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REGULAR CLOSED BOOLEAN ALGEBRA IN THE SPACE
WITH EXTENSION TOPOLOGY

SHANGMIN CAO

ABSTRACT. Any Hausdorff space on a set which has at least two points has a regular
closed Boolean algebra different from the indiscrete regular closed Boolean algebra
as indiscrete space. The Sierpinski space and the space with finite complement
topology on any infinite set etc. do the same. However, there is Tp space which does
the same with Hausdorff space as above. The regular closed Boolean algebra in a
topological space is isomorphic to that algebra in the space with its open extension
topology.

1. The space with closed extension topology

Let (X,7) be any non-empty space and p ¢ X. Suppose X* = X U {p} and
™ ={UU{p}:U € 7} U{@}. (X* 7%) is called the space with closed eztension
topology of (X, 7). Assume that  and Q* denote the families of closed sets in (X, 7)
and in (X*,7*) respectively. It is clear that Q* = QU X*. If Z, and E} are the
neighborhood systems of z in (X, 7) and in (X*, 7*) respectively, then U € =, if
and only if U* = U U {p} € E} for any z € X, and U* € Ej if and only if there is a
set U € 7 such that U* — {p} D U. Let ¢ (resp. ¢*) denote the closure and i (resp.
*) the interior operations in (X, 7) (resp. in (X*,7%)).

Proposition 1.1. For any A C X™*,

x* if p€ A

Proof. For any ¢ € X,
U; € E;
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if and only if
there is U, € E; such that Uy = U, U {p}, U, € =,

if and only if

U; =U,U{p} €E;.
It follows that = € c¢*(A) if and only if z € ¢(A), that is, ¢*(A) = c(A) whenever
p ¢ A. Furthermore, the equalities

c(Au{p}) = c*(A)uc*({p}) = X~
hold since c*({p}) = X*. O

Proposition 1.2. For any A C X*,

A = 12 if A,
“ {i(A—{p»u{p} if pe A

Proof. For any € X and any U} € E%, p € U* so U* is not in A when 4 C X.
It follows that = ¢ *(A), that is, i*(4) = @. If p € A, then i*(4) — {p} € 7 s0
i*(A) — {p} C i(A — {p}). Finally, we have i*(A4) = i(A - {p}) U {p}. O

Corollary For any A C X*,

6 (4)) = {rz ifp ¢ 4,

X* ifpeA

It is known that K(X) = RC(X) which is the family of all regular closed sets
in (X, 7) is the regular closed Boolean algebra (see Kuratowski and Mostowski [2]).
From above, it is clear that RC*(X*) = {&, X*} which is the family of all regular
closed sets in (X*,7*).

We call the Boolean algebra in the space with closed extension topology indiscrete
regular closed Boolean algebra because it has only two trivial elements and is same
with the Boolean algebra of indiscrete topological space. The Sierpinski space and
the space with finite complement topology on any infinite set have also the indiscrete
regular closed Boolean algebra. According to these facts we can assert that different
topological spaces can have same regular closed Boolean algebra though they are not
homeomorphic each other. However, it is easy to see that the regular closed Boolean
algebra in topological spaces which are homeomorphic each other are isomorphic each

other, that is, regular closed Boolean algebra is a topological invariant property (see
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Maunder (3]), since all of the operations interior, closure, union, intersection and
complement of sets can be changed their position with a homeomorphism function
(see Cao [1]).

Let (X, 7) be the discrete topological space. The family of regular closed sets
in (X,7) is K(X) = 2%X. The regular closed Boolean algebra in (X,7) is called
a discrete regular closed Boolean algebra in which Ae B = AN B, A’ = A° and
Ao B =(A-B)U(B— A); so o is just the symmetric difference.

Theorem 1.1. Any Hausdorff space on a set which has at least two points has a
regular closed Boolean algebra different from the indiscrete regular closed Boolean
algebra.

Proof. Let (X, 7) be a Hausdorff space. If X is a finite set, then the conclusion is
correct since any Hausdorff space on a finite set must be a discrete topological space
so it has the discrete regular closed Boolean algebra.

If X is an infinite set, for any z # y € X, there are U € Z; and V' € E, satisfying
UNV=gso X#X-U#oand V Ci(X —U). And we have

B#c(V)Ce({X -U))Ce(X-U)=X-U #X.
Finally, we get c(i(X — U)) € K(X) and that the conclusion holds. O

Now we give a counterexample below to prove that the idea which asserts that
the regular closed Boolean algebra in any non-Hausdorff space must be an indiscrete
regular closed Boolean algebra is wrong.

Example. Let (Y,7;) be a Sierpinski space, (Z,7;) a discrete space on a non-
empty set, and Y N Z = &. We construct a new topological space (X, ) satisfying
X=YUZand 7= {AUB: A € 1,B € 12}. Through calculating, it is not difficult
to see that @ # {Z — B: B € 1} C K(X), so that K(X) # {@&,X}.

Remark. The regular closed Boolean algebra in the space with closed extension
topology has only one atom (see Kuratowski and Mostowski [2]), that is, X*. The
regular closed Boolean algebra in a Sierpinski space and that in indiscrete topological
space has also only one atom respectively.

2. The space with open extension topology

Let (X,7) be any non-empty space and p ¢ X. Suppose X* = X U {p} and
describe a topology 7* on X* by calling a set in X* open if and only if it is X*
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or in 7. We call (X*,7*) the open extension of (X, 7) since other than X* itself
the open sets of 7* are just the open sets of 7. That is, 7* = 7 U {X*} and
QO = {AU{p}: A € Q} U {@}. From above, it is obvious that the following
propositions hold.

Proposition 2.1. For any A C X*,

i(4) if p¢ A,
i"(A)=qi(A-{p}) ifpecA#X"
X* if A=X*.

Proposition 2.2. For any A C X*,
& if A=0,
c*(A) = { c(A) U {p} if O£ ACX,
c(A-{phu{p} ifpeA

Proof. If & # A C X, then
c'(A)=X"—i"(X" - A) = [X —i(X — A)]U{p} = c(4) U {p}.
If p € A, we have c*(4) = X U {p} — *(X U{p} — A) = ¢(4 - {p}) U {p}. O
Corollary. For any A C X*,
7] if A=,

c*(i*(4)) =  c(i(4)) U {p} f o#£ACX,
ci(A-{p))U{p} fpeA

Proof. If @ # A C X, then ¢*(i*(4)) = ¢*(i(4)) = c(i(4)) U {p}. Ifp € A # X*,
we have
c*(i*(4)) = ¢*(i(A - {p})) = c(i(A - {p})) U {p}
and, when 4 = X*, ¢*(i*(4)) = X* = ¢(i(4 — {p})) U {p}. a
From the corollary above, we can get the following propositions easily (see Propo-

sitions 2.3~2.6).

Proposition 2.3. Ifp € A, then A € RC*(X*) if and only if A — {p} € RC(X).

Proposition 2.4. Ifp ¢ A # &, then A € RC(X) if and only if
AU {p} € RC*(X™).
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Proposition 2.5. If A € RC*(X*), thenpe A or A = &.
Proposition 2.6. K*(X*) = RC*(X*) = {AU{p}: A € K(X)} U {o}.

Definition 1. The retraction regular closed function f : K*(X*) — K(X) is defined
by

A* — if A*
f(A*)={z v e

for any A* € K*(X™).

Proposition 2.7. Any retraction regular closed function is a bijection.

Proof. For any A € K(X), if A = & then there is A* =@ € K*(X*) and if A # @
then A* = AU {p} € K*(X*) such that f(A*) = A. So f is a surjection. For any
A* # B* € K*(X*), we have A* # & or B* # @.

Without lose of generality, we suppose that A* # &. According to Proposi-
tion 2.5, we have p € A*. It follows that

f(A") = A" - {p} # B" — {p} = f(B")
since ¢*(i*({p})) = @ # {p} and {p} ¢ K*(X"). O

Proposition 2.8. For any A* € K*(X*), [A*]x. = [A* — {p})x U {p}.
Proof. The situation can be divided into the following three cases.
Case 1: A* = @. We have [A*)y. = X* = [& — {p}]’x U {p}.
Case 2: @ # A* C X. It is clear that [A*], = c(i(X* — A* — {p})) U {p} since
p € X* — A*. On the other hand, it is easy to see that
[A* — {p}Hx U {p} = [A"]x U{p} = c(i(X — 4") U {p}.
So the conclusion holds.
Case 3: p € A*. Since p ¢ X* — A*,

(A = c(i(X™ — A%)) U {p} = [4" — {p}]x U {p}. O
Proposition 2.9. For any A* € K*(X*), f([A*]x.) = [F(4")]%.

Proof. This situation can be divided into the following four cases.

Case 1: A* = @. It is clear that f([A*]x.) = f(X*) = X = [@]% = [f(4")]%-



76 SHANGMIN CAo
Case 2: A* = X*. We have f([4*]k.) = (@) = @ = [X]y = [f(X")]k.
Case 3: p¢ A* # @&. Because p € X* — A*,
F([ATx) = f(e(i(X" ~ A" ~ {p}))) U {p} = [4*x = [F(4")]k.
Case 4: pe A # X*. From p ¢ X* — A*, we can get that
F([A%x.) = fe(i(X™ — A7) U{p}) = c(i(X* ~ 4%)) = [A* — {p}]x = [F(4")]k-
O

Proposition 2.10. For any A* # @ # B* € K*(X*), there are A,B € K(X) such
that A* ex. B* = (A ex+ B) U {p}.

Proof. From Proposition 2.6, for any A* # @ # B* € K*(X*), there are A,B €
K(X) satisfying A* = AU {p} and B* = B U {p} so that

A* [ )'¢ B*Z(AU{p}) ®x* (BU{p})=(AoX: B)U{p} d

Proposition 2.11. For any A # @ # Be€ K(X), Aex« B=(Aex B)U{p}.

Proof. Since p ¢ AN B, we have Aex« B =c(i(ANB))U{p} = (Aex B)U{p}. O

Proposition 2.12. For any A*, B* € K*(X*), (A*ex+ B*)—{p} = f(A*)ex f(B*)

Proof. 1t is clear that the equality holds if A* = @ or B* = @. If A* # & and
B* # @, then there are A,B € K(X) such that A = A* — {p} = f(A*) and
B = B*—{p} = f(B*). From these equalities we can get (A*ex+B*)—{p} = Aex. B,
using Proposition 2.10. According to Proposition 2.11, we have Aex« B= Aex B
so (A* ex+ B*) — {p} = Aex B = f(A*) ex f(B"). a

Proposition 2.13. For any A*, B* € K*(X*), f(A* ex+« B*) = f(A*) ex f(B*).

Proof. 1t is obvious from Proposition 2.12 and Definition 1. g

Proposition 2.14. For any A*, B* € K*(X*), f(A* U B*) = f(A*)U f(B*).

Proof. 1t is clear that the equality holds if A* = @ or B* = &. Suppose that A* # @
and B* # @. We have

f(A*UB") = (A"UB") - {p} = (A" - {ph U (B* - {p}) = f(A") U f(B*). O
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Proposition 2.15. For any A*, B* € K*(X*), f(A* ox+ B*) = f(A*) ox f(B*)

Proof. Through calculating we can get the equality from Propositions 2.14, 2.13
and 2.9. a

From above, we can easily prove the following theorem:

Theorem 2.1. The regular closed Boolean algebra in a topological space is isomor-

phic to the Boolean algebra in the space with its open extension topology, that is,
K*(X*) 2 K(X).

The retraction regular closed function is an isomorphism from the regular closed
Boolean algebra in a topological space into that in the space with its open extension
topology.

Definition 2. An element a of a Boolean algebra is called an atom if a # 0 and for
each z the relation z < a implies z =0 or z = a.

Proposition 2.16. A set A C X is an atom of the regular closed Boolean algebra
K(X) in topological space (X, ) if and only if AU {p} is an atom of the reqular
closed Boolean algebra K*(X*) in the space (X*,T*) which has the open extension
topology of (X, T) where p belongs to X* but to X.

Proof. Since (AU {p}) ex~ (BU {p}) = (Aex B) U {p},
(AU {p}) ex- (BU{p}) = BU {p}

if and only if Aex B = B. So that AU {p} is an atom in K*(X™) if and only if A
is an atom in K(X). ' O

It is easy to see that the number of atoms in regular closed Boolean algebra K (X)
is just that in K*(X*). Any atom in K*(X*) must not be a singleton, in fact, at
least two points.
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