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MINTY’S LEMMA FOR (0,7)-PSEUDOMONOTONE-TYPE
SET-VALUED MAPPINGS AND APPLICATIONS

ByunGg-S00 LEE AND JAE-DUK NOH

ABSTRACT. In this paper, we consider a Minty’s lemma for (8, )-pseudomonotone-
type set-valued mappings in real Banach spaces and then we show the existence
of solutions to variational-type inequality problems for (6, n)-pseudomonotone-type
set-valued mappings in nonreflexive Banach spaces.

1. INTRODUCTION AND PRELIMINARIES

Minty [14] showed the linearization lemma for the scalar case, which has played
useful roles in variational inequalities. In fact, the classical Minty’s inequality and
Minty’s lemma have been shown to be important tools in the regularity results of the
solution for a generalized non-homogeneous boundary value problem (cf. Baiocchi
& Capelo (2]) and, when the operator is a gradient, also a minimum principle for
convex optimization problems (cf. Kinderlehrer & Stampacchia [8]). And Behera
& Panda [3] obtained a nonlinear generalization of Minty’s lemma. Furthermore
they applied the result to obtain a solution of a certain variational-like inequality.
Kassay & Kolumban [7] considered the following Minty-type problem for set valued
mappings with two variables for the scalar case: Find an element x € K such that

sup (z,y—x)>0 for y€K,
2€T(z,x)
where K is a nonempty convex subset of a dual space X* of a Banach space X and
T: K x K — 2% is a set-valued mapping.

In 1995, Chang, Lee & Chen [5] firstly considered variational inequalities for

monotone single-valued mappings in nonreflexive Banach spaces. Later on, Verma

[9] and Watson [16] studied variational inequalities for strong pseudomonotonicity
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and pseudomonotonicity for single-valued mappings in nonreflexive Banach spaces,
respectively.

Recently, B.-S. Lee & G.-M. Lee [10] introduced (7, §)-pseudomonotonicity, which
generalizes and extends monotonicities mentioned in Chang, Lee & Chen [5]. and
showed the existence theorem of solutions to generalized variational-like inequali-
ties for single-valued mappings in nonreflexive Banach spaces which generalizes and
extends some results in Chang, Lee & Chen [5], Verma [15] and Watson [16].

Let X be a real Banach space, T : K — 2%, where X* is the dual space of X, a
set-valued mapping, € : K x K — X* an operator and  : K x K — R a function.
The scalar variational-type inequality problem for set-valued mappings is to find an
zo € K such that for all z € K there exists vg € T(zg) satisfying

(vo,8(z,z0)) + n(zo,z) > 0.
Behera and Panda [4] firstly considered variational-type inequalities for single-valued
mapping. B.-S. Lee & S.-J. Lee [12, 13] extended to the vector case for single-valued

mappings using generalized Minty’s lemma and for set-valued mappings using Fan’s

geometrical lemma, respectively.

In this paper, we consider a Minty’s lemma for (6, 7)-pseudomonotone-type set-
valued mappings in real Banach spaces and then we show the existence of solutions to
the variational-type inequality problems for (8, 7)-pseudomonotone-type set-valued
mappings in nonreflexive Banach spaces.

The method of the proofs shown in Theorem 2.2 and Theorem 3.1 below is the
same as the method in B.-S. Lee, G.-M. Lee & S.-J. Lee [11].

Definition 1.1. Let X be a real nonreflexive Banach space with the dual X* and
X** be the dual of X*. Let K be a subset of X** and T : K — 2% \ {2} a set-valued
mapping, 6 : K x K — X** an operator and : K x K — R a function.

(1) T is said to be (6, n)-pseudomonotone if for all z, y € K and for allu € T'(z),
v € T(y), we have
(v,0(z,y)) + n(y,z) >0 implies (u,0(z,y)) + n(y,z) > 0.
(2) T is said to be (6, n)-pseudomonotone-type if for all z, y € K and for all
v € T(y), we have
(v,0(z,y)) + nly,z) >0 implies (u,0(z,y)) + n(y,z) >0

for some u € T(z).
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Definition 1.2. Let K ¢ X* and 6 : K x K — X** be a function. A set-valued
mapping T : K — 2X" is said to be hemicontinuous, if for any =,y € K with
z+t(y —z) € K for any t € [0, 1], the multifunction

te[0,1]]— T(z+tly—1z))-0(y,z)
is upper semicontinuous (shortly, u.s.c.) at 07, where

T(z+tly —z))-0(y,z) = {<s,0(y,x)> s e€T(x+t(y— a:))}

The set-valued mapping T is said to be finite-dimensional u.s.c. if for any finite-
dimensional subspace F of X** with Kp = KNF # @, T : Kr = 2% is us.c. in
the norm topology.

Lemma 1.1 (Aubin & Cellina [1]). Let X,Y be topological vector spaces and T :
X — 2Y be a set-valued mapping.

(1) If K is a compact subset of X, T is u.s.c., and compact-valued, then T(K)
18 compact.
(2) If T is u.s.c. and compact-valued, then T is closed.

2. MINTY TYPE LEMMA

The following Minty’s Lemma for monotone mappings and considered in Banach

spaces (cf. Baiocchi & Capelo [2]).

Lemma 2.1 (Minty’s Lemma). Let K be a closed convex subset of a real Banach
space X and X* the dual of X. Let T : K — X™* be a hemicontinuous monotone
mapping. Then the following are equivalent:

(a) There ezists a yo € K such that
(T(yo),z —yo) >0 forall z€K.
(b) There exists a yo € K such that
(T(z),z—y) >0 forall z€K.
In 1994, Yao [17] considered a generalization of Minty lemma for pseudomonotone
mappings which is continuous on finite dimensional subspaces of a Banach space.

Now we consider some result with (6,7)-pseudomonotone-type hemicontinuous
set-valued mappings in real Banach spaces.
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Theorem 2.2. Let X be a real Banach space and K a nonempty convex sutset of
X**. Let@: K x K — X** be an operator, n: K x K = R a function, T : K — 2%

an (0,n)-pseudomonotone-type hemicontinuous set-valued mapping such that
(i) 6(z,z) =0 and n(z,z) =0, for allz € K,
(i1} for eachy € K, z > 0(z,y) is affine, and
(iii) for each y € K, x — n(y, ) is convez.
Then the following variational-type inequality problems are equivalent:
(a) There ezists xg € K such that for allz € K there exists vy € T(x) satisfying
<’00a9(‘7"v $0)> + 77(550,97) > 0.
(b) There exists xg € K such that for all x € K there exists v € T(z) satisfying
<v’9(m"/z0)> + 77(370,13) > 0.
Proof. The statement (b) follows from (a) by the definition of (8, )-pseudomonotone-
type of T'. Conversely, suppose that (b) holds and set z; = z¢ + t(z — zo), ¢ € (0,1).
Then z; € K and tere exists vy € T'(z;) such that
<'Uta0(xta$0)> + 7’($07$t) > 0.
By the conditions (ii) and (iii), we have
t{<’Ut,0(l‘,.’L‘0)> + 77(550,1')} + (1 - t) {(Ut,0($0,$0)> + 77(370, 330)} Z 0
Consequently we have
<’Ut,0($,$0)> + "7(930,33) > 0. (21)
Suppose that (a) does not hold. Then there exists an z € K such that for all
vo € T(zo)
<U0,0($,$0)> + 77(5130,51") <0.
By hemicontinuity of T', there exists ty > 0 such that for any ¢ € (0,¢p) and s € T(z:),
<8,9($,$0)> + 77(270,13) <O0.
Hence we have for any t € (0,%) and s € T'(xz)
<3a9($am0)> + 77(1"0’1:) < 0,
which contradicts (2.1). So (a) holds. a
Considering T : K — X* instead of T : K — 2X", 6(z,z0) =  — zo and a zero

function 7 in Theorem 2.2, we can obtain in Watson [16, Lemma 1] as a corollary,

which generalizes in Chang, Lee & Chen [5, Lemma 2.1].
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Corollary 2.3 (Watson [16]). Let T : K C X** be a pseudomonotone hemicontinuos
operator with convexr domain K, and let x¢ € K be given. Then

(T(z0),z —z0) >0, forall z€kK.

3. APPLICATIONS

Let K be a subset of a topological vector space X. Then a mapping T : K — 2%
is called a Knaster-Kuratowski-Mazurkiewicz (in short, KKM) mapping if for each
nonempty finite subset N of K, co N C T(N), where co denotes the convex hull and
T(N) = U{T(z) : z € N} (cf. Knaster, Kuratowski & Mazurkiewicz [9]).

KKM Theorem (Fan [6]). Let K be a nonempty subset of a Hausdorff topological
vector space X. Let a set-valued mapping T : K — 2% be a KKM mapping such
that T(x) s closed for all € K and compact at some x € K. Then
) T() # @.
zeK
Now, we consider the existence theorem of solutions to variational-type inequal-
ity problems for (8, n)-pseudomonotone-type finite-dimensional u.s.c. compact set-

valued mappings in nonreflexive Banach spaces.

Theorem 3.1. Let X be a real nonreflexive Banach space and K a nonempty
bounded closed convex subset of X**. Let § : K x K — X be an operator,
n: KxK = R a function and T : K — 2% an (8,n)-pseudomonotone-type
finite-dimensional u.s.c. compact set-valued mapping such that

(i) 8(z,z) =0 and n(z,z) =0, for dlz € K,

(ii) for each y € K, z — 6(z,y) is affine,

(iii) for each y € K,  — n(y,z) is convez, and

(iv) for each z € K, y — 0(z,y) and y — n(y, ) are continuous.

Then there exists xo € K such that for all x € K there exists vy € T(zg) satisfying
<vo,9($,mo)> + n(zo,z) > 0.
Proof. For each finite-dimensional subspace F of X** with Kr = KN F # &, we

first consider the following variational-type inequality:
Find zg € Kr such that for all x € K there exists vg € T'(zg) such that

(vo,0(z,z0)) + n(z0,z) > 0. (3.1)
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Since K is a nonempty bounded closed convex set in a finite-dimensional space F'
and T : Kr — 2% is u.s.c. compact-valued, (3.1) has a solution zg € K. In fact,
define a set-valued mapping G : Kr — 2F by, for each y € Ky,

G(y) == {z € Kp : there exists v € T(z) such that (v,0(y,z)) + n(z,y) > 0}.

First, we prove that G is a KKM mapping. Suppose to the contrary that G
is not a KKM mapping. Then there exists a finite set {z1,z2, -+, zn} in Kp,
; >0,i=1,2,---, n and z € co{z1,z2, -+, Tp} such that

n n n
Eai =1and z = Zail‘i ¢ U G(:Ez)
i=1 i=1 i=1

So, by the conditions (ii), (iii) and definition of a set-valued mapping G, we have
for all v € T'(z),

ot st~ (o0 (§ i) 0o )

n
< <U,Zai9 (ml,x)> + Zam (z, ;)
i=1 i=1

—Z UH(L‘Z, +7I(1'i13z))

=1
<0.

By the condition (i), this is impossible. Therefore G is a KKM mapping.
Next, we show that G(y) is closed in F, for all y € Kp. Let {z,} be a sequence
in G(y) converging to zo € F. Then there exists v, € T'(zy) for each n such that
(vn, 0(y; 2n)) + n(zn,y) 2 0.
By (1) of Lemma 1.1, T(KF) is compact, there exists vg € T(K ) such that v, — vo.
Since T is closed by (2) of Lemma 1.1, vg € T'(z¢). And by the condition (iii) and
the fact that {||6(y, z»)||} is bounded, we have
|(vn, 0(y, @n)) + n(zn, y) — {{v0,0(y,z0)) + 1(z0,9)} |
< |(vn, 8(y, Zn)) — (v0, 0(y, x0))| + |12, y) — n(z0, )]
< |(vn — v0,0(y, z0) )| + [{v0, 0(y, Tn) — 6(y, z0))| + |n(2n, ¥) — (0, )|
< lvn ~ voll - 18(y, zn)l| + llvoll - 10(y, zr) — 6(y, Zo)|| + |n(Zn, y) — nlzo,y)|

— 0

as n — OQ.



MINTY’S LEMMA FOR (8,7)-PSEUDOMONOTONE-TYPE 53

Consequently, there exists vg € T(zo) such that (vo,8(y, o)) + n(ze,y) > O.
Hence zo € G(y), and G(y) is closed in F. Moreover, G(y) is compact from the
compactness of Kr. By KKM Theorem, (), g, G(z) is nonempty.

Letting 7o € (e, G(z), for all z € KF there exists vy € T(xo) satisfying

{vo, (=, z0)) + 120, z) > 0.

Since T : K — 2X" is hemicontinuous, T : Kr — 2X* is hemicontinuous.
On the other hand, since T is (8, n)-pseudomonotone-type, by Theorem 2.2, there
exists v € T'(z) such that

(v,0(z,30)) + n(z0,z) >0 for all z € Kr. (3.2)

Let S ={F C X*: dim(F) < +o0 and Kr # @}, and we associate each F € &
with a set

Wr = {a:o € Kr: there exists v € T(z) such that
(v,0(z,70)) + n(z0,z) >0, forall z€ Kr}. (3.3)

By (3.2), we know that W is nonempty. Since Wr C K and K is weak*-closed, the
weak*-closure W*F of Wg is contained in K. Next, for any n elements Fy, Fy,---, F,
in G, let F be the subspace spanned by the union | J;_; F;. Then it is obvious that
dim(F) is finite and K is nonempty, hence F' lies in 3. Moreover, Wr is nonempty
and contained in Wg,, for each i = 1,2, -+, n. Therefore, we have

n
\Wr # 2.
i=1

This implies that {W} : F € 3} has the finite intersection property. Since K is
bounded, by Banach-Alaoglu theorem, K is weak*-compact and {W 5 : F € $} has
the nonempty intersection, i.e.,

(| Wr # 2.

Feg

Take 2o € \peg W - Then for each F € S, o € K.
Next, we prove that there exists v € T'(z) such that

(v,6(z, z0)) + n(z0,z) > 0, for all z € K.

For a given z € K, take F' € § such that z € F. Since zg € W}, there exists a net
zy in Wr such that zy — zo in the weak*-topology. Hence, by (3.3), there exists
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v € T(z) such that
(v,()(x,:r,\)> +n(zx,z) >0, forall z € K.
Hence, by Theorem 2.2, we see that there exists vy € T'(xp) such that
(vo, 0(z, 29)) + n(z0,2) > 0, for all z € K. O

Considering T : K — X* instead of T : K — 2X7, 8(z,29) = = — zp and a zero
function 7 in Theorem 3.1, we obtain Watson [16, Theorem 2] as a corollary, which
generalizes Chang, Lee & Lee [5, Theorem 2.2].

Corollary 3.2 (Watsoﬁ [16]). Let T : K C X** — X* be a pseudomonotone
hemicontinuous operator with weak-star closed convex domain K. Further assume
there exists a nonempty subset Xo contained in a weak-star compact convezx subset
X1 of K such that the set

D={veK:(T(u),u—v)>0, forall u€ X}

is weak-star compact or empty.
Then there exists an xg € K such that <T($o), T — a:0> >0, forallz e K.

Remark 3.1. We can obtain the same results as Theorem 2.2 and Theorem 3.1 for
(8, n)-pseudomonotone set-valued mappings, which also generalize some results in
Chang, Lee & Lee [5] and Watson [16].
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