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A NOTE ON THE SOLUTION OF A NONLINEAR SINGULAR
INTEGRAL EQUATION WITH A SHIFT
IN GENERALIZED HOLDER SPACE

Ioannis K. ARGYROS

ABSTRACT. Using the center instead of the Lipschitz condition we show how to pro-
vide weaker sufficient convergence conditions of the modified Newton Kantorovich
method for the solution of nonlinear singular integral equations with Curleman
shift (NLSIES). Finer error bounds on the distances involved and a more precise
information on the location of the solution are also obtained and under the same
computational cost than in [1].

1. INTRODUCTION

In this note we are concerned with the problem of approximating a locally unique

solution u* of the following nonlinear singular integral cquation with Curleman shift

(NLSIES):

(1) (Qu)(t) = a(t)ult) + b(t)ula(t)) + c(t) / u(r)

LT—t
[ L [ (ool ),

where L is a simple closed Lyapunov contour which divides the complex planc into
the interior a domain D and the exterior domain D~ u(t) is the uknown function
to be determined and o : L — L is a homeomorphism which is shift preserving
oricntation, satisfying the Curleman condition:

alaft)) =a(t) =t, tel,

whosc derivative o (t) satisfied Holder condition, a’(t) # 0 for all ¢ € L.
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Here we arc motivated by optimization considerations and the clegant paper by
Amer [1].
We have observed that Lipschitz condition

(2) Q' (1) - Q' (u2)|| < taljug — 2]

uscd in [1, Lemma 1.6] is not really nceded to show the main result in {1, Theorem

3.2]. Instcad the weaker center Lipschitz condition

3) Q' (u0) Q' (w) — @ (wo)l| < follu — uoll

is nceded. That is the proofs of all results in [1] using (2) go through with (3)
replacing (2). Set

(4) 0= 1|Q' (o)} - 1.
In general
(5) <t

holds and 7‘;—)— can be arbitrarily large 2, 3]. In contrast to [1] we provide the semilocal
convergence result for the modified Newton’s method

(6) Up+1 = Un — QI(UO)_IQ(UTL)
in an affine invariant form. We refer the reader to (2] and the references there for

the advantages of this approach.

2. CONVERGENCE ANALYSIS

Theorem 1. If the conditions of Theorem 2.1 and Lemma 3.1 in [1] with (3) re-
placing (2) ug € Hy, m(L) such that:

(7 Q' (u0) ™' Q(uo) || < n = J ()2
(8) ho = bon < %

and

9 Epm(uo;T) € Epm(uo; o),
where,

(10) T‘=1—V1~2h0
4 ’
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then sequence {u,} (n > 0) generated by modified Newton method (6) is well defined,
remains in the ball E, ,,(up;r) for all n > 0 and converges to a unique solution u*
of equation (1) in E,m(ug,r). Moreover the following estimates hold for all n > 0

* an
(11) Hu'n —Uu H < 1 0 7,
— ag

where,
(12) apg=1- \/1—2h0.
The definition of J(v1),2, Hym(L) and E, m,(uo; ) can be found in [1].

Remark 2. Sct

(13) h=/fn
—-v1-2h

(14) SR

provided that the Newton-Kantorovich hypothesis [4]

1

15 < =

(15) nss

holds,

(16) a=1-+v1_2h

If equality holds in (5) then 1 reduces to Theorem 2.3 in [1]. Otherwise it is an
improvement. Indeed note that in this case:

(17) hss=hoss
but not vice versa;

ag < a
and

r <.

The claims made in the introduction are justified.

Note also that in case (15) is violated but weaker condition (3) holds, then The-
orcm 3.2 in [1] cannot guarantce the convergence of sequence {u,} to u* (or the
cxistence of u*). However our Theorem 1 can be used for this reason. Hence the
applicability of the modified Newton method for solving equation (1) has been cx-
tended. Note also that the computational cost is less since the computation of £
is more cxpensive than the computation of £y. Moreover condition (2) cannot cven
hold at all (in general) where weaker (3) may hold.
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