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WEAKER FORMS OF COMMUTING MAPS AND EXISTENCE
OF FIXED POINTS

S. L. SINGH AND ANITA TOMAR

ABSTRACT. Weak commutativity of a pair of maps was introduced by Sessa [On
a weak commutativity condition of mappings in fixed point considerations. Publ.
Inst. Math. (Beograd) (N.S.) 32(46) (1982), 149-153] in fixed point considerations.
Thereafter a number of generalizations of this notion has been obtained. The pur-
pose of this paper is to present a brief development of weaker forms of commuting
maps, and to obtain two fixed point theorems for noncommuting and noncontinuous
maps on noncomplete metric spaces.

1. INTRODUCTION

Let A be an arbitrary nonempty set and (X, d) a metric space and f,g: A — X
such that

d(fz, fy) < kd(gz, gy), for all :z:;y € Aand some k, 0 <k < 1. (1)

In 1968, using the Banach contraction principle, Goebel [13] obtained a coinci-
dence theorem for f and g on an arbitrary set A with values in a complete metric
space X satisfying f(A) C g(A) and (1). The condition (1) seems to have been
studied first by Machuca [25] in 1967 under heavy topological conditions. However,
considering (1) when A = X and introducing a new sequence of iterates, Jungck
[16] used commutativity of f and g to ensure the existence of a common fixed point.
Elegancy of this result and its proof fascinated several scholars and subsequently a
multitude of coincidence and fixed point theorems for maps having the full force of
commutativity or restricted commutativity were obtained. Several new applications
have been suggested (see, for instance, [3, 9, 11, 17, 24, 29, 40, 45, 48, 49, 63, 64],
and references thereof).
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In 1982, Sessa [44], relaxed the condition of commutativity in the theorem of
Jungck [16] and its various generalizations by introducing the weak commutativity.
Subsequently, the notion of weak commutativity of a pair of maps in metric fixed
point theory was further weakened and used by Singh [50], Jungck [18], Pathak [33],
Mishra [26], Gairola, Singh & Whitfield [12], Pant [29], Tivari & Singh [63], Hadzi¢
[14] and others (see, for instance, (2, 4, 8, 10, 13, 15, 18, 19, 20, 21, 22, 23, 26, 27,
28, 29, 30, 31, 35, 36, 37, 38, 39, 40, 41, 42, 43, 45, 46, 51, 52, 53, 55, 56, 60, 63, 64,
65, 66]).

Several other weaker forms of commuting maps have been studied under the

following names:

Table 1. Some weaker forms of commuting maps

[ Forms | References |
preorbitally commuting Singh & Mishra [55]
Tivari & Singh [63]
asymptotically commuting Gairola, Singh & Whitfield {12]
compatible Jungck [18]
weak* commuting Pathak [33
weak** commuting Pathak [35
compatible of various types Cho, Pathak, Kang & Jung (7],
(such as compatible of types Jungck, Murthy & Cho [21]
(4), (B), (P), (@), (8)) Pathak, Chang & Cho (36],
Pathak, Chang, Kang & Lee [38]
biased Jungck & Pathak [22]
R-weakly commuting Pant [29]
R-weakly commuting type Pathak, Cho & Kang [37]
co-ordinatewise weakly commuting | Gairola, Singh & Whitfield [12]
weakly compatible Jungck & Rhoades [23]
partially commuting Sastry & Krishna Murthy [43]
coincidentally commuting Dhage [9]
compatible type (N) Shrivastava, Bawa & Singh [47]
f-compatible Pathak & Khan [39]
intimate maps Sahu, Dhagat & Srivastava [42]

Some of these forms have been compared in a recent work by Murthy [27] and
Pathak & Khan [39]. Such maps play a vital role in metric fixed point theory. In
Section 2 we give a historical development and comparison of these maps. Section 3
is devoted to some general coincidence and fixed point theorems under tight minimal



WEAKER FORMS OF COMMUTING MAPS AND EXISTENCE OF FIXED POINTS 147

conditions without using continuity or reciprocal continuity of maps and relaxing
the requirement of completeness of the space.

2. COMPARISON OF WEAKER FORMS OF COMMUTING MAPS

Let Y be a nonempty set and f,g:Y — Y. Then f and g are commuting at a
point p € Y if fgp = gfp. Maps f and g are commuting on Y if they are commuting
ateachpeY.

In the rest part of this section (X, d) is a metric space space and f, g are self-mps
of X.

Definition 2.1 (Sessa [44], see also Fisher & Sessa [11]). Maps f and g are weakly
commuting at a point x € X whenever d(fgz, gfz) < d(fz,gz). The pair (f,g) is
weakly commuting on X if they commute at each point z € X.

Notice that commuting maps are weakly commuting and the reverse implication
is not true (see Example 2.1 below).

Ezample 2.1. Let X = [0,1] be endowed with the usual metric. Let f(z) = %,
gz = g(l +z). Then fg # gf. However, |fgz — gfz| < |fz — gz| for all z € X and

f and g are weakly commuting.
Definition 2.2 (Jungck [18]). Maps f and g are compatible! if
lim d(fgzn, 9fzn) = 0,

whenever {z,} is a sequence in X such that lim, fz, = lim, gz, = z for some
ze X.

We remark that weakly commuting maps are compatible. However, a compatible
pair of selfmaps need not be weakly commuting.

Ezample 2.2 (Jungck [18]). Let X = [0,00) be endowed with the usual metric. Let
fz = 2% and gz = 223. Then fgz # gfz. So, f and g are not commuting on X
and |fgx — gfx| > |fx — gz|. Therefore, f and g are not weakly commuting on X
as well. However, lim,_,o |fz — gz| = 0 € X and it implies limgz_0 |f9z — gfz| = 0.
Therefore, f and g are compatible.

1) Also called asymptotically commuting by Gairola, Singh & Whitfleld [12], Tivari & Singh [63].
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We remark that for a pair of weakly commuting maps on a metric space X, there
may not exist a sequence {z,} in X for which the conditions of compatibility are
satisfied (see Pant [29]). This means that there are weakly commuting maps which
may not be actually compatible but vacuously.

Example 2.3. Let X = R be endowed with the usual metric. Let fr = z and
gz = 14+2z. Maps f and g are weakly commuting, indeed commuting but there does
not exist a sequence {z,} in X for which the condition of compatibility is satisfied.
However fgr = gfr = 1+z, that is, d(fgz,gfz) = 0. Hence f and g may be called
vacuously compatible.

Definition 2.3 (Cho [4], Cho, Murthy & Jungck [6], Jungck, Murthy & Cho [21]).
Maps f and g are said to be compatible of type (A)? if lim, d(fgzn, g9zn) = 0 and
limp, d(9fzn, ffrn) = 0 whenever {z,} is a sequence in X such that lim, fz, =
lim, gz, = z for some 2 € X.

Definition 2.4 (Pathak, Chang & Cho [36]). Maps f and g are said to be compatible
of type (B)® if limy, d(f f#n, g92n) = 0 whenever {z,} is a sequence in X such that

lim,, fz, = lim, gz, = z for some z € X.

If f and g are continuous then compatiblity, compatible type (A), compatible
type (B) are equivalent (c¢f. Pathak, Cho, Kang & Lee [38, Proposition 2.6}).

Definition 2.5 (Pant [29]). Maps f and g are R-weakly commuting if there exists
R > 0 such that d(fgz,gfz) < Rd(fz,gx) for each z € X.

It is clear from the above definition that R- weakly commuting maps commute

at their coincidence point.

Definition 2.6 (Pant [29]). Maps f and g are pointwise R-weakly commuting on X
if given x € X there exists R > 0 such that d(fgz, gfz) < Rd(fz, gx).

Pant [30] also showed that f and g can fail to be point wise R-weakly commuting
only if there is some & € X such that Az = Sz but ASz # SAx, that is, only if they
possess a coincidence point at which they do not commute. Therefore, the notion

2) Cho [4] called it compatible type (@) in an FM-space. FM-space stands for Fuzzy Metric
space.

3) Also called type (8) by Cho, Pathak, Kang & Jung [7] in an FM-space and type (P) by Pathak,
Cho, Kang & Lee [38].
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of pointwise R-weak commutativity is equivalent to commutativity at coincidence
points.

Obviously weak commutativity of a pair of self-maps implies their R-weak com-
mutativity and the reverse implication is true only when R < 1 (see also Pant [29]).

Ezample 2.4 (Pant [29]). Let X = [1,00) and d be the usual metric on X. Let
fr =2z —1,g9z =22 for all z € X. Then for any

z € X,d(fgz,9fz) = 2(z — 1)%,d(fz, 9z) = (z — 1)?,

that is, d(fgz,g9fz) = 2d(fz,gx). Thus maps f and g are R-weakly commuting
(R = 2) but are not weakly commuting.

Definition 2.7 (Definition 1.2 in Pathak, Cho & Kang [37]). Maps f and g are
R-weakly commuting of type (Ay) if there exists R > 0 such that d(fgz, ggz) <
Rd(fz,gz) for all z € X.

Definition 2.8 (Definition 1.3 in Pathak, Cho & Kang [37]). Maps f and g are
R-weakly commuting of type (Ag) if there exists R > 0 such that d(gfz, ffz) <
Rd(fz,gz) for all z € X.

Notice that Definition 2.8 is obtained from Definition 2.7 by interchanging the
role of f and g.

Example 2.4 shows that f and g are R-weakly commuting but not R-weakly com-
muting of type (Ay), since, d(fgz, ggz) = (z% — 1)% and d(fgzx, ggz) > Rd(fz, gz)
for each > 1 and some R > 0 (e. g., take R = 3). Thus R-weakly commuting pair
of selfmaps need not be are R-weakly commuting of type (Ay).

The following example shows that a pair of selfmaps may be R-weakly commuting
and R-weakly of type (Ay).

Ezample 2.5 (Pant [32]). Let X = (2, 20] endowed with the usual metric. Let

2, if =2 .
) 2, if x=2o0rz>5
fxr= <12, if r<zx<5 and gzr= ]
] 6, if 2<x<5.
(x+1)/3, if 2>5

Pant [32] has shown that these maps are R-weakly commuting of type (Ay).
Further it is easily verified that they are R-weakly commuting maps indeed.

Pathak, Cho & Kang [37, Example 2.1], have shown that R-weakly commuting
maps of type (Af) need not be R-weakly commuting. Thus, for a pair of selfmaps,
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the two concepts, viz. R-weakly commuting and R-weakly commuting of type (Ay)
are independent.

Definition 2.9 (Jungck & Pathak [22]). Maps f and g are f-biased if and only if
{z,} is a sequence in X and limy,, fz, =lim, gz, = z € X, then

ad(fgTn, fzn) < ad(gfzn, gzys), if @ =liminf or a = limsup.

Jungck & Pathak [22, Remark 1.1] have shown that if the pair {f, g} is compat-
ible, then it is both f-biased and g-biased, but the converse is not true.

Ezample 2.6 (Jungck & Pathak [22]). Let X = [0,1], fz = 1 — 2z,g9c = 2z for
z €[0,1/2] and fzr =0,9z =1 for z € (1/2,1]. Then {g, f} are both g-biased and
f-biased but not compatible.

Definition 2.10 (Jungck & Rhoades [23]). Maps f and g are weakly compatible®) if
they commute at their coincidence points, that is, if fgz = gfz, whenever fz = gz
forz e X.

However, Singh [51] in 1986 and Singh & Pant [52] in 1988 used this concept
without giving any name while establishing common fixed point theorems for maps
on noncomplete spaces. Subsequently, this concept has been widely used, among
others, by Singh, Ha & Cho [54], Singh & Mishra (55, 56, 57, 58], Chadha (3], Dhage
[9] and Talwar [62, pp. 19-33].

Definition 2.11 (Definition 3 in Pathak & Khan [39]). Maps f and g are f-
compatible if

lim d(fgzr, 99n) = 0,

whenever {z,} is a sequence in X such that lim, fz, = lim, gz, = 2 for some
ze X.

Definition 2.12 (Definition 4 in Pathak & Khan [39]). Maps f and g are g-
compatible if

limd(gfzn, ffzn) =0
whenever {z,} is a sequence in X such that lim, fz, = lim, gz, = 2 for some
ze X.

4) Also called coincidentally commuting by Dhage (9], partially commuting by Sastry & Murthy
[43] and compatible type (N) by Shrivastava, Bawa & Singh [47].
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Notice that appropriate change of role of f and g in Definition 2.11 yields Defi-
nition 2.12.

If f and g are continuous, f-compatible, g-compatible, compatibility of type (A)
and compatibility of type (B) are equivalent (¢f. Pathak & Khan (39, Proposition
3], see also, Pathak, Cho, Kang & Lee [38, Proposition 2.6]).

Definition 2.13 (Singh & Mishra [55]). If for zg € X there exists a sequence {z,} in
X such that fr, 1 = gzn,n =0,1,2,..., then O(g, f;z0) = {fzn:n=0,1,2,...}
is an orbit for g and f. Maps f and g are weakly xg-preorbitally commuting if and
only if there exist a positive integer N such that d(fgzn,9fzn) < d(fzn,gzy) for
every zn(n > N) occurring in O(g, f; zo).

Definition 2.14 (Sahu, Dhagat & Srivastava [42]). Maps f and g are f-intimate if
and only if

ad(fgzn, fzn) < ad(ggzn, gzn),
where o = limsup or liminf and {z,} is a sequence in X such that lim, fz, =
lim, gz, = z for some 2z € X.

Sahu, Dhagat & Srivastava [42] have shown by an example that intimate maps
are more general than compatible maps.

Ezample 2.7 (Sahu, Dhagat & Srivastava [42]). Let X = [0,1] be endowed with
the usual metric. Let fr = 2/(x + 2) and gz = 1/(1 + z) for z € [0,1]. Let
{zn} = {1/n},n € N be a sequence in X. Then,

li'rllnfmn = liflngmn = l,lirrln |fgzn — frn| = 1/3,1i1r1n |99Tn — gzn| = 1/2.

Thus, lim, |fgz, — fza| < lim, |99z, — gzn|, that is, {f,g} is f-intimate. Also,
lim,, | fgzn — ggzn| = 1/6. Thus {f, g} is not compatible type (A).

The weak commutativity of a pair of selfmaps on a metric space depends on the
choice of the metric. This is true for compatibility, R-weak commutativity and other
variants of commutativity of maps as well. We illustrate this important fact by an
example.

Ezample 2.8 (Singh [52]). Let X = [0,00) be endowed with the usual metric. Let
fz=1+z and gz = 2+ z%. Then |fgz — gfz| = 2z and |fz — gz| = |22 — z + 1].
So, f and g are commuting at £ = 0 and are not weakly commuting on X with
respect to the usual metric. But if X is endowed with the discrete metric d, then
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d(fgz,gfz) = 1 = d(fz,gz) for x > 0. So, f and g are weakly commuting on X
when endowed with discrete metric.

Selfmaps f and g are always commuting at their common fixed points, and so
are weakly commuting, asymptotically commuting or compatible and so its other
weaker variants as well. We remark that if maps f and g have a common fixed point
z (say), then they belong to the following classes at z:

e Pointwise R-weakly commuting.
¢ R-weakly commuting.
o R-weakly commuting (Ay) type.
e R-weakly commuting (Ag) type.
e Weakly compatible.
e Compatible maps of type (A).
e Compatible maps of type (B).
e f-compatible.
e g-compatible.
This observation is easily verified from the fact that fz = 2 = gz implies that
gfz = fgz.

If f and g are weakly commuting at a point z € X and if z is their coincidence
point, that is, fz = gz, then d(gfz, fgz) = 0 and f,g are commuting at z. Thus
at a coincidence point, compatibility and weak commutativity of a pair of selfmaps
are equivalent to their commutativity (c¢f. Singh [52]). This observation applies to
compatible maps of various types (¢f. Pathak & Khan [39]) as well (see also Singh &
Mishra [57]). However, a pair of selfmaps may commute at their coincidence point
but may not be compatible on X.

Ezample 2.9 (Singh & Mishra [56]). Let X = [0,00) be a metric space with the

usual metric.

z, if z€(0,1) z
= d = —,
fe {1, it ze[lo0) 0 T U+a)

then f and g are not compatible on X but f and g are commuting at their coincidence

if re X,

point z = 0. Indeed f and g are weakly compatible.

The main purpose of these significantly weaker forms of commuting maps has
been to relax the commutativity of maps to a smallest subset of the domain of

maps.
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Now we discuss the commutativity and compatibility of a pair of selfmaps at a
point. We begin with the following example.

Ezample 2.10 (Tomar & Singh [64]). Let X = {2, 20],

2 if z=2
’ 1 v 2, if z=20rz>5
fr=<12+z, if 2<z<5 and gzx= )
. 8, if 2<x<5.
-3, if z>5
Here, fg2 = gf2. If we consider a decreasing sequence {z, } such that lim, z, = 5,

then limy,, fz, = lim,(z, —3) = 2 and
lirlingacn =2, fgr, = f2=2,9fzn, = g(z, — 3) = 8.
So limy, d(fgzn,g9fxrn) = 6, and f and g are not compatible on X. This is very

exciting to see that f and g are commuting at « = 2 and lim,, fz,, = lim,, gz, = 2,

but f and g are not compatible on X.

Thus unless the definition of compatibility at a point is modified, commutativity
at a point does not mean compatibility at the same point. But if one defines the
compatibility at a point (say = z) by only considering the sequence z,, = z, then
commutativity and compatibility at this point (z = z) are equivalent.

If the maps f and g are not continuous, then weakly compatible maps in general
need not be compatible of type (A) or compatible of type (B) or f-compatible or
g-compatible or other weaker forms.

Ezample 2.11. Let X = [0, 6] be a metric space endowed with the usual metric. Let
fo = z, Tf z €]0,3) and gz = 6 — z, Tf z € [0,3).
5, if z€3,6] 5, if z€l3,6

Notice that f and g are not continuous at z = 3. Let {z,} be a sequence such that
limp z, = 3,2z, < 3. Then lim, gz, = lim, 6 — 2, = 3 and lim, fz, = lim, z, = 3.
Moreover,

fgzn = f(6 —an) =5,9fan = g(zn) = 6 — Tn, ffTn = f(Tn) = Zn
and ggz, = g(6—x,) = 5 and so, f and g are not compatible since limy, d(fgTn, gfTn) =
limy, |5 — 6 4+ z,| = 2. Further
1i7rlnd(ffxn,ggmn) =lim|z, — 5| =2
n

and, f and g are not compatible type (B). However, we see that

fg3=f5=5,0f3=g5=5
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and f and g are weakly compatible but not compatible or compatible type (B).

Ezample 2.12. Let X = R be the metric space endowed with usual metric

fo= L, if z#£0 and gz = L, if 2#0
3, if z=0 4, if z=0.

Let {z,} be a sequence in X such that z,, = 22. Then

1 1
lim fz, = lim — = 0,lim gz, = lim — =0,
n n n n

n nd
Since
fozn = f ER ST fa, = LY 1o
gy = TL4 =n, g/Tn =g E =n,
1 1
ffen=f <$) =n'® ggz,=g (F) =nb,
we have

li1rlnd(fgxn,gg:cn) =00 and liyrlnd(gf:vn, ffzyp) = oo.

Thus f and g are neither f-compatible, nor g-compatible. Moreover f and g are
not compatible type (A). Further, lim, d(f fz,, ggr») = 0o shows that f and g are
not compatible type (B). One may notice that f and g are compatible.

commuting weakly R-weakly .{ compatible .| Biased |_
maps commuting commuting ”| maps | maps |
maps maps =  —
Preorbitally R-weakly R-weakly
commuting commuting maps commuting maps
maps (Ag) type (A type
Y Y
Jf-compatible maps g-compatible maps
¢ A 4 ¢
compatible maps

type (A)
A

Y

compatible maps
type (B)
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This shows that compatible maps f and g in general need not be f-compatible
or g-compatible or compatible type (A) or compatible type (B).

If maps are continuous, some of the definitions are related to each other as shown
above, wherein f and g are selfmaps of a metric space.

3. COINCIDENCES AND FIXED POINTS

A pair of selfmaps f,g9 : X — X is reciprocally continuous if lim, fgx, = ft and
lim, gfz, = gt whenever {z,} is a sequence such that lim,, fz, = lim, gz, =t for
some t € X Pant [31]. Pant [31] has shown that reciprocally continuous maps need
not be continuous.

The intent of this section is to drop reciprocal continuity and relax compatibility
to weak compatibility from the theorem of Pant {31]. Further the requirement of
completeness is also relaxed significantly. Let {A;},7 = 1,2,...,S5 and T are selfmaps
of a metric space (X,d), and

d(Az, T A;
Mi(z,y) = max{d(S:v,Ty),d(A1a:,Sm),d(Az'y,Ty), d(4z, Ty) ;d( iY), 5] }
Also let ¢ : Ry — Ry (where Ry is the set of non-negative real numbers) be upper

semicontinuous such that ¢(t) < ¢ for each ¢t > 0.

Theorem 3.1. Let {A;},i =1,2,..., S and T be selfmaps of a metric space (X, d).
If one of SX,TX or A;X is a complete subspace of X such that

(i) A1IX CTX and A; X CSX wheni>1,
(ii) d(Aiz, A2y) < (Mia(z,y)), whenever Mya(z,y) > 0,
(iii) d(A1z, Ayy) < Myi(z,y), whenever My(x,y) # 0.

Then:

(I) Ay and S have a coincidence,
(II) A; and T have a coincidence,
(III) A; and S have a common fized point provided that they are weakly compatible,
(IV) A; and T have a common fized point provided that they are weakly compatible,
(V) A, S and T, for each i, have a unique common fixed point provided that (III)
and (IV) both are true.
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Proof. Pick zp € X and construct sequences {z,} and {y,} in X in the following

manner.
Yon = A1T2n = TTonq1 and yont1 = A2Zony1 = STonyo,n =0,1,2,.. ..

Then it comes from Pant’s theorem (cf. Pant [31]) that {y,} is a Cauchy sequence.
Now let SX be complete. The sequence {yz2,+1} is contained in SX, and has a
limit in SX. Let it be u. Let v € S~1u. Then Sv = u. The subsequence {y2,} also
converges to u.
Now, we show that Ajv = u. If Ajv 5 u,
d(A1v, yan+1) = d(A1v, AsZon+1)
< &(Miz(v, z2n41)), by (ii)

= ¢ (ma.x {d(S’U, TIL'2n+1), d(Al'U, S’U), d(A2w2n+1’ Tx2n+1))
[d(A1v, Tzont+1) + d(A2zan+t1, SU)] })

2

Asn — o0,

d(Ayv,u) < d)(ma.x {d(Sv, w), d(Ayv, u), d(u, ), [d(A1v,u) + d(u, Sv)] })

2
= ¢(d(A1'U, u))
< d(A1v,u),

a contradiction. Therefore, Ajv = u. Thus Sv = Ajv = u, that is, 4; and S have a
coincidence. This proves (I).

Since A1 X C TX, Ajv = v implies u € TX. Let w € T~'u. Then Tw = u. Now
we show that A;w = u,i > 1. If A;w # u,

d(u, A;w) = d(Arv, Ajw) < My;i(v,w) = d(Asw, u),

a contradiction, Therefore A;w = u. Thus A;w = Tw = u, that is, A; and T have a
coincidence for each 7 > 1. This proves (II).

If we assume T'X is complete, then argument analogous to the previous complete-
ness argument establishes (I) and (II). If A;X is complete then u € A; X C TX.
Similarly if A;X is complete then u € A;X C SX. Thus (I) and (II) are completely
established.

Since A, S and A;, T are weakly compatible at v and w respectively, and Aju =
A18v = SAv = Su, Aju = A;Tw = TA;w = Tu,i > 1. This proves (III) and (IV).
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Now
d(u, Aju) = d(A1v, Au) < Myi(v,u)
= max{d(Sv, Tu), d(A1v, Sv), d(A;u, Tu), [d(A1v, Tu) + d(Aiu, Sv)]/2}
= max{d(u, A;u), d(u, u), d(Asu, Au), [d(u, Au) + d(Au, u)]/2}
= d(u, Aju),
a contradiction, therefore A;u = u. Similarly A;u = u. This proves (I1II) and (IV).

So, u = A;u = Aju = Su = Tu, that is u is a common fixed point of 4;,S and T
The uniqueness of the common fixed point follows easily. O

The following result is a slightly more interesting when the above theorem is
considered for three maps.

Theorem 3.2. Let Ay, Ay and T be selfmaps of a metric space (X,d). If one of
A1 X, Ay X or TX is a complete subspace of X such that

(i) A1X UAX CTX,
(11) d(Alma A2y) < ¢(M12($,y)), whenever Mm(l‘,y) > 0;

where Mio(z,y) = max{d(Tz,Ty),d(A1z, Tz), d(A2y, Ty), [d(A1z, Ty)+d(A2y, Tx)] /2}.
Then:

(i) A1, A2 and T have coincidences.
(ii) Ay, A2 and T have a unique common fized point if T is weakly compatible with
each of A1 and As.

Proof. Take § = T in Theorem 3.1 and {4, 42} = {4;},i=1,2,... O
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