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1. Introduction

Let P be a probability measure on the real line with Lebesque-density f . The
usual estimator of the distribution function (= df) of P for the sample z1,-- ,z,
is the empirical df:

n
Fa(t) =n7") 1_on(zi)-
=1

But this estimator does not take into account the smoothness of F, that is, the
existence of a density f. Therefore, one should expect that an estimator which is
better adapted to this situation beats the empirical df with respect to a reasonable
measure of performance.

Since we assume a nonparametric situation an estimator of the form:

Bo=[ fwd,

where f, is an estimator of the density f, suggests itself. We shall study such E,
for kernel-type density estimators f,.

Kernel-type estimators of a density were introduced by ROSENBLATT (1956)
and PARZEN(1962). They are of the form:

alt) = (nen) ™ Y K((t = ) ),
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where the kernel k fulfills [ k(z)dz = 1 and the so-called bandwiths or window-

withs n € N, are positive numbers which tend to zero as n increases. The use of

kernels k¥ which may take negative values was suggested by BARTLETT (1963).
This estimator i1s motivated by the law of large numbers, which implies:

Falt) ~ / (k(t — )/an)f(z)dz

if n is large, and the fact that under appropriate conditions on f and k:

ot / B((t — 2)/en) @)z w0 F(F)

which is BOCHNER’s Theorem.

Because of their simple forms as sums of independent identically distributed
random variables there has been a great interest in kernel density estimators. See
for example the survey articles by SCOTT et al. (1977) and WERTZ (1978). One
should further mention that besides their appealing concept rigorous arguments
recommending kernel density estimates over computing procedures were given by

FARRELL(1972) and MEYER(1977).

Define therefore the estimator F‘u of F for the sample z4, -+, z, by:

Fu(t) = /_ fa(t)dt =n=1 S K((t - 2:)/an)

i=1

where

an > 0 and K(z) i= /_ oo k(y)dy, / k(2)dz = 1

Several properties of F, are well-known for a number of years. Its uniform con-
vergence to F' almost sure, for example, was stated by NADARAYA (1964), WIN-
TER(1973) and YAMATO (1973). Moreover, WATSON and LEADBETTER(1964,
Theorem 6) proved the asymptotic normality of F,, and WINTER. (1979) showed
that it has the CHUNG-SMIRNOYV property, that is,

lim sup(2n/log logn)? sup|E,(t) — F(t)| < 1
neN teR



A STUDY ON RELATIVE EFFICIENCY 21

almost sure.

But the question whether F,(¢) is a better estimator of F(t) than the empirical
df remained open since it was partially answered by REISS (1981) and AZZALINI
(1981). A complete solution is given by the present article.

2. Relative efficiency and deficiency.
Let m > 1 and t be a fixed real number. Assume that F(¢) € (0, 1) and that
the dfF fulfills the following smoothness condition at the point t:

|[F(2) =) ai(e — )| < Ale —¢™F! (1)

=0

for every real © where a;, t =0, 1, --- |, m, are real numbers and A > 0. Obviously,
a;; = F(t) and a; = f(t). Further, if the kernel k£ has a bounded support, then it
suffices, throughout the article, to assume that (1) holds for all z in a neighborhood
of t.

We shall consider the following class of kernels:
Ky :={keli(R): /k(m)dm =1,
/xtk(w)dw =0,:=1, ---, m, /lxm"'lk(:c)ld:c < oo}

where Ly(I):={g: I - R, [|g(z)|Pdz < oo} for p > 0 and I being an interval in
R. Put g(z) := 2k(z)K(z) and p, := fl:"n(t)dp”. If m > 2 it is clear that k cannot
fulfill the condition k > 0. However, the bias p, — F(t) is reduced in absolute value
with m increasing. Next we define the concept within which we shall compare F,
and F,.

It was alredy proved by NADARAYA ((1964). Theorem 1) that F,(¢) has asymp-
totically the same mean and variance as F,(t). Thus, a sharper result is necessary
in order to be able to distinguish the performance of these estimators.

To this end we denote by i(n) the sample size which is needed so that the
empirical df has the same (or a smaller) mean square error as F,(), that is

i(n) := min{k € N : / (Fi(t) — F(£))2dpk < / (Bult) — F(2)2dp™)
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where P" denotes the n-fold independent product of P.

Now, a comparison of the two estimators F},(t) and F,(¢) is made by comparing
i(n) with n. This can be carried out by considering the ratio i(n)/n or the difference
i(n)-n. The ratio i(n)/n is usually called relative or first order efficiency while the
difference i(n)-n is known as second order efficiency of deficiency. The limit values
rlzler?\/ i(n)/n and 71116% (i(n) —n) are called, if they exist, asymptotic relative efficiency

and asymptotic deficiency, respectively. The concept of deficiency was introduced
by HODGES and LEHMANN (1970) while earlier comparisons had been based
mainly on the ratio i(n)/n

The following representation of the mean square error of F,(¢) is essential to our
considerations:

n [(E) - Po)Papn

= (n— 1)(un — F®)? + / K((t - z)/an)* P(dz) — F(t)
C2F(t)( — F(1)) + F()(1 — F(2)) @)

This leads to the following lemma, which is immediate from integration by parts
and formula (2.2) in REISS (1981).

Lemma 1. Let F be an absolutely continuous df which fulfills condition (1). Then,
ifozn —neN 0,

[Ew) - Faypans [(ma) - Foyapr

= 14 < ntn = F() = an(F(t) [ Ha)eda > /F(O(1 = F(B) +O(a?)

From Lemma 1 one can easily deduce the following result which states that a
kernel type estimator of the df F with fixed kernel does not have an asymptotically
better performance on the level of efficiency than the empirical df. This was to be
expected, for example, by Theorem 1 in NADARAYA (1964).

Proposition 1. Let P be a probability measure with absolutely continuous df F'.
Assume that F fulfills condition (1) for somem > 1 at a fixed point t. Let ap, —nen
0, Then, for every k € K,, :

@) Limi(n)/n <1



A STUDY ON RELATIVE EFFICIENCY 23

and
() limi(n)/n <1 if f lim n(pn — F(#))? =0

Since |pn — F(t)| = O(a™*!) (see formula (2.2) in REISS (1981)), we can always
ensure that hEI% n(pn — F(t))? = 0 by letting o quickly tend to zero. Then Propo-

sition 1 implies liglV i(n)/n = 1, no matter, which particular kernel is considered.
n

Thus, at this point of investigations we cannot distinguish between the asymptotic
performance of different kernels when compared to the empirical df. To this end
we have to do considerations on the level of relative deficiency.

It was shown by REISS (1981) that under the above conditions on F and if
J zk(z)K(z)dz > 0, one can choose an, n € N, such that:

z(n) -—n> c77‘1-—1/(2m+1)

Here c is a positive constant which depends on F and t. Thus, the relative

deficiency of F,(t) with respect to F,(t) quickly tends to infinity as the sample
size increases. A similar result for the case m=1 has been stated independently by

AZZALINT (1981).

Thus, our results enable us to decide exactly whether a given kernel estimator
should be prefered to the empirical df simply by computing the sign of [ zk(z)K (z)dz.
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