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THE TRANSFORMATION THEOREM ON ANALOGUE
OF WIENER SPACE

MaN Kyu IMm

ABSTRACT. In 2002, the author and professor Ryu introduced the concept of ana-
logue of Wiener measure. In this paper, we prove the existence theorem of Fourier-
Feynman transform on analogue of Wiener measure in Ly-norm sense.

1. INTRODUCTION

In 1923, Wicner made the reasonable mathematical model of Brownian motions
that is called Wiener measure space [16]). In 2002, the author and professor Ryu
presented the theories for analogue of Wiener measure that is a gencralization of
concrete Wicner measure [12]. And they introduced the several papers related to
analoguc of Wicner spacc [6, 12, 13, 14, 15]. As for as we know that the disscrtation
of Brue (2] is the first paper treat the theory of Fourier-Feynman transform on
the concrete Wiener space. Since then, this theory was developed by the many
mathematicians-Cameron, Storvick, Skoug, Johnson, Chang etc [3, 4, 8]. Here, we
will introduce the concept of Fourier-Feynman transform on analogue of Wicner
space. Indeed, our following definitions of it is essentially similar to the definition
related Fourier-Feynman transform on Wiener space [7].

In this article, we will establish the existence theorem of the Fourier-Feynman
transform on analogue of Wiener measure space and find the some propertics of our
transform.

2. PRELIMINARIES

In this section, we give some definitions, notations and base facts which are nced
to be understood the next sections.
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Wicner suggested a measure space (Cpl0,t],w) where Cp[0,1] is the space of all
continuous functions on a closed interval [0,t] which vanish at origin, the so called
Wiener space in 1923 [16]. The authors introduced a new mcasure space, similar to
Wicner measure in [12] as following; Let ¢ be a positive real number and let n be
a non-ncgative integer. For ¢ = (to,t1, -+ ytp) With 0 =t < t; < --- < t, < ¢, let
Jr: C[0,t] — R™*! be the function given by

Jilz) = ((to), z(tr), - ,z(tn)) -

For B (j =0,1,2,--- ,n) in B(R) wherc B(R) is the scts of all Borel subscts of the
rcal number system R, the subsct J= 1(1—[?:0 B;) of C[0,t] is called an interval and
let 7 be the sct of all intervals. For a probability measure ¢ on (R, B(R)), we let

e (5 (113
AN

Jj=1

W(n + 17t_; Ug, Uy, -, Un)dH mL(ula Ty un):l d(p(UO)

where

W(n+1't_:u0,u1,~~~ s Up)

1q~ (g — 1)
By (9], B(C[0,1]), the set of all Borel subscts in C[0,], coincides with the small-
cst o-algebra generated by 7 and there exists a unique probability measure W, on
(C[0,2], B(C[0,1])) such that w,(I) = my(I) for all I in Z. This measurc w,, is called
analoguc of Wiener measure associated with the probability measure ¢. The com-
pletion of (C[0,t], B(C[0,%]),w,,) is called the complete analoguc of Wicner measure
space, denote (C[0, ], B,w,,), abbreviation.
By the change of variable formula, we can casily prove the following theorem.

Theorem 2.1 ([12]). (Intcgration formula for analogue of Wicner measure)
f:R™! — C is a Borel measurable function then the following equality holds.

/ F(@(to), 2(t1), -, 2(tn)) dw(z)
clo.

= / [/ f(u()?ula"‘ ,un)W(TL—}—l;{gUO,Ul,"' ,Un)
R Rn
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XdH mL((ul, Ug, -+ - aun)j| d(p(uo)
7=1

where = means that if one side exists then both sides exist and the two values are
equal.

Remark. We can found the following theorems for the concrete Wicner measure
spacce in [1].

Theorem 2.2. (Bearman’s rotation theorem) F(z,y) is measurable on (Cyl0,t]x
Col0,], B(Co[0,1]) x B(Co[0,t])) if and only if F(x cos 6—y sin 6, x sin 6+y cos 6)
is measurable on (Co[0,t] x Cy[0,t], B(Co[0,t]) x B(Co[0,t])) for all real number 6.
Moreover,

/ Flz,y) do x w(z,y)
CQ[O.t]XCQ [O,t}

/ F(x cos 8 —y sin 0,z sin 0 +y cos ) dw x w(x,y).
JCo[0,4]xCol0,1]

In the next section, we will treat the Fourier-Feynman transform on analoguc of
Wicener measure space and we need the concept of scale-invariant measurable subset
in analoguc of Wiener measure space. Throughout in this paper, without special
comments, we assume that ¢ is a positive Borel measure on R having a non-zcro
Radon-Nikodym derivative with respect to 3%% = f.

Furthermore, we assume that for any Borel subset B of C[0,] x C[0,t] and for
any rcal number 6

(2.2) / x5(2,y) dw x w(z, y)
Clo.4xClo,1]

= / xB(zcos@ — ysiné, xsind + ycos)dw, X wy(z,y).
Cl0,4]xC0,1]

Theorem 2.3 ([11]). If ¢ is a positive measure with —d%% = f and (2.2) holds then

f(@) is of the form Ae™"" where A, a are positive constants.

Theorem 2.4 ([11]). Let f be in L1(R) and let o(E) = [ f(x)dmy(z) for f >0
and a Borel subset E of R. If for a measurable function F,

(2.3) /C N /C oy Fo) dop(@dos ()
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= / / F(zcos® — ysiné, xsinb + ycos ) dw,(x)dw,(y),
cp. Jelo,y

for all real number 6. Then the function f(zx) has the form Ae~%° yhere A,a are

positive constants.

Theorem 2.5 ([11]). For a Borel subset E of R and positive real numbers A, a, let
o(E) = [5 Ae=%" dmy (z), then for a measurable function F, (2.3) is satisfied.

3. FOURIER-FEYNMAN TRANSFORM ON ANALOGUE OF WIENER SPACE

In this scction, we will develop the theorics of fourier-Feynman transform on
analoguc of Wiener space. First of all, we will cstablish the cxistence thcorem
for our transform. Moreover, we will find the properties of it. In dcveloping our
theorics, the rotation theorem is key role, so we assume that a mcasurc ¢ has the
Radon-Nikodym decrivative with respect to the Lebesgue measure having a form

—az? -,
d—f%(a:) = Ae™ %" where A, a arc two positive real numbers.

Definition 3.1. Let ¢ is a measure on (R, B(R)) and let F : C[0,t] — R bc a
mcasurable function. For all A > 0, if the integral fC[o,t] F(\™1z) dw,(z) cxists,
then we denote
FO 2)dw,(z) = J(A)
C[0,t]
And if there exists a function J*(\) analytic in the half-plane C* such that J(\) =
J*(A) for almost all real A > 0, then we write

/ T P(@)dwg(z) = T3
coL

and we call that J*()) is the analytic analogue of Wiener integral of F over C[0,t]

with parameter A. And for non-zero real number ¢, if the limit /\lz’m, J*(A\) exists,
——ig
AeC+

then we denote

an anfg
lim J*() = / F(z)duw, ()
A——ig 0,4

AeC+

and we say that the limit is the analytic analogue of Feynman integral of F.

Notation. For A € Ct and y € C[0,1] let
an anwy

(TannF)(y) = /C by Pl )
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And given a number p such that 1 < p < oo, p and p’ will always be rclated by
+l=1

Definition 3.2. Let {H,} and H be analogue of Wicner measurable functions such
that for cach p > 0,

lim |Hy(py) — H(py))|?dy =0
no0 J o,

Then we write

(3.4) lim (w2 ,)Hy ~ H

and we call H the scale invariant limit in the mean of order. 2 of H, over C|0,t].

We define a similar definition for any real munber instead of n.

Definition 3.3. Let ¢ bc non-zero real number. For 1 < p < 2 we define the
L, analytic Fouricr-Feynman transform of F, which we denote by T, éﬁ?qF , by the
formula

(TLF)) = lim (w])(TonsF))

AeCt
whenever this limit exists. Let F be a functional on analogue of Wicner space

such that (T,, »F')(y) exists in C* for s-almost every y. We define the L; analytic
analoguc of Fourier-Feynman transform of F, which we denote by T, (ﬁ,ﬁ?qF , as that
functional (if it exists) on analogue of Wicner space such that
(Térlz)qF)(y) = AE@iq(Tan.AF)(y)
AECH

for s-almost cvery y.

Definition 3.4. For each natural number n and a partition 0 =t < f; < -+ <
tn = t, let A, be the collection of functions F : C[0,t] — R satisfying (1) and (2)
bclow;

(1) fis a; mcasurable function on R**1.

(2) F(e) = f(zo),x(tr), - 2(tn)).

Lemma 3.5. For a non-zero complezr number A with ReX > 0 and for f € Lo(R™),
define

A n oy
g(’UO,'Ul,"‘ ,Un ( ) / /f(uﬂaula ,un)eAEEjzo(u] v;)?

dmy(up)---dmg(un),
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then g € Ly(R™*Y) and || g [l2<]| f 2.

Proof. (I) Casc A = ip, (p > 0);

Let W:%,j:(),l,--- ,m, then
) 22
20 z z nt1 i yn
g(_o 2 ,_n)(ipy I8 S ]

p’ p’ P

ntl ) 5
= (%) z / . / f(u07 'LL], SN ’un)e_lzn Z?:O "fezzjzo(ujzj)
m R R

dmp(ug)- - dmy(uy,).

Since f € Ly(R™H1), e~ % Zi=o "?f(uo,ul, “++ L Up) € Ly(R™1). Then as the Fourier
transform of e~ % 2j=0 "?f(uo,m, Sy Un ),

2

g(_z_‘l,ﬂ’... ,Z_n)(,-p)vn—;”e%zy;o;é € Ly(R™).
p'p p
Hence g € Ly(R™HY).

From
Ig(’UO,'Ul, ot ,vn)l
= n .
S (ﬂ) //lf(uo,ul, ’un)ie_gzjzo(uj_vj)
27T R R
dmL(uo) v dmL(un),
lgll3
S/ / (ﬂ)ﬂ%—l/ / lf(uo’ul’... ’un)!e_gz?:()(uj‘vj)z
R JrR 27 R JR
dmL(UO) T dmL(u’n)/ o _/ If(',rOa T1,- - ,.’L'n)le_% 2;20(11"‘11]')2
R R
dmp(xg)-- - dmp(zn)dmp(vo) - - - dmp (vy).
By the change of variables, u; = u;, vj—u; =zjandvj—z; =y; for j=0,1,--- ,n,

and by the Cauchy-Schwarz incquality,

g li3

< (;)//////lﬂ),

BT (24,2
[f (20 + U0 = Yo, -+ , 20 + tp, — ya)|e™ 2 Zi=0(5+5;)
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dmp(ug)---dmp(un) dmp(z)---dmr(z,) dmL(yo) ~dmy(yn)

(&) [ o [T

dmy, (ZO) dmL(zn) dmL yO) dmL(yn)

=13
as desired.
(III) Casc A = p+ igq, (p > 0);
Since
|(}('UO,'Ul, U
(w> / / [, u1, - ywn)fe™ 3 Zimolis )"
dmip(ug)--- dmp(uy),
let

h(vy, Ul,

,

() / / fluo,wn, -+ ug)e™§ im0l

dmp(ug) - - - dmp(uy),

then by (II), h € Lo(R™Y) and || k ||2<|| f ||2. So,

A
1900, v1, -+ s vm)] < (-2;> (oo, 01, vl

Hence g € Ly(R™H1). Now

I g3
- /R / 19000, 01, ) Pdmy (vo) - - dmi (vn)
R

= / / g(vo,v1,- - ,vn)g(vo,v1,- -+, vp)dmp(vo) - - - dmy (vy)

N

{/ /e 3 Zhateru) 30029 4y (ug) - - dmL(un)]

dmp(xo) - dmp(z,) dmp(vg) - - dmp(vy). J




324 MaN Kyu Inm

Since
/ /6 2 Zjcolws—w) j=0(5~9;)? dmg(vo)- - - dmy(vn)
n 1
— ( ) E? o(uj~z;)?
4p
and let u; —x; = s5, ; = z; for j = 0,1,--- ,n, then by the Cauchy-Schwarz
incquality
g3
n+1
|/\I2)T/ / g —DiZgwn o2
S —_— e 1r 3=0 '7dmL8 "'dmLS
() " [ s (s0) - dm(sn)
= £ 113,
as desired. |

Lemma 3.6. For 1 > p > 2 and all non-zero real number q, if Fy = Iy, then the
existence of Tq(p)(Fl) assure the existence of Tq(p)(Fg), and Tq(p)(Fl) ~ T(p)(Fg)

Proof. For all positive real numbers ¢, 3, let F = Fy — F5. Then F(y/a? + 32 z)
= 0 for almost all z in (C|0,],w,) and

/ Flaz + 8y)ldw, X w, (@, y)
clo4xCiog

= /C o IF(Va2 + 32 2)|dw,(z)
)

Hence for almost all (z,y) in (C[0,t] x C[0,t],w, X wy), |F(azx + By)| = 0. By
Fubini thecorem, for all positive real numbers «. 8 and for We-a.e. Y, fC[O,t} |Fax +
By)|dwy(z) = 0, that is, fc[o,t] [F1(ax + By) — Fa(az + By)]dwy(x) = 0. Then we can
obtain that for all positive real number 3

an ani an ani
(3.5) L R + ydug(z) = L o+ fydugte)
Clo,t] Clo,¢]

and so if one side exists then both sides exist in (3.5). Thus if T(p)(Fl) cxists then
T(p)(Fz) also cxists, and T(p)(Fl) T(p)(Fz) 0

Theorem 3.7. For a partition 0 =ty < t; < --- <t, =t, let F(x) = f(z(to), z(t1),
*, z(tn)) be in Ayn. Then for each y in C[0,t] and for all complex numbers X with



THE TRANSFORMATION THEOREM ON ANALOGUE OF WIENER SPACE 325

Rex >0, | aFo :']"w’\ F(z + y)dw,(z) ezists. Moreover,

an anw
(3.6) / Flz +y)dw, (z)

clo,4]

il n —% ) 0

= AN Hzﬂ(tj_tj_l) / / f('vo,'vh... ,vn)
.:1 — 00 — 0O
e R T T )

o2 T 1tj(ij Sy e~ M wo—y(t0))?

dmp(vg) - - - dmp(vy)dmg(vo).

Moreover, let h(y(to),y(t1), - ,y(ta); \) be the right side in (3.6), then

| AGt)y(tr),- -yt N) 2 < \[ 0 f o

and h(wg, w1, -+ ,Wn; A) is analytic of A.

Proof. For all positive real number A and for all y in CI0, t], we can find the equality
(3.6) by the elementary calculus from the definition of A,,, the analogue of Wiener in-
tegration formula, the Radon-Nikodym derivative E‘;ﬂ%(x) = Ae~%" and the change
of variable with A_%uj +y(t;) =v; ( =0,1,--- ,n). Now, since

h(wOawla“' 7'wn1)‘)
+1 L %
=A,\T[H27r(tj—tj_1)} / / flvo,v1,- -+ ,vn)
Jj=1
_Axn [(vj*vj—l)—(wj—wj-ﬂ]z R
e 2411 tiot_ e—a.)\(vo—wo)

dmy(vy,) - - - dmy(vy Ydmyp(vg),

by the change of variable, vj = =L = Wit (5=1,2,-

Vii—ti- 1 ,/t]—t] 1

and wj = wg,

n
h(wf,,wf, +VEwh, - wy + Z Vi — tj_lfw;;)\>
et

wl:

n
ot [T (vé,v6+\/ﬁv'1,~~,v6+2\/t_j—tj—1v§>
j=1

™3 Lm0 —u))% —aA(vh—up)® dmp(v)) - - dmy(vy)dme (vp).
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And again using the change of variable, wi =wj,v; =] (j =1,2,--- ,n), V2auj =
wy and v2av) = vf), and let
h*(wg, w, - wiis A)
(\/._wo, \/_wo y+ Vi, ,\/_wo +Z\/ tj 1w A)
and
f(()v L 'U::)
]‘ n 1 " e 1
vy, —=vp + vy, , —=Uy + ,/t'—t-_lv->,
(\/— 0 \/— 0 \/_ \/2—(1 0 ]; J J J
then
h* ,0,’ wl" b ,l’ A)
s /\ A 7" 2
=A R 3 2j=o(vf —wy)
\/7(277 / / f*(vg, ) Un)e”

dmL(”Z)"'dmL( 1)dmL( 0)~

Hence by Lemma 3.5

” h*(wngllla"' n7 ”2 < A\/— ” f 0,’01,"' ’UZ) ”2 .

Now, we show that h*(wg, w1, - ,wn;A) is analytic of A\. From the dominated

convcrgcncc theorem, if lim A, = A in C*,
m—0oQ0

hm h (’UJO,'[U], e 7wn7)‘m) = h*(w())wlv e awn;A)a
m—o0

and so, h* is a continuous function of \. And let A be a simple closed interval on
C™, then by the Fubini theorem,

/ h*(wo, w1, -+ ,wn; ) dX

n+tl

W[ [ o (3) e )

dmy(vy) - - dmp(v1)dmy (vg)
= 0.

Thus, from the Morera theorem, h* is an analytic function of ), that is, h is analytic.

d
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Theorem 3.8. Let f € Ly(R™?) and let ¢ be a non-zero real number. For a
partition 0 =1 < ) < --- <t, =t. define

(37) g('UO, Vi, -y Un)

- e[

3 oo I,
/ / Fluoy s, un)
-0 — 00

JE" (u-—uJ 1)- (vj—vi- 1)] 2

o T zqa(uo—Uo) dmL(Un) - dmL(Ul)dmL(UO)'
Then g is in Lo(R™Y), and for all ug,u1, - ,un
(38) f(an Uy, aun)

- j%(z‘q)%“ {I_Izw(tj - %)} [ [ st )

[(uj—wj_ )= (v;-v;_1)?
. _qz:;r_ Vi

tiTt-1 e_iq“(uo_”")zdmL(vn) - dmg(vy)dmp (vo).
And
4q?
3.9 = i
(39) 0= 10

Proof. Let p = |q| (¢ = £p) and define

(3.10) (20,21, , 2n)

_ N +iaz2 tl L
= etz JlﬂAe 0 f| —=2z9, — 1,77 29
(\/— v VP
n
+2 ——t] _t]_lzj').
j=1' P
Then since f € Lo(R™Y), f* € Ly(R™1). Now, let
(311) g('IUQ,’UJl, o ,'lUn) = (f(f*))(’LUO,’lUl, T ,’LUn)

where F is the Fourier transform, and let 7 : R+ — R™*! defined by

T(uo,u1,- - ,un) = (20,21, - , 2n)

with 20 = /puo, z; = 1/t]—tJ 1(u1 uj—1) for j = 1,2,--- ,n. For a positive
rcal number B, let Dg = T(D ) where DB =[- B,B]”“, then by the change of
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variable, wg = F2a,/pvo and w; = F, /ij——%'_——;(vj —vj-1),
(312) q('LUO,’IU1, . ,w

n
= llm (2m) _—A/ / zo,—20+ 21y
(\f V
LZOJ,Z 7001, ) o g e )? piateot 3077
p = p

eF 5 ieq v} Fia(52)? dmy(zn) - -dmp(z1)dmp(z)

n+1
= hmA27r) \/H;, NI /DB/fuo,u1, ,Un)

[(" —uji—1)—(vj-vj 2
_E n J— e w2
i E P Y :I:zap(uo 'vo)2 F35 z]" 1 ]e:{:z—-Q

dmp(up) - - dmp(uy)dmyg (ug)

2
L\ ntl iy 2 el
= (j:@) 2 eT2 ijl wi e:':lﬁ

hm __\/‘;1=(:sz)"+1 []1127r _tJ 1 :I / /f(uﬂvula"' un)

; [(uj—uj1)—(vj=v;_1)I?
ip g n o I b .
ei 2300 i1 eiw.p(uo—'vo)2

dmp(uy) - - - dmp(ug)dmyg (up).

From the definition of g, g exists and g € Lo(R™*!). Hence

Z] lw]eil‘m g(wOawlw ) 1w’n)

= (iz) 2 g(UOvvl,"' ,'Un)

n+1l 1 tl
= :l: ? 3
(Z)2g<:F2a\/1—) \/_ w1

2af HE\/t e )

~ ) il
g(wOawla'” aw'n) = (il) 2 g*(w07w17"

that is,
B} w’n)
where

(313) g*(wO)w17“' ;wn)
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) 2
= T3 D wl Fil 1 1 ,/tl
=eT24m1% e g F wp, F wo F 4/ W1,
( 2a,/p 2a./p p

L fti—t,4
+ wo + 1w |
s o )

g (wo, wy, -, wy) = (£0) 75 (F(F*))(wo, w1, -~ ,w).

By the Plancherel theorem, || g* {lo=]| f* ||z and

From (3.11),

f*(z()vzl, o 7z’n)
= (ii)%(zw)—# lim /"-/g*(wo,wl,--- ,wn)e—izg’:lwm
B—xo Dp
dmp(wy) - - - dmp(wy)dmpg (wp).

This mcans that

n
i
C3 PN JAei“”o —2: — 2+ tl -1_z + tJ—le.
’ 1y ) 0
f 75 \/_ 0 7 E \/ P

(:t'l) 2 (271' hm / / ZZ] leZJeq:z E] 1 Je:dea
Dg

t1 [t; —tj-1
. —W;
( 2a \/— wo, F % \/— wla ’;QGﬁwOZF; p J

dmp(wn) - - - dmy(w;)dmg(wp),

by the change of variable,

2
u 1)
ilzj 1 t S

A—f] 1 Ae:l:zpauof(uO’ul,_“ ,'U/n)
1
= (% ) 2 i 2a; t; —t; _5
= (i)™ (2m)” Bl_{noo/ / p's H(] i-1)
o N R :tlij (=1 42
el 2 =1 Tt ot e?zpavOe ipauovo
g(vo,v1,- -+ ,vn) dmp(vy) - - - dmp(v1)dmg(vo)-

Thus

f(u())ula"' 7un)
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Ar ,:H27r(t ‘tj I)J

1
2
lim Vg, V1, , U
Beoo Dy g( 0, V1, P n)
ipson Mg—ui )=ty —v;_q0°

PR ti—ti-1 eFipa(uo—o)® dmp(vy) - dmy(vi)dmy(v),

and so, we obtain (3.8). And from (3.10) and (3.13), we have (3.9). tJ

Theorem 3.9. For a nonzero real number q and a partition 0 =ty < t] < -+ <
tn =1, if F(x) = f(z(to), - ,x(ts)) is in An. Then G = T,(F) ezists and G(y) ~
g(y(tO)a T y(tn)) € An where

(314) g(w()vwla"' 7w'n.)

= \/14_ ZQ) 2 [H27r(t —tJ 1:! lll’l'l /DB / fUOavh e 7U7L)

iy M)y )
2 j=1

ti=ti-1 eiaa(vo—wo)? dmpg(vy) - - - dmy(v1)dmy (vp).
Moreover,
(3.15) | To(F) 2 < 4Va3 || g |2 -
Proof. Let
an anwi
(3.16) / Pz + y)dw,(c)
clo.)

n+1 n _% © o
= ANz Hgﬂ(tj_tj_l) / / flvg,v1,--- ,vp)

A (- )=l -yt 1))
e 2%i=1 Tt e~ aMvo—y(t0))?

dmp(vy)- - - dmp(vi)dmp (vg)
= h(y(to),y(t1), - ,y(ta); A).

Then from Theorem 3.7 h is analytic for A.
Define for positive real number B,

0,|v;l] <B for all j=0,---,n
f(vo,v1,--- ,vn),|vj| > B for some j=0,---,n.

fB(vo,v1,- -+ ,un) = {

Then for two positive real numbers p and B,
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llg(ey(to). py(t1),- - . py(tn)) — hlpy(to). py(t1), -+ py(tn); A)ll2

1

- A 2
_p(n+1 f HQ”t —t_ )
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Avn [(Kj"”j—l)_("’j—wj—l)]2 2
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2
= I1+12-|—I3.

From Thcorem 3.8 and Theorem 3.7 applicd by fg and || fg||2 converges to zcro as
B — o0, for cach positive number €, we can say I + I3 < §. And the integral of in
the norm || - ||z in I; is dominated by the function

1
n -2
n+3 ntl
H27r(tj - t]——l)] |f(v07vla' ot avn)l 272 (1 + |q|) z.
j=1

A
Vaerm
with | +i4q| < 1 and Re A > 0. Hence by dominated convergence thcorem, Ij
converges to zero as A — —ig (Re A > 0). Thus the theorem is proved. O
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