the right of the complex plane and 0 € p(A), so that the
fractional powers of A are well defined (see Pazy [10]).

Let X = L3(Q) and Y = L?(T). The space X2* is defined by

D(A%) = X2 = X,,
and the norm of X2 is given by

(2) [ull2a = |A%ullx = llullpa=), v € Xa.
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For a real non-negative index a, let {X?} and {Y*} be continuous Hilbert spaces
such that
XcX2c..-cX°
ycyec...cy®
where the injections are continuous.
We next extend the definitions of {X®} and {Y®} by setting

X
,ar>ag > >0
Y

X—2a — [D(A*a)]l
Y—2a — [YZa]/

for all @ > 0, so that the inclusions X C - - C X™ ™ C X andY C---CY ™™ C
Y~ also hold.

Finally, for the purpose of uniformity of notation, we find it convenient to intro-
duce the symbol

D(A™®) = [D(4™))
for all a > 0.

Park [8] formulated the basic assumptions concerning D(A%) and the so called
Green operator G. Also, by [8], we have

(3)  u(e)(0) = 5(t)¢(0) + /O [S(t ~ 8)F(s,us()) + A7 S(t — 5) A" D (s)lds.
Put X, = D(A%) = X?* with norm
[ulla = llullpasy = 1A%, v € Xa

Let Yy = L*°(0,T;Y). We shall denote by C, the Banach space of continuous
functions C([—r,0]; X,) with the norm

iollc, = sup [[A“4(0)]-
—r<6<0

Let ¢ € C([~r,0); Xqa). If ui(¢) is an element in C({—r,0]; Xo), then it has
pointwise definition

ug(¢)(0) = u(¢)(t +6), for 6 € [-r,0].

Next section we consider the mild solution of (3) under following assumptions:

(C1) The nonlinear function

F(,): R x C([-r,0]; Xa) = X
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is continuous, F(¢,0) = 0 for all ¢ > 0, there exists an L > 0 and w > 0
so that

IF(t,¢) — F(t,9)| < e™“"Lll¢ — 9lc.-

(C2) The nonlinear function
g:[-r, TNV x Cy = Cq

is bounded, g(t1+6, - -, tn+6,u(-)) € D(A), there exists M(t) > 0 such that
lg(tr +6,- - tn +60,u(-)) = g(t1 + 6, - tn +6,0(-))lx < M(t)|lur - vellc,
and g(t1 +86,---,tn +6,0) = 0.

We know that the following inequality holds for some constant M, > 0:

|A%S ()| < Myt %e %,
3. Controllability

Existence, uniqueness and norm estimate of mild solution are showed by [8] under
satisfying (C1) and (C2).

Now we consider the controllability for the nonlinear delay parabolic systems
with nonlocal initial condition under boundary input by using Nussbaum’s fixed

point theorem.

o = AL + Flttu) i (OT) % X;

@ ult6) +olts +0,82 40,0t +0,u(,8) =6(,6) in [0 x
Bulr = f(¢,§) on (0,T]xT.
where A is an analytic generator of semigroup {S(t)};>0 on a Banach space X,
0<t; <--- <ty £T, and nonlinear functions
F(,):RxC([-r,0;Xq) = X, and
g:[-rTIN x Cqa = Co

are given functions. The system (4) is related to the following integral equation

u(0) = u(t) = S(){$(0) — g(t1,-- - tn,u)}
(5) +[5[S(t — 8)F(s,us(¢)) + A7 S(t — 5)A“Df(s)]ds, t € [0,T);
u(t, &) = ¢(t,€) —g(t1 + 0, -~ tn + 0,u(,€)), te€[-r0]

The continuous solution (5) is called mild solution of (4).
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Definition 3.1. The equation (5) is said to be controllable if given any ¢(0) €
C([-7,0]; Xa), there exists a control f : [0,T] — V such that the solution u(t) of (5)
with

u(0) = ¢(0) — g(t1, -+, tn,u)

satisfies u(T) = u!, where u! is the target.
g

We assume that system (5) is controllable. Then
U(T) = S(T){¢(O) - g(tl’ vt 'atN,u)}
T
+ / [S(T ~ 8)F(s,us(¢)) + A¥78(T — s)A”Df(s)] ds
0
1

=Uu

where u! is target.

Assume that the following inequality holds for some constant My > 0 such that
A%S(®)|| < Mo.
The result depends on the exact controllability of the linear system,
(6) ut(¢)(0) = /0 t A" 8(t — s)A° Df(s)ds.
We assume that it can be steered to the subspace V then Range(G) D V, where
Gf = /0 ) A7S(t — 5)A° Df(s)ds.

Actually, without loss generality, we can assume that Range(G) = V, and we can
construct an invertible operator G defined on L2(0,T;Y)/ker G (cf. [2]). Then, the
control can be introduced

T
£5) = 671 [ul = SIHBO) - alts, -+ tw )} - [ ST - F(s,u.(8)ds] o
This control is substituted into (5) in order to provide the operator

Pus(9)(0)
= 50{8(0) ~ gltr, - tnw)} + /0 8(t — ) F (s, us(#))ds

t
+ / A7S(t — s)A°DG!
0

T
« [u = S@HHO) - gt w0} = [ ST = 5)F(s,u,(¢))ds] (5
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Notice that ®ur(4)(0) = u!, which means that the control f steers the nonlinear
system from the origin to u! in time T, provided that we can obtain a fixed point

of the nonlinear operator ®. We assume the following hypotheses;
(C3) The nonlinear function
F(,):[0,T) x C([-7,0]; Xo) = X
is continuous and satisfies a Lipschitz type condition

1E(, ¢) = F(t, )| < r(D)llé - Pllc,

where r(||@||, ||[¥|]) = r(t) is continuous on {0,T], r(t) - 0 as ¢ — 0 and
F(t,0)0=0, 0<t<T.

(C4) The linear system (6) is exactly controllable to the subspace V.

(C5) The nonlinear function

g: [T x C([-r,0]: Xo) = C([-7,0]; Xa)
is continuous and satisfies following inequality
lg(ts, - tn,u) — g(tr, - Eny )llea < Kllue — vellcs
where K is constant and g(t1,- - -,tN,Q) = 0.
(C6) S(t)lze XNV forallze X, 0<t<T;
IS®)zlix < p®)llzllx, Npllr2mrx) =c < oo,
IS@)zllv < q@®)lizllx, Nallzzozx) = d < o0

also S(t) is compact on X for each ¢ > 0, and ||S(t)|| < M.
(CT) There exists a positive L > 0 for the constant « and ¢ satisfying
1-2(a+1-0) > 0 such that

” /0. Actl-og(. s)AUDf(s)ds” < LI 2o.r,v)-

(C8) There exist ¢; for the constant « satisfying 1 — o > 0 such that

¢
| [ 225t = )] < Wflsommer
(C9) ~ is chosen so that the following conditions hold

sup {(1+ K)(Mo+ LM)+ (c1 + Ld)r} <h <1, and
el <
sup (MoK +cr)<h<l
0<g(t)¥(t) <y
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Lemma 3.1 (Nusbaum [6]). Suppose that S is a closed, bounded and convez subset
of a Banach space X. If ®; and @4 are continuous mappings from S into X such

that
(i) (®1+®2)SC S,
(ii) |®12 — 22|| < k||z — Z'|| for all z,2’' € S, where k is constant, 0 < k < 1,
and

(iii) ®2(S) is compact.
Then the operator @1 4+ ®3 has a fized point in S.
Theorm 3.1. Suppose that the hypotheses (C3)—-(C9) are satisfied. Then the state

of the system (5) can be steered from the initial state ¢(0) — g(t1,- -, tn,u) to any
final state u!, satisfying

1-h)y
lu'lly < —F

in the time interval [0, 7).

Proof. We define
B10(6)(0) = SEMOO) — 9t b, )} + [ 5(¢ = )P (s,us(¢))ds, and
2(9)(0) = [ A0S(t - 4D
T
x [u' = S(THY(0) - glta, -+t )} - /0 S(T — )P (s, us(9))ds] (s)ds.

We can now employ Lemma 3.1 with

S ={u(¢)(-) € C([-n, TE X) : llue(d)llca < 7}

Then the set S is closed, bounded and convex. From the definition,

Pui(¢)(0)

= S(t){(0)—g(t1, - tn, @)} + tS(t—s)F(s,us(¢))ds+ tAl“"S(t—s)A"DG"l
0 0

T
< [u = SO — glts, -t} = [ ST = 5)F(orua())ds] ().

Thus, for any u:(¢)(-), 4(d)(-) € S, we obtain
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[|@us (@)l

= [|A%@u:(¢)(0)||
= || A% @uy49(¢)(0)]|

t+0
= 1475+ 0){6(0) = a(ts, - tw N+ | [ 478t +0 - )P s, ua(e))ds

+ /0 " g5t 4 g - )4 DG
x [ul — S(T){(0) = g(tr, - - tnw) / TS(T . s)F(s,us(¢‘))ds] (s)ds H
0

< [|A%S(E + O)I([l6(0)lca + lglta, - - tn, B)llca) + 1l F (s, us(@)) Ml L20,7%)
T

+L{nul||v+||S(T)||(||¢(0)uc(,+ng<v:1,---,tN,u)ncm-/0 a(T) 1P (s, 5(4))llds}

< Mo(ll¢(0)llc. + K lie(9)llca) + errllus(e)lic
+ L{llutlv + M(ll¢(0)llca + Kllue(d)llca) + drllus($)11}
< Mo(vy+ Ky) +ary+ Lilut|ly + LMy + LMK~ + Ldry
<{(1+ K)(Mo + LM) + (c1 + Ld)r}y+ (1 — h)y
< hy+(1—h)y
=7

where —7 < 8 < 0. Hence

sup {|®us(¢)lla = [[But(d)llca < 7-
<6<0

Therefore
du; = ®rug + Poug € S for all u, € 5,

which means that part (i) of Lemma 3.1 is satisfied.
To show that ®; and ®, are completely continuous, we consider

®1(us(o) + 1) ~ 1ut()lla
= ||A%®1(uz16(¢) + 1)(0) — A% P1us16(4)(0)l|c,
146
- ” ./0 ’ A®S(t+ 0 — s){F(s,us(®) +n) — F(s,us(4))}ds
< allF(s,us(@) +n) — F(s,us(¢))llca
<ar®)lnllca.,

Ca



CONTROLLABILITY OF NONLINEAR DELAY PARABOLIC EQUATIONS 109

where —-r <6 <0, 0 <t<T. Hence, we obtain

_TS35><0||‘1’1(W(¢)+ ) = 21ut(d)la = [121(ue(@H 1) — P1ur(d)llca < err(®)llnllc, =0

as 7 — 0. Thus we have
|®2(us(9) +71') — Rout(d)lla
= [|A*®2(ut1o(4) + n)(0) — A% Pauri9(¢)(0)]ca

t+6
= | / [4%H1-25(1+ 0 - 5) 47 DG
0

T
x / S(T = ){F (s, us(8) + 1) — F(s,us(4))}(s)ds | ds
1]

< Ld||F(s,us(¢) + 1) — F(s,us(8))l c.
< Ldr(s)l17'll -

Ca

Consequently

sup || @2(us(¢) +7') — B2us(d)lla
-r<8<0

= ||®2(us(¢) + ') — Bowe(d)llc,
< Ldr||7'|lc, =0

asn' — 0. Thus ®; and ®; are continuous.
Using the Arzela-Ascoli Theorem, we show that ®; maps S into a precompact
subset of S. We consider

t+0
Bous () () = / A77S(t+ 6 —5)A°DG!
0
T
x [u — S(T){$(0) — gltr, - tw, )} - /0 S(T — $)F(s, us(9))ds] (s)ds.
Now we define
t+0—¢
Py_cut(4)(0) = / A7°S(t+6—3s)A°DG?
° T
x [ul — S(T){(0) — g(t1, - tn,u)} — / S(T - s)F(s,uS(qS))ds] (s)ds.
0

Then



110 JoNG SEO PARK AND YOUNG CHEL KWUN
$a—cui(9)(9)

t+60—¢ .
— S(e) / ATS(t + 6 — 5) A7 DG
0

< [u8 = SO0~ altn, st} = [ ST - 5)F(s, () (s
By the hypothesis (C6), S(e€) is compact operator. Thus the set

Ko [us(9)(0)] = {®2-cut(¢)(0) : us(¢) € S}
~ is precompact. Also

[B20(6) ~ 22-cua(@)lo

= || A*®2ut10(9)(0) — A*Pa_cur49(4)(0)||

t+6
_ “/ ASH1=95(t 4 § — 5) A°DG?

< [u = SO0 —gler s tw) = [ ST P, uale)is]5)i|
T

< L)l lv +1STD)II(11¢(0)lco +llgts, - -,tN,U)llc,,)+/0 o(T)||F (s, us(e))lds}
< L(e){|lvt|lv + M||$(0)[lca + MK |ut(9)llc + dr(s)lus(d)llc. }-

Hence we have

sup || ®2us(¢) — Pa—cut(9)a
—r<6<0

= || ®ous(¢) — B2—cut(d)llc.
< L(e){|lulllv + M[|$(0)]lc. + MK |lus()lica + drllus(d)llca} — 0

as € —» 0. Thus Ka[u(¢)] is the closed set of

K2—e[ut(¢)] = {®2_cust(9) : us(9) € S}

and therefore K[u:(¢)] is precompact.

We next show that ®; maps the function in S into an equicontinuous family of
functions.

For equicontinuity from the left, we take t > € > t' > 0, then we have

[|@2ut(P) — Pous—p (@)]|a
= ||A*®aus16(4)(0) — A*Pau;s_y4(4)(0)]|
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t+6
- | / ASH1=95(t 4 6 — 5)A° DG
<o = SO0 ~ o, w0} ~ [ ST~ 0,9 51
t—t'+0 .
— / ASTI=oG(t — ' + 0 — s)A°DG!
0
X [u! = S(T){$(0) - glt1, -, tw,u)} - /s ~ 5)F (s, u,(¢))ds] (s)ds |
< “ / O e ~7S(t + 6 — s)A° DG
o = SO0 ~ o, w0}~ [ ST~ 1F o, 9] 51
t+0—¢
- / ASHI=98(t — ' + 6 — 5)ADG™!
0 T
x [ut = STHB(O) - gltr, -t )} - /0 ST — $)F (s, us(¢))ds] (s)ds |
+ ” / e ASHI=08(t 1.9 — ) A° DG}
t4-0—¢ T
x [ul = S(T)H{(0) - gltr, - t,u)} - /0 S(T — )F (s, us($))ds] (s)ds |
+H/t " aenoos ¢ 4o 5)A7DG

x[ SEIH0) ~gler o twa} = [ ST~ s, (9)ds] (0

t+0—¢ .
< IS +¢) - S(e)] / ASH=0(4 {4 g 5 ) A" DG
0

x [ul — S(T){(0) = glta, - tnru)} = /0 TS(T - s)F(s,us(qb))ds] (S)H ds

t+6
+ /
t+0—¢

x [ul — S(T){$(0) — gltr, - tn,w)} — /0 TS(T -~ s)F(s,us(qS))ds] (s)” ds

t—t'+0
+ /
t+8—¢

x [ul — S(T){$(0) - gltr, - tn,u)} — /0 TS(T _ s)F(s,us(¢))ds] (s)” ds

AST1798(t + 6 — 5)A°DG1

A°H1=98(t — ' + 9 — $)ADG!
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i

< ISt +e)=S(e)l| L(t+0~€)(llu'lly + M dllcs + MEK|ltue(d)lc. + drius(d)lic.)
+ L(e)(lutlv + Mg, + MK|ju(8)llc. + drllus(d)lc.)
+ L(e - ) (Jlu'llv + M||$lic. + MK|lue()llc, + drllus(e)llc.)
={IS(t' +€) = S( Lt + 6 —€) + L(e) + L(e -t}
x{llullly + Mdllc, + MK [[ur(@)llc. + drllus()lca} — 0

as € — 0, by L(t) » 0 as t — 0, and S(¢) is continuous. Thus we have

sup || ®aus() — Poue—r(¢)lla = [[B2us(¢) — P2us—v(P)llc. = 0

—r<6<0

as t' — 0. The case of equicontinuity from the right is similar.

Finally, we must have a Lipschitz condition for the operator ®;. For u:(¢) € S
and 4(¢) € S,

||<I>1ut(¢) - ‘I’lﬁt(fﬁ) "a

0
A*S(t+ 0){8(0) — g(t1,- -, tn,u)} + OH A%S(t — s)F (s, us())ds

8
~ A%+ 0)(6(0)  gltn, @} + [ A% - ) Fs, o)

S ”Aas(t + 9){9(?51, . ',tN7'u') - g(tla v ',tN, 'a)}“
t4-8
] /0 AS(t — 8){F (s, us($) — F(s, 8a(6)}ds]
< MoK |u(6) - &(@)lo, + cl F(s,ua(¢) - Fls,2(0)llc.

< MoK ||ue(¢) ~ de(d)llca + errlius(¢) — 2s(4)lica
= (MoK + crr)||us(9) — ()l ce-

Consequently,
sup _ [@104(¢) — @184(B) [l = [|B10e(d) — P1e(P)llca < Allue(d) — Be(P)llcs-
—r<8<
Therefore the proof of Theorem 3.1 is complete by Lemma 3.1. g
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