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THE NIELSEN ROOT NUMBER FOR THE COMPLEMENT

Ki-YEOL YANG

ABSTRACT. The purpose of this paper is to introduce the Nielsen root number for
the complement N(f; X — A, ¢) which shares such properties with the Nielsen root
number N(f;c) as lower bound and homotopy invariance.

1. INTRODUCTION

In Nielsen fixed point theory, the relative Nielsen number N(f; X, A) is introduced
in Schirmer [5], which is the better, and ideally sharp, lower bound for the minimum
number of fixed points in the relative homotopy class of f : (X, 4) — (X, A).

Zhao [7] considered the minimum number M F[f; X — A] of fixed points on the
complement X — A and defined the Nielsen number on the complementary space,
N(f; X — A) which is a lower bound for MF[f; X — A|, and has the same basic
properties as N(f; X, A).

The Nielsen root number N(f;c) of amap f: X — Y at a point ¢ € Y is
a homotopy invariant lower bound for the number of roots at ¢, that is, for the
cardinality of f7!(c). Similarly, Yang [6] defined the relative root Nielsen num-
ber N(f;X,A,c) which gives us a better lower bound for the minimum number
MR|[f; X, A,c] of roots in the homotopy class of the map f : (X, A) — (Y, B), that
is N(f; X,A,c) > N(f;c).

It is the purpose of this paper, to determine the minimal number MR[f; X — A, ]
of roots on the complement X — A. The Nielsen root number on the complementary
space, N(f; X — A,c) is defined, which is a lower bound for MR[f; X — A, c], and
has the basic properties. The method used here follows that of Zhao [7].
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2. WEAKLY COMMON ROOT CLASSES

Let f : (X,A) — (Y,B) be a map of pairs of compact polyhedra with X, Y
connected. We denote the set of roots of f at ¢ € B by

I(f,c)={z € X | f(z) = c}.
We shall write f : A — B be a restriction of f : (X,4) = (Y,B) to A and
I'(f,c) =T(f,c)nAifce B.

Throughout this paper ¢ will be a point of B C Y. For this map f, let A= Up—1 Ak
be the disjoint union of all components of A such that for each k, A; is mapped by
f into some component B, (containing c) of B.

Then we shall write fi : Ay — B, for the restriction of f to A;. And we have a
morphism of maps

4, L B,
Jo b

X—f—>Y

where iy, j are inclusions. The spaces X,Y are connected to have universal covering

spaces. The universal covering will be denoted by p : X 5 X,q:Y > Y and

Pk : A — A, qc: B.— Be,k=1,---,n. And ~ denotes a covering translation.
For each k, we pick a lifting (ik,j) of (ix, 7) such that the diagrams

Ay 5 X B. X v

Pkl lp and qcl lq

Ag LI e B, —J-——> Y
commute.

This i%(j) determines a correspondence ik life (jug) from liftings of fi to liftings
of f.

Lemma 2.1. Given fi of fi and i of ix and j of j there exist a unique lifting f of

f such that
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THE NIELSEN ROOT NUMBER FOR THE COMPLEMENT 63

Proof. Pick a point Zg € Ay and let é = fk(i‘o) € B.. Then there exists a unique
lifting f of f such that j(¢) = f(ix(%0)). 7 © fr and f o i are liftings of the same
map jo fr = foig: Ay — Y and they agree at Zo.

By the unique lifting property of covering spaces, we have

jofe=7Foir O

Definition 2.2. Two liftings fi and f2 of f: X — Y are said to be conjugate if
there exists a covering transformation = : X — X such that fl = fz o ~. Lifting

classes are the equivalence classes by conjugacy.

Lemma 2.3.
(a) T(f;c) =UppT(f;0). o
(b) pr(]il;é) __‘pr(.fZ;é) fol ~ ]j2 (l 6;, [fl] = [fz])
(c) pT(f1;8) NPT (f2;¢) = @ if [f1] # [fa]-

Proof.
(a) If 2o € I'(f;¢), pick &o € p~}(zo). Then there exists f such that f(Zo) = ¢.
Hence zy € pl"(f; é).
(b) Let fi = faon. If 2 € I(f1;¢), then fi(&) = faov(&) = & so that
(&) € T(f2;8). Thus yT(f1;8) = T'(f2;€). Hence pT'(f1;€) = pI'(f2; 8).
(c) Ifz € pT(f1;&) NpT(fo; ), then there are Z1, & € p~1(z) such that fi(F;) =
¢ and fa(Z2) = & Suppose &, = vZ3. Then fi(yZ2) = f2(#2)(= €). Thus

fiv=1Fo, e, [Al=I[fa] O

The subset pI'(f; &) of I'(f; ¢) is called the root class of f determined by the lifting
class | f] Define 2k,1ift( fk) =fifjo fi=foir And Zk,lift induce a correspondence
from lifting classes of f, to lifting classes of f, which is independence of the choice
of lifting ik, of i) and is determined by i), itself. It is denoted

i : C(fr) = C(f)

where C(f) is the lifting class of f.
Recall that a root class is always labelled by a lifting class, and we have

Proposition 2.4. Every root class of fr : Ap — B, belongs to unique root class of
f: X =Y. When pi F(fk;c) is non-empty, pi F(fk;c) belongs to pl"(f; ¢) if and
only if if[fx] = [f].
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Let H : fo ~ f1 : (X,A) — (Y, B) be a relative homotopy between fy and fi,
z; € I'(fi;¢) and R; a root class in IV(f;; ¢) containing ;. If there exists in X a path
a from zg to z; such that

[A(H, a)] = [d],

then z¢ and z; are said to be in correspondence under H and denoted by zqHz1,
where A(H, ) is a diagonal path defined by A(H,a)(t) = H(a(t),t),0 <t < 1.
This relation zgHz, induces a correspondence from R, to Ry under H, which is
denoted by RoHR,.

Let f: (X,A) — (Y, B) be a mapping under H : f ~ H(-,1) : (X, A4) — (Y, B)
a relative homotopy. Let the root class in I''(f;c) be denoted by R. If R € I'(f; c)
corresponds to a root class € IV(H(-,1);c) under any such H, then R is called an
essential root class.

As Zhao [7] has defined, we have a similar definition in the case of roots.

Definition 2.5. A root class pI'(f;¢) of f : X — Y is a weakly common root class
of f and f if it contains a root class of f : Ay — B, for some k. It is an essential
weakly common root class of f and f if it is an essential root class of f as well as a
weakly common root class of f and f. We write E(f, f;¢) for the number of essential

weakly common root classes of f and f.

Theorm 2.6. A root z¢ of f belongs to a weakly common root class of f and f (at
¢) if and only if there is a path o from zg to A such thatc~ foa:1,0,1 =Y, ¢, B.

Proof. “=" Let z¢ belong to a weakly common root class pI'( f ;c) of f and f at
¢ € B.. Suppose & € p~!(zo) and f (Zo) = €. By assumption, there is a lifting fi of
fx 1 Ay, = B so that (ix)ue(fi) = f. Pick a point & € ix(Ay), then f(a),é € j(B.).
Take a path & in X from &g to a. Since Y is l-connected, there is a homotopy of

the form
¢~ foa:1,0,1-Y,f(F),7(B.)
Projecting down to Y, we have

¢~ foa:1,001>Y,c,B

where a = g o a.
“&" Suppose zg € pI'(f;¢), o € p~xo) and f(Zp) = é Lift a path « from Zg to
get a path & in X. Let a = a(1) € Ag,b = fr(a) € B,, and pick @ € (pr)~*(a),b €
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(gc)~}(b), then there are liftings ik, J (resp.) of g, j (resp.) such that

~ ~ y ——

(Ad) —25 (X,6(1)  (Bob) —1o (7,Foa(1))

Pkl pl ) qcl lq (resp.)

(4k,a) =2 (X,a) (Bob) —2—=  (V,b)

commute (see Jiang [2, p. 42, Proposition 1.2 (i)]). Let H : I x I — Y be the
homotopy from foa toc,i.e., H(t,0) = foa, H(t,1) = c. Then m determines a
lifting H : I x I = Y of H. Denote 3 the path {H(1, $)}o<s<1 in Be. Lift the path
B:I — B, from b to get a path 3 in B, then j o B:1—Y is a lifting from ]?&(1)
in Y of the path j o 8.

By the unique lifting property of covering spaces, we have H (1,s) = jo ,@(s)
Then j o 3(0) = H(1,0) = f/;a(l) and jofB(1) = H(1,1) = &, there exists a unique
lifting f, of fi : Ax — B such that fi(@) = 8(0) = b. Thus j o f5(a@) = f o ix(a).
By the unique lifting property of covering spaces, we have jo fk = f o i, ie.,
f = Gi)us(fr). This implies [f] = iZ[fx], i-e., pT(f;¢) is a weakly common root
class of f and f. a

Corollary 2.7. A root class of f : X — Y containing a root on A is a weakly
common root class of f and f.

In Yang [6], the number N(f, f;c) of essential common root classes of f and f is

introduced, and we have
Proposition 2.8. N(f, f;c) < E(f; f,¢) < N(f;0).

Proof. By the Corollary 2.7 and Yang [6, Definition 2.1], we know that a common
root class is always a weakly common root class. This implies the left inequality.
The right one is obvious. 0

Theorm 2.9 (Homotopy Invariance). If two maps fo ~ f1: (X, A) — (Y, B) are
homotopic, then E(fo, fo;¢) = E(f1, fi;c).

Proof. Let (h¢, hs) : (X, A) — (Y, B) be a (relative) homotopy between fp and f;.
There exist a bijection {h:} : T'(fo) — I'(f1). It suffices to show {h;} sends weakly
common root classes to weakly common root classes. Let pI'( fo;c) be a weakly

common root class of fy and fo, then there exist a component Aj of Aanda lifting
class [for] of for : Ax — Be such that i%[fo,] = [fol.
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Let {hg.}, which is the restriction of h; to A, send [f};;] to | Ec], then we have

a commutative diagram

For) 22hy (7]

ik*l Jvik‘

) 5 (Al
Thus, {hs} send [fo] to [f1] = ix*[fi,], we get the conclusion. O

In general, E(f, f;c) is different from N(f, f;c). A simple example is the identity
map f : (§,J) = (S,J) of the pair of unit circle and its subset J = e* (- <
§ < %). Let ¢ = (1,0) € J, it is easy to see that N(f;c) = 1, N(f;c) = 0. And by
definition N(f, f;c) = 0. But E(f, f;c) = 1.

Definition 2.10. The number of essential root classes of f : X — Y which are
not weakly common root classes is called the Nielsen root number of f on the
complementary space X — A, denoted N(f; X — A, c¢).

By definition N(f; X — A, c) is a non-negative integer, and
N(f;X = A,c)+ E(f; f,c) = N(f;c).
And we also have the basic properties of N(f; X — A, c).

Theorm 2.11 (Lower Bound). Any map f : (X, A) — (Y, B) has at least N(f; X —
A,c) roots on X — A. Thus N(f; X — A,c) < MR[f; X — A,(].

Proof. Recall that each essential root class contains at least one root. By Corollary

2.7, we shall get the conclusion. a

Theorm 2.12 (Homotopy Invariance). Let (X, A), (Y, B) be pairs of compact poly-
hedra with X,Y connected. If the maps fo, f1 : (X,A) — (Y, B) are homotopic,
then

N(fO;X—AaC) =N(f1;X_A7c)'

Proof. 1t is known (cf. Kiang [3, p. 129, Theorem 4.14]) that N(fo;¢c) = N(f1;¢),
and E(fo, fo;c) = E(f1, fi; ¢) from Theorem 2.9.
By definition of N(f; X — A, c¢), we have the conclusion. |
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3. COMPUTATION OF N(f; X — A,c)

Theorm 3.1. Let f : (X,A) — (Y,B) be a map of pairs of compact polyhedra.
If there is a component Ay of A such that Jr @ i (Be) = m(Y) is onto, then
N(f; X — A,¢) =0.

Proof. By Jiang [2, p. 46, Theorem 1.14 (i)}, jx is surjective. Then every root class
of f: X — Y is a weakly common root class of f and f. a

Pick a base point ay € Ay for each Ay C A such that flag) = ¢,z0 € X and
¢ € B. C Y. Recall that points of universal covering spaces Ag and X of A; and
X are respectively in one-to-one correspondence with the path classes in Ay and X
starting from ay, to zo. Under this identification, let dy € pr~!(ax), %o € p’l(wo),5 €
¢."%(c) and §o € ¢~1(c) be the constant paths. Then there are unique liftings fr of
fi and f of f such that fi(ax) = b and f(Z0) = Fo.

By Brown [1, Lemma 1.13], fk,,r = frr and f,, = fr. Throughout this section,
the liftings fk of fi and f of f are chosen as references.

Lemma 38.2. There exist one-to-one correspondence
¢x : C(fx) = m'(Be,c)

¢: C(f) = m'(Y,c)
defined by
drlo © fx] = o]

glao f] = [of

where ay € m(Be,c),a € m(Y,c), C(f) is the set of all lifting classes of f and
m1'(Y, c) is the coset of Imfy.

If ok is coset in 7 (B, ¢), then jr(ay) is coset in m1(Y,c). Then the homomor-
phism jr : m1(Be,¢) — m1(Y,c) induces a transformation v : m'(Be,¢) = m1'(Y,c)
and v is independent of the choice of the ay.

Theorm 3.3. Let f : (X, A) — (Y, B) be a map of pairs of compact polyhedra. A
root class of f is a weakly common root class of f and f if and only if it corresponds

to an element in the image of v.
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Proof. By Lemma 3.2, it suffices to check that the diagram

Cfe) = o)
N Js
m'(Be,¢) —— m'(Y,¢)
commutes. Let [ag o fi] € C(fi), then ¢ o ix*lag o fr] = dlao f] = [@] and
v o glog o fx] = v[ax] = [a]. =
Consider the commutative diagram

m1(Beye) —2 Hy(B.) — coker(— fi.. : Hi(A) — Hy(B))

| | s

m(Y,e) —2 Hy(Y) —2— coker(~f, : Hi(X) — Hi(Y))

where 6., 0 are abelianization and 74,7 are the natural projections.

By some modification of Lee [4, Lemma 3.4], we have the following lemma.

Lemma 3.4. The compositions n4 o 6. and 1o 8 induce correspondences
Tk 2 M1’ (Be, €) — coker(— fi.)

7 : 7' (Y,¢) — coker(—f.)

and the diagram

m1'(Be,¢) —2— coker(— fx.«)

] !
m'(Y,c) —— coker(—f.)

commutes.

Theorm 3.5. Let f : (X,A) — (Y, B) be as in Theorem 3.3. Suppose Y and B,
are Jiang spaces. Then if N(f; X,c) # 0, then

N(f; X — A,c) = #{coker(—f.)} — #{| ] J. coker(~fr..)}.
k=1

Proof. Since m1(B.,c) and m;(Y, ¢) are abelian groups, the correspondence 7 is bi-
jective. Apply Theorem 3.3 and Lemma 3.4 to get the conclusion. O
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