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"BOHR’S INEQUALITIES IN n-INNER PRODUCT SPACES

W. S. CHEUNG?2, Y. J. CHO?®, J. PECARIC® AND D. D. ZHAOY

ABSTRACT. The classical Bohr’s inequality states that
|z +wl® < plal® + qlwf®

for all z,w € C and all p,q > 1 with % + % = 1. In this paper, Bohr’s inequality is
generalized to the setting of n-inner product spaces for all positive conjugate expo-
nents p,g € R. In particular, the parallelogram law is recovered and an interesting
operator inequality is obtained.

1. INTRODUCTION

The classical Bohr’s inequality [1, 6] states that, for any z,w € C and conjugate
exponents p,q > 1,

(1) |z +w|* < plz* + gl

with the equality if and only if w = (p — 1)z. In the past few decades, various
generalizations of (1.1) have been obtained (see, e.g., [3, 5, 6, 8, 9, 10, 11]). A
special direction of these is in the setting of normed vector spaces. In [7], Pecari¢

and Dragomir showed that, if (X, || - ||) is a normed vector space and p,g > 1 are
any conjugate exponents, then

(1.2) llv +wl® < pllvl® + gllw|®

for all v,w € X. In [4], Hirzallah further generalized the inequality (1.2) to the
context of operator algebras. It was shown that, if H is a complex separable Hilbert
space and B(H) is the algebra of all bounded linear operators on H, then, for any
A, B € B(H) and conjugate exponents p,q with ¢ > p > 1,

|A—B?+|(1 - p)A~ BJ? < p|AP® + ¢|Bf?,
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where |X| := (X*X)¥2. It is worthwhile noting that, in [4], only the situation
where ¢ > p > 1, or equivalently, only the situation where ¢ > 2 and 1 < p < 2 was
considered, while the other situations were left unattended. Very recently, in [2],
Cheung and Petarié continued working in the setting of [4], but without restriction
to the conjugate components p, q.

In this paper, the results in [2] are further generalized to the context of n-inner
product spaces. As an application of these Bohr-type inequalities, an interesting
inequality on operators in an n-inner product space is given.

2. BAsic TERMINOLOGIES AND FUNDAMENTAL RESULTS

Let n > 2 and X be a linear space of dimension greater than or equal to n over
the complex numbers field C. A complex-valued function (-,-|-,---,-) : X! — C
satisfying the following properties:

(I1) (=, z|a2,--- ,a,) > 0 and (z,zl|ag, -+ ,an) = 0 if and only if the vectors
z,a2, - ,an are linearly dependent;
(I2) (z,zlag, - ,a,) = (ag,a2lz, - ,a,);
(I3) (z,ylaiy, - ,ai,) = (z,ylaz, - ,a,) for any permutation (i2,--- ,in) of
2, ,n);
(Is) (v, zlaz, -+ ,an) = (z,9laz, - ,an);
(Is) (az,ylaz, - ,an) = a(z,ylaz,--- ,a,) for any scalar o € C;
(Ie) (z1+ z2,ylaz, -+ yan) = (z1,ylaz, -+ ,an) + (T2, ylag,- - ,an)
is called an n-inner product on X and (X, (-,-],--- ,-)) is called an n-inner product
space.
In an inner product space (X,(-,-|,,- - ,-)), the following extension of Cauchy-

Schwarz-Buniakowsky inequality
l(IL', yla2’ e 7an)’ S ‘/(:Ei 11:’(12, te 70‘75) Y/ (y7 yla2; e ,an)

for any z,v,a2, - ,a, € X is valid and it is easy to verify that the real valued
function |-, -,--- ,|| : X™ — R defined by
“alaaQa e aan“ = \/@170'1‘(]'2) ot ,an)

satisfies the following conditions:

(1) [lay, a2, - yan]| > 0 and [lay, a2, -+ ,a,|| = 0 if and only if a1,a2, - ,an
are linearly dependent;
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(N2 lasy, @igy -+ s Ginll = llai,ag,- -+ ,anl|| for any permutation (i1,42,-:- ,in) of
(1,2,... ’n);
(N3) llaar,az, -+ ,an)| = |allla1, a2, - ,a,|| for any scalar o € C;
(Ng) lz+y,a2, - anll < |z, 02, ,anl| + [ly, a2, -+, anl]-
Any real valued function ||, -+ ,-|| defined on X™ satisfying conditions (N7 )~(Ny)
is called an n-norm and (X, |-,--- ,-||) is called an n-normed linear space.

Throughout this paper, X will denote an n-inner product space equipped with
the n-norm

“alaa2a"' aan“ = \/(alyallaQa”' aan)'

3. BOHR’S INEQUALITY AND THE PARALLELOGRAM LAW

Theorem 3.1. For any z,y,a9, - ,a, € X and p,g € R with %-’—% =1, if
1 < p £ 2, then we have the following:

(1) Iz —y,a9,- ,anl® + (1 - p)z — 9,02, -~ , anl]?
<pllz,az, - anl? +dlly, a2, ,anll?,

(2) Iz - y,a2,- -+ ,aal® + (& — (1 — @y, a2, - ,anl®
> pliz, az, - ,anll? +glly, az, -, anl*.

Furthermore, in both (1) and (2), the equality holds if and only if p =g =2 or
pz + gy, a9, - ,a, are linearly dependent.

Proof. (1) We have

”‘r — Yy, az,- 7an”2

= |lz,a2, - ,anl®* + Iy, a2, - ,anl® — 2Re(z, ylaz, - ,an)
and
11 - p)x - y,a9,- - , an?
= (1 —p)2“xa ag,- - aan“2 + ”y5a27 e 1a'n”2 - 2(1 - p)Re(fL‘,ylaZ’ st aa"n)-
Thus
|.’I7 ~Y,a2, - 7an”2 + ”(1 —_p)x —Yy,a2, ,an”2
“p”l'a ag,- - - 7a‘nH2 - q”ya ag,- - 7an”2

=(P* - 3p+2)llz, a2, -+ , an|?
+2(p - 2)Re(m,y|a2, Tt aan) + (2 - q)"yaa23 T 7anH2
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=(@-2)p- 2,02, ,an|?
—2
+2(p - 2)R€(l‘, yla’Z» ot )an) + ‘%l_l”yy az,: - aa’n“2

= (p - 2) (:(p - I)sz ag, - aan”2 + 2R6($L‘, yla23 e ,(In)

(3.1)
+—llyaz, - s anll?
p—l Y, a2, y Un
1 2
= -2 -1 Ry ) st SO
o= |(FTor g v)n
and hence
le—y,a2,"' 7an”2+ ”(1 —p)‘r—yaa?"" 1a'n“2

S p”xaa‘21 e ,an”2 + q”ya ag, - - aa"n”2a

1
ith th ality if and only if p = 2 Vp—1 —— yl},a,- -,
V‘Vl e equality if an .onylp or(p :r+\/p___ly)a2 a, are
linearly dependent, that is, p = ¢ = 2 or pz + qy, a9, - - - , a, are linearly dependent.

(2) The proof is similar to (1). a
Remark 3.2. By combining (1) and (2) in Theorem 3.1, for any 1 < p < 2, we
have '

”"L‘ -y az--- aan”:! + ”(1 ——p).’E - Yy, a2, ;an“2
< p”.’L‘,CLz, o ,an”2 + q“ya az,--- ’an“2
<llg—y,az, s anl* +llz = (1 - @)y, a2, , anl®.

In particularly, if p = ¢ = 2, then we have

”1‘. -y, a2, ,an”2 + ”CL‘ +y,a2, - aan”2
< 2“(1), ag,- - ’a‘nH2 + 2”yaa27 T »an”2
<llz—y,a2,- - sanl® + llz + y, 02, , anlf®

and so we get the Parallelogram Law:

(32) le—y,az,--~ ,an||2+||:z:+y,a2,--~ ,an“2
. =2”$aa2"" 70'71“2+2”y702a"' aanllz'

Equivalently, this is also obtained by directly writing out the equality in (1) or
(2) for the case p = 2. This completes the proof.

Corollary 3.3. For any x,y,a2, - ,1, € X and p,q € R with % + % =1,ifp>2

then we have the following:
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1) lz - y,a2, ,anll®> + |(1 = p)z — v, a2, , an]?
> pliz,ag,- - ,anl® + qlly, a2, anl?,

(2) Iz = y,a2,- - anlf® + Iz — (1 - @)y, a2, , anlf?
<ple,ag, - ,anl? +qlly, a2, - , anll®.

Furthermore, in both (1) and (2), the equality holds if and only if px + qy, as,
-+, ap are linearly dependent.

Proof. This follows from Theorem 3.1 by interchanging = and y, p and g. ]
Combining Theorem 3.1 and Corollary 3.3, we have the following result:

Corollary 3.4. For any z,y,a, -+ ,a, € X and p,q € R with p > 1 and %—f—% =1,
we have

”:L' + Yy,as,: - sa'n”2 S p”l', ag,- - ’anHQ + Q||y, ag, - - ,an“27
with the equality holds if and only if px — qy,as, - - - , a, are linearly dependent.
Proof. This is immediate from (1) of Theorem 3.1 for the case 1 <p < 2 and (2) of
Corollary 3.3 for the case p > 2. O

Theorem 3.5. For any z,y,0as,--- ,a, € X and p,q € R with % + ll] =1, ifp<l,
then we have the following:

(1 Iz —y,a2,- - ,anl® + (1 — )z — y, 02, , anl
> pllz, a2, anl? + glly, a2, - anlf?,

(2) 2 - y,a2,-- s anl® + ll2 = (1 - @)y, a2, -+ ,an|?
> pllz, a2, - ,an”2 +qly, az,- - ,anH2.

Furthermore, in both (1) and (2), the equality holds if and only if px+qy,az, - -+ ,an

are linearly dependent.

Proof. (1) Since p < 1, by (3.1)
Iz~ y,a2,+ anl? + |1 - p)z ~ y, 02, - , @
—pllz,a2, - anl® — glly,az,- - ,an|
= (p? -~ 3p+2)||z,a2, - ,an|
+2(p ~ 2)Re(z, ylaz, - ,an) + (2 — Q)lly, a2, -+ , an)?
=(2-p)1 -z, a2, ,an?

2 —
=202 - P)Re(z,yla, o) + 7 a2, aal?
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(3.3)

and hence
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—@-nla-plsas-- anl?

1
—2Re(z,ylaz, -+ ,an) + 1Tp||y,a2,"' ,an“2:|

1 2
=(2—p) '(Vlhp:l:_ \/1—:—1) y)1a23"' yGn
>0

“CC —Y,a2, - aan”2 + ”(1 _p)w_yaa%"' 7an“.2
2p||x,a2,--- ,an||2+l.l”y,a2,“' aan“2a

with the equality if and only if px + qy, as,- - - , a, are linearly dependent.

(2) Since p < 1, we have ¢ < 1 and

Iz —y,a2,- ,aal? + Iz ~ (1 - @)y, a2, - , anlf?
_p”xa az,--- 7an”2 - q”y)a?) e ,an”2
= (2 ——p)“l‘, az,- - ’annz

+2(q - 2)Re(m,y|a2, tte ’a_n) + (q2 - 3q + 2)|Iy,a2, e aan”2
2 —
1-

q
q”x7a27 e aa’n”2

(34) —2(2 - q)Re(x,y]ag, T ,an) + (2 - q)(l - Q)”y, a2, - ,an”2
1
- -0 tman ol - 2Relmglan, o)
1= llan ]
1 2
=(2—Q)“(\/I—_—qx—‘1“(]3}),0)2,"',(1" ZO
and hence )
“"E —Y,az, - )a"n"2 + ”.’E - (1 - q)y7a2a e ’a’n“2
> p“xa az, .- ’a’nnz + '!I”y,az, e ,an”21
with equality if and only if pz+qy, as, - - - ,ay, are linearly dependent. This completes
the proof. O
Theorem 3.6. For any z,y, a2, - ,a, € X and o, 3 € R be nonzero constants.
(A) If &3 > 0 with |a| > |8]| > 0, then
. 1
lz —y,a2, - ,anl|* + 5”,3:3 +ay, a2, ,0n)°?
a+ a+3
<2 P anl o+ 2 s, el
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with the equality if and only if « = B or Bz + ay,as,- - ,a, are linearly dependent.
(B) Let a8 <0 with ja| > 0> |3].
(1) Ifa>0> 8> —a, then

1
l.fl? —Yy,agz,-- aa'n”2 + E”BI —ay.ag, - aan”2
o — a—3
S alB”maGZa"' 7an“2‘T”yaa2’“' aan“2a
with the equality if and only if &« = —3 or fr — oy, as,- - ,a, are linearly
dependent.
(2) Ifa>0> —a >, then
1
|.’E —Y,az,--- ,an”z + ﬁ”ax - By,az,--- 7an“2
a-3 a-—pf
S - “m’azy'.” aan”2+T“yaa27“' ,a'nuza
with the equality if and only if « = —3 or ax — 3y, as,--- ,an are linearly
dependent.

Proof. (A) If a > 3 > 0, we write
a+f a+ 8

a '8
Then
1 1
-+ -=1, I<p<2<qg.
b g
Hence, by Theorem 3.1, we have
3
Ilrz:—y,az,--- 7a’n”2 + “ - Em —Y,a2, - aa’nnz
a+8 a+ 8
S “x,GZ,"' )a"n”2+'_'“yva2)"' van”2
a B
or
2, 1 2
lz —y,a2, - ,anll* + ;l!ﬁx +ay,az, - ,an
a+8 a+f
< “:L'aaQa"' ,an”2+'—”y7a2,"' )a'n”2,
o 8
with the equality if and only if
a+ﬂ:2
«
or
(g—:—ﬁ> T+ (a ; ﬂ) y,ag, - ,ay are linearly dependent,

that is, & = g or Bz + ay,as,- - ,a, are linearly dependent.
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If0> 82> «q, then —a > —8 > 0 and so, from above,

”113 -y, a2, - )an”2 + (—_—E)—2” - 6113 —Qy,az,: - )anllz
-a—p —a—p
S , ”mi az,--- ,ann2 + "‘B ”y) az,: -, a‘n"2
or
1
“x —Yy,az,- - aan”2 + 'a_2”13$ + ay,a,- 7an”2
a+ 3 a+ 0
< Iz, a2, ,an)* + ——y, a2, »anl?,
a B

with the equality if and only if o = 3 or 8z + ay,as,- - ,a, are linearly dependent.
(B) (1) f a > 0> 3 > —a, the assertion follows immediately by applying (A) to
a>-3>0.
(2) f @ > 0> —a > 3, the assertion follows immediately by applying (A) to
—8 > a > 0. This completes the proof. 0O

4. APPLICATIONS

Interesting inequalities on operators in the n-inner product space X can easily
be derived from the Bohr-type inequalities obtained in Section 3 above. For this,

we first observe the following generalization of Adamovié’s result to X:
Lemma 4.1. Foranyz; € X,1=1,2,--- ,n,
‘ n 2 n 2
inaaa)"' , Gn - (Z ||;riaa27"' aan”)
Il i=1 i=1

= Y llei+zj09, - ,anl? — (i a2, s anll + 27,02, anl)?].
1<i<j<n

Proof. We will use induction on n. Clearly, the result holds for n = 2. Suppose now
that the result holds for n = k. Then we have

k+1 2 k+1 2
> mi,ag,-- ,an|| — (Z llzi, az, - - ,anll>
i=1 =1
k 2 ¢k 2
= Z$i+$k+1,a2,"‘ yQn - (Z“miva'Za'” ’a‘"”+”$k+l7a27"' aan”>
i=1 i=1
k 2 k 2
=D miaz, a0 - (Z i, ag, - - ,anH)
i=1 i=1
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k k
+ 22 Re(.'L'i,.’Ek+1|GI2, ce ,an) - 2“$k+17a27 e aan” Z “(Ei,(l2, o 7a'n“
=1 i=1
= Z [”xi+xj,a'2"" aa‘n”2_ (llzi, a2, - 1an”+”$j3a'2v”' ’an”)z]
1<i<j<k

k k
+ 22R€((Ei,$k+1|az, Tt ,an) - 2”xk+1,(12, e 1an” Z ”xiaa2) te ;an”
i=1

i=1

= Z [2R€($i,$j|a2,"' aan) _2”271:’0'27"' aa'n“ijaaQ"" 7an“]
1<i<i<k

k k
+2) " Re(zi, @ra1laz, -+ ,an) — 2l|Ths1, 02, s anll Y |2is a2, anll
i=1

=1

= > [2Re(zi,zjlaz, -+ ,an) - 2l|zi a2, ,anlllzj, 02, s anl]

1<i<j<k+1
= Y llmi+zs02, 00l = (2,02, sanll + 25,02, ,anl])?].
1<i<i<k+1
This completes the proof. a
Theorem 4.2. Foranyz; € X,i=1,2,--- ,n, and p;j > 1,¢;; € R with L+i =

Dij iy
1, 1<i<j<n, we have ;

n .
E T a2, - ,0n
i=1

2

n n k-1
<SS+ Y - +) (g - D | ok, a2, s anl?,
k=1 =1

the equality holds if and only if (p;;x; — gijz;), a2, - ,an are linearly dependent for
alli,jg withl <i< j<n.

Proof. By Lemma 4.1,

n n 2
ZZ‘{,GQ,"' , Qn (Z ”x’l:)aZ)'” ,an”>
=1 i=1

= Y [(lei+zj.02, ,anl® = (lzi, 02, s anll + llzj, 02,y anl))?].
1<i<j<n

2

Equivalently, we have
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n 2 n
insaQ"" y Qp _Z”xi,a2a"' :a"n“2
i=1 i=1

= Z [”xi+$j,a2,"' ,anllz—(”l’i,ag,"' 7an“2+”xjﬁa‘2a'” ,G,n”2)].
1<i<j<n

Applying Corollary 3.4 to ||z; + z;,az, - ,an||, we have

n 2 n
in7a27"'7an _Zdnxi;a27"'yan”2
i=1 i=1
< Z [(pij - 1)||xi7a2’ T ,an”2 + (lh'j - 1)”117]‘,0,2, Tt aa'nnz]v
1<i<j<n
with the equality if and only if (pi;z; — ¢i;z;), a2, - ,an are linearly dependent for

all i,j with 1 < ¢ < j < n, that is,

n 2
_->_ Zi,a2, - ,0n
=1

n
< Z ”ziya'Zv tre 70'71”2
=1
+ 3 [y~ Dlwaz, - ,anll? + (a5 — lles, a2, ,anl?]
1<i<j<n
n n :k:—l
<Y A1+ D -1+ (g5 — 1) | ler, a2, anl?,
k=1 F=k+1 j=1
with the equality if and only if (p;jz; — ¢ijz;), a2, - - ,an are linearly dependent for
all 4, j with 1 <4 < j < n. This completes the proof. O
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