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HILBERT-SCHMIDT INTERPOLATION ON Az =y IN A
TRIDIAGONAL ALGEBRA ALGC

YounG So0 Jo AND Joo Ho KANG

ABSTRACT. Given vectors ¢ and y in a separable Hilbert space H, an interpolating
operator is a bounded operator A such that Az = y. In this article, we investigate
Hilbert-Schmidt interpolation problems for vectors in a tridiagonal algebra. We
show the following: Let £ be a subspace lattice acting on a separable complex
Hilbert space H and let z = (z;) and y = (y:) be vectors in H. Then the following
are equivalent:

(1) There exists a Hilbert-Schmidt operator A = (ai;) in AlgL such that Az = y.

(2) There is a bounded sequence {a»} in C such that 3°°° | |an|? < 0o and

Y1 = o1 + a2

Y2k = C4k—-1T2k
Y2k+1 = O4kT2k + Q4k+1T2k+1 + Qdk+1T2k+2
for k € N.

1. INTRODUCTION

Let H be a Hilbert space and A be a subalgebra of the algebra B(#) of all
operators acting on H. Suppose that X and Y are specified, not necessarily in the
algebra. Under what conditions can we expect there to be a solution of the operator
equation AX =Y, where the operator A is required to lie in A? We refer to such
a question as an interpolation problem. The ‘n-vector interpolation problem’, asks
for an operator A such that Az; = y; for fixed finite collections {z1,z2,...,Zs}
and {y1,¥2,...,Yn}. The n-vector interpolation problem was considered for a C*-
algebra U by Kadison [6). In case U is a nest algebra, the (one-vector) interpolation
problem was solved by Lance [7]: his result was extended by Hopenwasser [2] to the
case that U is a CSL-algebra. Munch [8] obtained conditions for interpolation in
case A is required to lie in the ideal of Hilbert-Schmidt operators in a nest algebra.
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Hopenwasser [3] once again extended the interpolation condition to the ideal of
Hilbert-Schmidt operators in a CSL-algebra. Hopenwasser’s paper also contains a
suflicient condition for interpolation n-vectors, although necessity was not proved in
that paper.

We establish some notations and conventions. A commutative subspace lattice
L, or CSL L is a strongly closed lattice of pairwise-commuting projections acting
on a Hilbert space H. We assume that the projections 0 and I lie in £. We usually
identify projections and their ranges, so that it makes sense to speak of an operator
as leaving a projection invariant. If £ is CSL, AlgL is called a CSL-algebra. The
symbol AlgC is the algebra of all bounded operators on H that leave invariant all
the projections in £. Let x and y be two vectors in a Hilbert space H. Then (z,y)
means the inner product of the vectors x and y. Let M be a subset of a Hilbert
space H. Then M means the closure of M and M the orthogonal complement of

M. Let N be the set of all natural numbers and let C be the set of all complex

numbers.

2. RESULTS

Let # be a separable complex Hilbert space with a fixed orthonormal basis
{e1,e2,...}. Let zy,z9,...,z, be vectors in H. Then [z1,z2,...,2,] means the
closed subspace generated by the vectors z1,z2,...,x,. Let £ be the subspace lat-
tice generated by the subspaces [eax1], [€2k—1, €2k, €2k+1] (K = 1,2,...). Then the
algebra Algl is called a tridiagonal algebra which was introduced by Gilfeather &
Larson [1]. These algebras have been found to be useful counterexample to a number

of plausible conjectures.
Let A be the algebra consisting of all bounded operators acting on H of the form

with respect to the orthonormal basis {ej, e2, ...}, where all non-starred entries are

zero. It is easy to see that Algl = A.
We consider interpolation problems for the above tridiagonal algebra AlgL.
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Theorem 1. Let AlgL be the tridiagonal algebra on a Hilbert space H and let
r = (x;) and y = (y;) be vectors in H. Then the following are equivalent:

(1) There exists a Hilbert-Schmidt operator A = (a;;) in AlgL such that Az = y.
(2) There is a bounded sequence {ay,} in C such that 3 oo | |an|? < 0o and

J

Y1 = 011 + 9

Y2k = Q4k—-1L2k

Yok+1 = O4kTok + Q4k+1T2k+1 + Qak+2T2k+2 for k € N,

Proof. Suppose that A is a Hilbert-Schmidt operator A = (a;;) in AlgLl such that
Az =y. Let a, = a;; for n =1+ j — 1 and {e,} is the standard orthonormal basis
for . Since A is Hilbert-Schmidt, 3. || Ae;||* < co. Hence

D NAeill* =) ) |(Aei,e;)f?
i

1

o0
(Aegk—1,€2k-1) + Z (A62k, (€2k-1 + €2k + 62k+1)>
1 k=1

M

-
|

|

O
oak—3|* + ) (lage—2f® + loars1|* + |aarl?)
k=1

()8 T[]

Iak|2 < 0.

5
{
-

Since Ax = y,

Y1 = 11 + (a9

Yok = qk—1T2%

Y2k+1 = OqpT2k + Q4k+1T2k+1 T Q4k+1T2k+2-

Conversely, assume that there is a bounded sequence {a,} in C such that

o0
Y lom|® < o0

n=1



170 YOUNG S00 JO AND JOoO Ho KANG

and

Y1 = 171 + T2

Yok = Qgkp—1T2%

Yok+1 = Q4kTok T+ C4p+1T2k+1 T C4k4+2T2k4-2-

Let A be a matrix with a;; = a, for ¢ + j —1 = n. Then A is a Hilbert-Schmidt
operator. Since

Y1 = Q171 + a2

Y2k = C4k—1T2%

Yok+1 = OC4kTok + O4k+ 122541 + O4k42T2k 42,

Az = y.

Theorem 2. Let AlgL be the tridiagonal algebra on a Hilbert space H and let
T; = (:cg-z)) and y; = (y?)) be vectors in H for 1 = 1,2,...,n. Then the follow-
ing are equivalent:

(1) There exists a Hilbert-Schmidt operator A = (ai;) in AlgL such that Ax; = y;
foralli=1,2,...,n.
(2) There is a bounded sequence {ay,} in C such that > oo, |an|® < 00 and

(4)

ygi) = a1z;’ + aga:g)

) = sl

ygk)ﬂ = a4k$§2 + a4k+1$§’}3+1 + a4k+2$gﬁz+2 for k € N,

forallt=1,2,...,n.

Proof. Suppose that A is a Hilbert-Schmidt operator A = (a;;) in Algl such that
Ax; = y; for all ¢ = 1,2,...,n. Let o, = @;; for n = i+ j — 1 and {e,} is the
standard orthonormal basis for H. Since A is Hilbert-Schmidt, Y, ||4e;||* < oo.
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Hence

> ldeil2 = 303 (e, )

00
(Aesk_1,€9r-1) + Z <A62k; (e2k—1 + €e2r + 62k+1)>
k=1

e
—

QO
agk—sl® + ) (lage—al® + lase1]? + louax|?)
k=1

|

M TDs T8

o ]* < o0

s
Il
et

So 5°%° | |an|? < co. Since Az; =y; for alli=1,2,...,n,

y&i) — alzz:gi) O:z:l:g)

(4) (i)

Yo = Cdk—1L2g
() _ (%) (%) () frkeN
Yok+1 = X4kTof T Qak+1%opyq T Qqk+2To5y o for k€N,
forallt=1,2,...,n.

Conversely, assume that there is a bounded sequence {a,} in C such that

o0
Z |ak|2 < o0
k=1

and

y{i) = 031.’13?) + agxgi)

yé‘k) = a4k—1$§;3
os1 = QakTs) Y (O for k€N
Yort1 = XdkTor T Cak+1Top 1 + Qak4+2Top o for kK €N,

forallt=1,2,...,n. Let A be a matrix with a;; = a, fort4+j5—1=mn. Then A is
a Hilbert-Schmidt operator. Since

(2)

ygi) = Q1T -+ agmg)

TN SN O O ke N
2k+1 — “dkLog 4k+1Lgp 1 T H4k42Lop o 10T 9
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foralli=1,2,...,n, Az; = vy,.

By the similar way with the above, we have the following.

Theorem 3. Let AlgL be the tridiagonal algebra on a Hilbert space H and let
T; = (:z:g-z) ) and y; = (y}z)) be vectors in H for i = 1,2,.... Then the following

are equivalent:

(1) There exists a Hilbert-Schmidt operator A = (ai;) n AlgC such that Az; = y;
foralli=1,2,....
(2) There is a bounded sequence {an} in C such that 3 >0 | |an|* < 0o and

yf) = (1133(1£) + a2fﬂ(2i)

(i) _ (2) (2) (4) ke N

forallt=1,2,....
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