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INJECTIVE HYPERBOLICITY OF PRODUCT DOMAIN

Ki SEonG CHOI

ABSTRACT. Let H; (A, M) be the family of all 1-1 holomorphic mappings of the unit
disk A C C into a complex manifold M. Following the method of Royden, Hahn
introduces a new pseudo-differential metric Sy on M. The present paper is to study
the product property of the metric Sy; when M is given by the product of two
domains Dj and D5 in the complex plane C, thus investigating the hyperbolicity of
the product domain D x D2 with respect to Sys metric.

1. Introduction

Let M be a complex manifold of dimension n and T(M) be the complex tangent
bundle on M. We define a differential metric on M by an upper semicontinuous

function

Fu : T(M) — R* U {0}
such that for each (z,¢) € T(M)
Fr(z,X8) = 1A Fa(2,6), Ae C

and
FM(Z,f) >0

for £ # 0. We say that Fj is a pseudo-differential metric if it satisfies
F M (Z ) 6) z 0

for (2,€§) € T(M) . M is said to be hyperbolic with respect to Fjs if ,for each
zo € M, there exists a neighbourhood U(z;) and a constant ¢ > 0 such that
Fu(z,€) 2 c l€]
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for z € U(z) and £ € T,(M).

Let H(A, M) be the family of all holomorphic mappings of the unit disk A c C
into a complex manifold M. The Kobayashi-Royden metric (KR-metric) is defined
by

Kum(z, &) =inf{|v| : 3f € H(A, M) such that f(0) = z, f/(0)v = £}.
where the inf is taken over all holomorphic mappings of A into M such that f(0) =

z, f'(0)v = €. In terms of a differential metric Fjs, the KR-metric may also be
written by

FM (z’ 5)
(£(0), 1(0))

KM(z,f):inf{ :3f € H(A, M) such that f(0)=z}
Fu

and the S-metric by

FM (Z, 5)
(£(0), f'(0))
where H1(A, M) denotes the class of all injective holomorphic maps of A into M
and the inf is taken over all f € H;(A, M) such thatf(0) = z.

The fact that the definition involves only injective holomorphic maps implies that

Sm(z,€) = inf{ :3f € Hi(A, M) such that f(0) = z}
Fy

Spr dominates the Kobayashi-Royden pseudo-differential metric K. However, it
is shown in [1] that for M = C\ {0}, Sy is a complete differential metric, while
Ky =0.

From the work of Siu [5] and Minda (3], it is known that if M is a Riemann
surface, then it is S-hyperbolic (i.e. hyperbolic with respect to Sps) unless it is
covered by the complex plane or the extended complex plane.

The present paper is devoted to investigating the behaviour of Sp,xp, for two
domains D; and Ds in the complex plane. We shall show in section 2 that if D; or
D, is the unit disk in C, then Sp,xp, = Kp, xp,- In section 3, it is shown that if
D, is hyperbolic with respect to Kp,, then A x D5 is hyperbolic with respect to
SAxD,-

2. S-metric in the unit disk

Let M and N be two complex manifolds. Let Fs and Fy be differential metrics
of M and N, respectively. Then max(Fys, Fy) defines a differential metric on
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M x N. Therefore, for each (z,w) € M x N,

max{FM(z7§)7FN(w:77)} .
max{Fy (£(0), f'(0)), Fn(g(0),4'(0))}
(f>g) € H(AaM X ‘V)7 (f,g)(O) = (z)w)}

Kyxn((z,w), (€ n)) = inf{

for (&,n) € T,(M) x T,,(N). By definition (See [1]),

maX{FA(ZaS),FD(wﬂ?)} .
max{Fa (f(0), f'(0)), Fp(g(0), g'(0))} °
(f)g) € III(A’A X D)7 (fvg)(o) = (Z’w)}

SAxD((va), (ga 77)) = lnf{

It is easily shown by definition that Saxp dominates Kaxp. Applying the
distance decreasing property of KR-metric for the projections

P:MxN—M, Q:MxN =N,

we have
Kyxn 2 max{Kp, Kn}-

The opposite inequality also holds for the KR-metric. In fact, we have: -

Lemma 1. Let M and N be two complex manifolds. Then

KMxN = max{KM,KN}.

Proof. See [1].

The same result is, however, not true for the S-metric (See [1]). But if we consider
the unit disk A in C and domain D in C, we obtain the following result.

Theorem 1. If A is the unit disk in C and D is the domain in C, then

Saxp =max{Kna,Kp} = Kaxp-
Proof. Let Fa and Fp be any differential metric of A and D, respectively. By the
definition of Kp(w,n), I € H(A, D) with 9(0) = w and, for any € > 0,

Fp (w7 77)
Fp(¥(0),'(0))

é KD(WJI) +eE.
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By the definition of Sa(z,£), 3p € S(A, A) with ¢(0) = z and the fact that both
KR-metric and S-metric coincide on the unit disc A (see [1]), we have

Fa(z¢) s
Fa(#(0),¢'(0)) S Saz,§) +e=Ka(2,§) +¢

Therefore, there exists an h = (p,9%) € S(A, A x D) with h(0) = (2,w) and

Saxpl(z,w), (§,m))

_ inf{ max{Fa(z,§), Fp(w,n)} :
maX{FA(f(O)a f/(o))a FD(g(O)a g/(O))}

(f,9) € S(A, A& x D), (f,9)(0) = (z,w)}

_ max{Fa(z8), Folw,n)}

= max{Fa((0),¢'(0)), Fp((0),9'(0))}

o { P20 _Fota) )
Fa(p(0),¢'(0))” Fp(¥(0),9(0))

< max{Ka(z,€) + ¢, Kp(w,n) +€}.

This proves that
Saxp((z,w), (&m) = max{Ka(z,&), Kp(w,n)}
Since Saxp dominates Kax p by definition, we have

S/—\XD((zaw)’ &m) = ma‘x{KA(z’g)’KD(w7n)} = KAXD((Z)w)v (&, 77))

3. S-hyperbolicity in product domain

Definition 1. Let M be a complex manifold furnished with a pseudo-differential
metric Fas. M s said to be hyperbolic with respect to Fir if, for each zo € M, there
exists a neighbourhood U(zg) and a constant ¢ > 0 such that

Fu(z,6) 2 c €]
for z € U(z) and & € T,(M).
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Theorem 2. Let M be any domain in C with M # C. Then

€
Sm(z,8) 2 B

where §(z) denotes the distance from z € M to C\ M.
Proof. See [1].

From Theorem 2, M = C — {0} is S-hyperbolic (i.e. hyperbolic with respect to
Sa). In the following example, we will show that M x N may not be S-hyperbolic
(i.e. hyperbolic with respect to Sprxn) even if M and N are S-hyperbolic.

Example 1. Let (1,1) € M x M and (1,+/2) € C?. The function h, € H(A, M x
M) defined by

ha(A) = (frr gn)(X) = (€™, €2

is injective. Indeed, if A\; and A, are distinct points of A such that h, (A1) = hn(A2),
then
n()\g - /\1) = 2rkqi, ki1 € Z

n(ie — )\1)\/§ = 2mkat, ko € Z.

Therefore, we get V2 = fla € Q, which is a contradiction. Since,
hn(o) = (fn(o),gn(o)) = (1a 1)

h1,(0) = (£4(0),95(0)) = (n,V2n),

Swer{(1,1), (1,V2)} £ max{Fy (1, n), Fu(1,v2n)}  n’

Since n is arbitrary, Spxar{(1,1), (1,v/2)} = 0. i.e. M x M is not S-hyperbolic.

Theorem 3. Let D be a domain in C. If D is hyperbolic with respect to Kp, then
A x D is S-hyperbolic.

Proof. Since A is S-hyperbolic, there exists a neighbourhood U(z) of 2o and a
constant ¢; > 0 such that if z € U(zp), then Sa(z,£) 2 ¢1 |£]. We can choose
€1 > 0so that {z € C| |z — 20 < e1} C U(20) -
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Since D is hyperbolic with respect to Kp, there exists a neighbourhood U (wp)
of wp and a constant cp > 0 such that if w € U(wp), then Kp(w,n) 2 c2 |n|. We
can choose €2 > 0 so that {w € C| |w — wo| < €2} C U{wp) -

Put ¢ = min{c;, c2}. Then, by Theorem 1,

SAXD((Z> LU), (5) 77)) = ma,x{KA(z, 6)7 KD(LU, 77)}
2 max{cy [€], c2 [n]}
2 ¢ max{[¢], |n|}

for all (z,w) in {(2,w): |z — 20| <1, |w—wo| < &2}
Hence A x D is S-hyperbolic.
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