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REPRESENTATION OF SOLUTIONS OF FREDHOLM
EQUATIONS IN W#() OF REPRODUCING KERNELS

DoONG-MYUNG LEE, JEONG-GON LEE, AND MING-GEN Cul

ABSTRACT. In this paper we derive a decomposition of the solution of Fredholm
equations of the second kind in terms of reproducing kernels in the space W3 ().

1. INTRODUCTION

The solution problem in integral equations is to find an effective decomposition
of the solution u of the form u = ) cp8n, where the coefficients ¢, and harmonics s,
have computable and relevant properties, optimal and desired duration properties
in terms of the information area, respectively. (e. g., Benedetto & Walnut [2]).

Let ¢(z,y) be bounded on Q = [a,b] x [¢,d] in R? and let
Ou Ou O%u
5;, 55, 5:;8—1; € L2(Q)}.

It is evident from the work of Cui, Deng & Wu [4], Cui, Lee & Lee [5] that the
decomposition of the solution of Fredholm equations depends on W21(]R), the space

W2 (Q) = {u(:c, Y) ‘ u(z,y) is absolutely continuous and

of reproducing kernels.

The present work addresses the solution representation based on Cui’s approach
by replacing R into Q and we formulate the structure of this decomposition in terms
of the reproducing kernels in W2(Q).

2. SPACE W2(Q)) AND REPRODUCING KERNELS

Throughout, L?(Q) denotes, as usual, the Hilbert space of all Lebesgue square
integrable functions on 2 and R(A) the range of bounded linear operator A on
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W2(92). The needed facts about reproducing kernels can be found in Lee, Lee &
Kim [7], Saitoh [9].

Definition 2.1. Let ¢(z,y) be bounded on Q = [a,b] X [c,d]. If
&(L;) = bid; + aici — aid; — bic; > 0 (1)

for I; = [a;,b;) % [ci,d;) C Q, where [a;,b;) and [¢;,d;) are finite pairwise disjoint
subintervals of [a,b] and [c, d], respectively. Then ¢ is called ‘monotone’ on .

Definition 2.2. Let ¢(z,y) be bounded and monotone on Q = [a,b] x [¢,d]. If,
given any € > 0, there exists § > 0 such that min{|b; — a;|, |d; — ¢i|} < & implies
3 1 #(L) < €, then ¢ is called ‘absolutely continuous’ on 2.

We now define, for u,v € W2(9),

Oudv Oudv O %
wo) = [ [ (o) + 550 + 5oge * ampeamzs) e @

as inner product on W2(€2) and norm ||u||W3 =< u,u >3,

Theorem 2.3. Let f € WZ(). Then ||fl|lco = suppealf(p)| < M||f||W22, where

1
M= (b_a)(d_c)[(b—a)(d—c)+(b—a)+(d—-c)+_1].

Proof. Let (z1,11), (z2,y2) € Q. Then

" z2
F(z2, ) / " fodrdt + / £t y)dt 3)
m Tl
/ fi(zy, 7)dr + f(z1,91).
mn

Let the both sides of (3) integrate over Q. Then, Cauchy-Schwartz, and Hélder’s

inequalities allow us to compute

/lfwz,y2)|dw1dy1 / / / furlt,)drdt + / fitudt (@)

+ f‘r(zla )dT + f(xl’yl) ldfl:ld.’lig

Y1
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On the other hand, since
|f (22, y2)|(b — a)(

(d—
b—a) —c//
o]

<(b—a)(d—c{ —a)(d—c) //
b—a) // ()|t + (@)

f(z1,91) ‘ dm‘ldyl) },

ftTt'r‘dth—i- —a//

fi(z1,7) \det +

: (t, 1 Idtdyl

flz1, 1) \da?ldyl

ftT (t,7) d'rdt

1
T (z1, T dea:l) ?

we have

| f(z2,92) | <

[(b—a)(d—c)+(b—a)+(d—6)+1]%
(b—a)(d-c)

(=

b pd )

g {/ [ i P e P+ £ |2+|ftq—(t,"r)!2}dx1dy1}
= Mlifllwz-

O

We recall, (see Cui & Deng [3], Cui, Deng & Wu [4]), that any u(z) € Wi (la, b))
can be represented in terms of a reproducing kernel such as u(z) = (u(-), Rz(*)),
where

1
Ra(y) = 2sh(b — a)

Our next result extends this formula to the case of Q = [a,b] X [¢, d].

[ch(y+z —a—~b)+ch(ly —z|+a—b)],y € [a,b].

Theorem 2.4. Rgy(-,-) is a reproducing kernel of space Wi (f2), where Ryy(-,-) =
R () Ry()-
Proof. For any u € W2(),
(u( / dn/ Ryy(€,m) + ug(€,m)Ray (€ m)e
0y (€, ) Rl (€ M) + gy (€, M) Ry (6, m)en €

= / ‘ { /a bu(g, 1) Ry (€, m)dé + ug(€,m) Ryy (€,m)e
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Uy (€, 1) Rl (6,)g + gy (6,) By (6, e 6

d b
= [Can{Rum [ (e mRa(©) + gl mRLE)e) s

b

+ By [ (6 MRAE) + vy RO}

Applying the reproducing properties of R, (), we have

b
[ [t mR(€) + w6 B €)e] de = Culem), Ra() = ulz ).

b
L u;;(§,77)Rz(§) + %(U%(E,ﬂ))R;(ﬁ)gdf = (’U,;](-, 77)>R;:()> = 'U,:,(.'Z:, 77)
So that,

d
(ule) Ry = [ { alemByn) + v (o) Bl .

Finally, we use the definition of reproducing kernels to get the conclusion. a

3. DECOMPOSITION BY REPRODUCING KERNELS

Let us consider the following classical Fredholm equation

b d
w(z,y) - A / / Kz, 36, TYult, T)dtdr = f(z,9),
and let
(I - MK)u = f, (5)

where [ is identity operator, A is parameter, and

b pd
Ku = / / k(z,y;t, T)u(t, 7)dtdr.

Then, for a given sequence (p;) in = [a,b] X [¢,d], an elementary linear algebra
argument shows that (¢;(p;)) is linearly independent Lee, Lee, & Kim [7], where
¢;j(pi) = Rp,(pi) for p; € Q.

We begin by stating the next results, whose conclusion will be needed for our

purposes.

Lemma 3.1. Let A be a bounded linear operator on W2(Q2), A* be adjoint of A, and
(p:) be dense in Q. Then (A*¢;(p:)) is complete if and only if A is one-to-one.
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Proof. Assume A is one-to-one and for u € W}(Q), let (u, A*¢;(p;)) = 0. Then
(u, A*¢;(pi)) = (Au,¢;(pi)) = (Au)(p;) = 0. Thus, the assumption of A implies
u = 0. Conversely, let Au = 0. For each ¢;(p;), (Au, ¢j(pi)) = (u, A*¢;j(p:i)) = 0.
Hence we have u = 0. O
Lemma 3.2. If R(A) = W2(Q), then (A*¢;(p;)) is linearly independent.

Proof. Let ¢ = (¢;) € C, and let )" ¢jA*¢;(p;) = 0. Then, for

u € W3(Q), (Au, ) _cj¢;) =0.
It follows easily that 3 c;¢;(p;) € R(A) ) = {o}. So that we have ¢; = 0. a

We use now Lemmas 3.1 and 3.2 to prove the following characterization of repro-
ducing kernels.

Theorem 3.3. Let Au = f from (5), where A =1 — MK and p = (p;) be dense in
Q. Then u is decomposed by reproducing kernels.

Proof. The above Lemmas show that (A*®;(p)) is complete and linearly indepen-
dent. We now let ¥;(p) = (A*¢;(p)). By using Gram-Schmidt orthogonalization
procedure of (¢;), we obtain ('([j) such that, as usual, (15, zl;j) =1ifi=7jand 0if

i # j. Let ¢;(p) = 23':1 Bij¥;(p). Then, we have

o oo k
w=> (u,ge)e =D (u, A" Bid;(p))) Pk
k=1 k=1 j=1
= ZZIBM (Au, ¢;) "l’k ZZ,Bka ’J’k

k=1 j=1 k=1j=1

Zf ¥k (p),

k=

where fi, = Z§=1 Bk f(p), and the theorem is proved. a

REFERENCES

1. N. Aronszajn: Theory of reproducing kernels. Trans. Amer. Math. Soc. 68, (1950).
337-404. MR 14,479c ‘
2. J. Benedetto & D. Walnut: Gabor frames for L? and related spaces. In: John J.

Benedetto & Michael W. Frazier (Eds.), Wavelets: mathematics and applications (pp.
97-162). CRC Press, Boca Raton, FL, 1994. MR 94£:42048



138 Dong-Myung LEg, JEONG-GON LEE, AND MING-GEN Cul

3. M. Cui & Z. X. Deng: On the best operator of interpolation in W}. Math. Numer.
Sinica 8 (1986), no. 2, 209-216. MR, 87j:41008

4. M. Cui, Z. X. Deng & B. Y. Wu: Analytic solutions to Fredholm integral equations
of the second kind. Numer. Math. J. Chinese Univ. 11 (1989), no. 1, 53-64. MR
91a:45001

5. M. G. Cui, D. M. Lee & J. G. Lee: Fourier Transforms and Wavelet Analysis. Kyung
Moon Press, Seoul, 2001.

6. D.M. Lee, J. G. Lee & S. H. Yoon: A construction of multiresolution analysis by integral
equations. Proc. Amer. Math. Soc. 130 (2002), no. 12, 3555-3563. MR 2003f:42056

7. D. M. Lee, J. G. Lee & I. S. Kim: Representation of integral operators on WZ2(Q) of
reproducing kernels. Submitted.

8. S. Saitoh: Theory of reproducing kernels and its applications. Longman Scientific &
Technical, Harlow; copublished in the United States with John Wiley & Sons, Inc., New
York, 1988. MR 90f:46045

: Integral transforms, reproducing kernels and their applications. Longman, Har-

low, 1997. MR 98k:46041

(D. M. LEe) DEPARTMENT OF MATHEMATICS, WON KWANG UNIVERSITY, 344-2 SHINYONG-DONG,
Ik-SAN, CHUNBUK 570-749, KOREA
Email address: dmleeQ@uonkwang.ac.kr

(J. G. LEE) DEPARTMENT OF MATHEMATICS, WON KWANG UNIVERSITY, 344-2 SHINYONG-DONG,
Ik-SAN, CHUNBUK 570-749, KOREA

(M. G. Cut) HARBIN INSTITUTE OF TECHNOLOGY WEI HAI BRANCH INSTITUTE, 264209 WEI
Hal, SHANDONG, P. R. CHINA
Email address: cngy£s263.net



