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APPROXIMATE CONTROLLABILITY FOR
NONLINEAR INTEGRODIFFERENTIAL EQUATIONS

J. R. Cuoi, Y. C. KwuUN AND Y. K. SUNG

1. Introduction

Our objective is to investigate approximate controllability of a class of partial inte-
grodifferential systems. This work continuous the investigations of [8]. As a model

for this class one may take the equation

(&) _

WEE — @t M)+ et =), [ bltio,als = r,)ds) + Heu(o),

0<E<T, 0<t<T
with initial-boundary conditions

y(t,0) =y(t,1) =0,0 <t < T,
y(t,6) = 8(t,£),0< ¢ <1,-r <t <0.

Above equation can be formulated abstractly as

da(t !
ac:l(t ) = A(t)z(t) + F(t,z¢(¢ : u),/ k(t,s,zs(¢:u))ds) + Bu(t),0<t<T
0
(¢ :u)(0) = ¢(6) 6 € (-r,0]
1)
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where F is a nonlinear function, r is a positive number and ¢ is a given initial

function.

Before proceeding we shall set forth some notation and terminology that will be

used throughout the paper.

The state z(t) of the system lies in a Hilbert space X and the control function u(-)
is from L%(0,T : V), V is assumed to be another Hilbert space. For each ¢ € [0, T],
linear operator A(t) : X — X generates a strongly continuous evolution system
{U(t,s)}. and B is a bounded linear operator from L?(0,T : V) — L?(0,T : X).
Let C = C(—r,0: X) be a Banach space of all continuous functions from an interval
of the form I = [—h,0] to X with the norm defined by supremum. The norm of
the space X and C are denoted by || - || and || - ||c, respectively. If a function z is
continuous from I U [0,T] to X, then z; is an element in C which has point-wise
definition:

z:(8) = z(t + 8) for 0 el

We assume that k : [0,T]x[0,T)]xC — X, F : [0,T]xCxX — X are nonlinear

function.

The nonlinear integrodifferential equation considered serves as an abstract for-
mulation of many partial integrodifferential equations which arise in the problems

with heat flow in material with memory, viscoelasticity, and many other physical
phenomena.(See Refs.[2],[3],[6])
2. Approximate Controllability

The norm of the space L?(0,T : X) and L?(0,T : V') are denoted by || - || 12(0,1x)
and || - {|L2(0,1:v), respectively.
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We consider a unique milde solution of (1), for each u in L%(0,T : V),
t s
2l u)0) = V(L 00(O) + [ Ut ){Fls,2a(6 5w, [ ks, 2r(d 5 ))dr)
0 0

+ Bu(s)}ds, 0<t<T,
z(¢ : u)(8) = 4(0), 6 € (—r,0]
(2)
with ¢ € C(—r,0: X).
We assume the following hypotheses;

(A) There exist positive constant M such that

UG <M, 0<s<t<T.

(F) There exists a constant 8 > 0 such that

| F (2,1, 21) — F(t, 2,22 < e P (|91 — ¥2llc + |21 — 22])),
k(t, 8,91) — k(t, 5,92)|| < e BEN|shy — 2]l e,
Y1,02 €C, z1,22€ X, 0<s<t<LT

and
F(t,0,0) =0, k(t,s,0)=0.

Lemma 1([1]). Let a(t),b(t) and c(t) be real valued nonegative continuous func-
tions defined on R*, for which the inequality

o(t) < Co + /0 " a(s)e(s)ds + /0 a(s)] /0 b(r)e(r)dr)ds,
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holds for all t € R, where Cy is a nonegative constant. Then

(t) < Col1 + / a(s)ezp] / '(a(r) + b(r))dr]ds],

forallt € Ry.

We can define the solution mapping
W L*(0,T: V) - C(-r,t; : X)

can be defined by
(Wu)(t) = 2:(¢ : u).

Theorem 1([8]). Let u(-) € V and ¢ € C. Then under Hypotheses (A) and (F)
the solution mapping (Wu)(t) = z:(¢ : u) satisfies

(¢ : w)lle < C(Mlic + Mpllullz2o,rvyvi)e’™, 0<t<t,

where C dependes on f,M and t;. |

Lemma 2. Let v1(-) and vo(-) in V. Then under hypothesis (F) the solution
mapping (Wv)(t) = z:(¢ : v) of (2) satisfies

lze(¢ : v1) — ze(d : v2)llc
<KM)||Bvi(-) — Boa(-)llz20,1:3) VTP
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Proof.
lz(¢: vi)(t +6) — z(¢ : v2)(t +6)|

t+6 £
<M [ (Fsa(6:m), JRCEENCNL)
— F(s,z5(¢: 02),/03 k(s,7,2-(¢ : v2))dr))ds
t+46
+M [ 1B - Bl rxds
t46
<M / e (au(@ : v1) — 4(6: v2)llc
" / P or (¢ 1 1) — 24(¢ : v2)lodr)ds

t+6
+ M/ || Bvy(s) — Bva(s)||L2(0,T:x)dS.
0
By using Grouwall’s inequality

ze(¢ : v1) — 24(¢ : v2)llc
<M||Bvi(-) = Bos()ll 20,7 VT

T s
x (14 / Me=Pe exp(/ Me—B1 + e~ dr)ds)
0 0

<KM||Bvi(-) = Bva(-)l| 120, 7:) VT

We define the reachahble set K(F) in C(0,T : X) by
K(F) ={z¢(¢ :u)(0) € C(0,T : X); z¢(¢ : u)(0) = U(t,0)4(0)
+/(; U(t,s)[F(s,zs(¢: u),v/0 k(s,7,z-(¢: u))dr)
+ (Bv)(s))ds, v e L*0,T:V)}.

Similarly, for its corresponding linear system (in case F' = 0), K(0) can be defined.
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Definition. The system (2) is called approximately controllable on [0, T} if for any
given € > 0 and ér € L%(0,T : X) there exists some control v(-) € L?(0,T : V) such
that

i€ — U(T,0)¢ — .§'F(,a:(¢ : v),‘/-o. k(.,7,z(¢ : v))dr)) — S’Bvll < e.

We assume the following hypotheses:

(B) For any given € > 0 and p(-) € L%(0,T : X) there exists some v(-) € L?(0,T,: V)
such that
(B1) [|Sp~ SBv|| < ¢
(B2) [[Bo,mv(lirz(o,m:x) < @llp()liL2(0,7:%)
(B3) i(1+ 5(1 — e PT)KMVT < 1.

Theorem 2. Under hypothesis (B), the system (2) is e-approximately controllable
on [0,T].

Proof. Since the domain D(A) is dense in L2(0,T : X) it is sufficient to prove
D(A) c K(F)
i.e. for any given € > 0 and &7 € D(A) there exists v(-) € V such that
lér — U(t,0)¢ — SF(s,z4(¢ : v), /08 k(s,T,x+(¢ :v))dr) — SBv|| < €
where

zy(d:v)=U(t,0)¢ + /0 U(t,s)F(s,z4(¢: v),/: k(s,7,z+(¢ : v))dr) + Bu(s)ds.
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As &1 € D(A) there exists some p(-) € C(0,T : X) such that
Sp=¢r —U(T,0)¢

Assume v1(-) € V is arbitrary given. By hypothesis (B1) there exists some vz(-) €
L?(0,T : X) such that

léx = U(T, 06 — SF(,2.(6 : v), /0 (7, 50(6 : 01))dr) — SBuy|| < =

For v,(+) thus obtained,we determined wy(:) € V by hypothesis (B1) and (B2) such
that

H.’;'[F(,x(d) : ’U2),/0~ k(-,7,2-(¢ : v2))dr)

~ F(,2.¢ 1 on), [ k(mar(@ s 00))dr)] - $Bun] < 5

and by Lemma 2

Bzl <olFs,a.(6:v2), [ Ks,r,20(6: 00))r)
_ F(s,24(6 1 v0), / k(s 7, 20( 2 00))dr)|
<g1e P*(||lzs(d : v2) — z4(6 : v1)|lc

b [N (6 ) (65 )
0

<aie (65 v2) —2u(d w)llol1 + [ T Bl gr)
0

<qeP(1+ %(1 — Y )lla($ < v2) — 2a($ : v1)llc

—ps 1 —ps
<qe (1+E(1—e POKMVTePT || Bui(-) ~ Boa(*)|| 120,75
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Thus we may define v3(-) = v2(-) — w2(-) in V which has the following property;

]

léx — U(T,0)¢ — SF(s,z,(¢: vz),/o k(s,7,2,(¢ : v2))dr) — SBus|
=||éx — U(T,0)¢ — SF(s,z,($: ’Ul),/os k(s,7,2.(¢ : v1))dr) — SBvs + SBw,
~ S[F(s,z4(¢: vz),/os k(s,7,z(¢ : v2))dr)
— Fls,za(@ 0, [ Ks,maré: o))l
<(~2£2- + 2%)6
By induction, it is proved that there exists a sequence vm(-) in V' such that
lér — U(T,0)¢ — SF(s,z4(¢ : va), /OS k(s,7,2-(¢ : v))dr) — SBupy ||
g+t e P=123
and

| Bon41(-) — Bvn()lL2(0,7:x)
1 - .
<q:1(1+ 3(1 — e FTY)KMVT||Bon(-) ~ Bvn-1(-)l|L2(0. T:x)-

By hypothesis (B3) the sequence {Bv,;n = 1,2,---} is a Cauchy sequence in the
Banaha space L2(0,T : X) and there exists some vy (-) in L2(0,7 : X) such that

lim Bvn(-) = u(-) in L*0,T: X).

Therefore, for any given € > 0 there exists some integer N, such that
~ ~ €
”SB'UN¢+1 — SBun, ” < 'é

and
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lér — U(T,0)¢ — SF(s,2,($ : vn.), / k(s,7,2-(¢ : vn,))dr) — SBun,||
0

<liér — U(T,0)¢ — SF(s,z,(¢ vNe),/ k(s,T,z+(¢ : v, )dr) — SBun 41|
o
+ |SBun, 41 — SBun.||

1 1 €
S+ +smlets
<e.

Thus the nonliner system (2) is approximately controllable on {0, 7.
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