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A FUNCTIONAL EQUATION ON HOMOGENEOUS
POLYNOMIALS

JAE-HYEONG BAE? AND WON-GIL PARKP

ABSTRACT. In this paper, we obtain the general solution and the stability of the
cubic functional equation f(2z+y,22+w)+ f(2z -y, 2z —w) = 2f(z+y, 2+ w) +
2f(x — y,z —w) + 12f(x, z). The cubic form f(x,y) = az® + ba’y + cxy® + dy° is a
solution of the above functional equation.

1. INTRODUCTION

In this paper, let X and Y be real vector spaces. For a mapping f: X x X — Y,

consider the 2-variable cubic functional equation:
F(22+y,22 + w) + f(22 — y, 22 — w)
(1) =2f(x+y,z+w)+2f(x—y,z—w)+12f(z, 2).

When X =Y = R, the cubic form f : R x R — R given by f(z,y) := ax® +
bx2y + cxy® + dy?® is a solution of (1).

For a mapping g : X — Y, consider the cubic functional equation:

(2) 92z +y) + 92z — y) = 29(z + y) + 29(x — y) + 12g(z).
In 2002, Jun and Kim [2] solved the solution of the equation (2).

In this paper, we investigate the relation between (1) and (2). And we find out

the general solution and the generalized Hyers-Ulam stability of (1).

2. RESuULTS

The 2-variable cubic functional equation (1) induces the cubic functional equation
(2) as follows.
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Theorem 1. Let f: X x X — Y be a mapping satisfying (1) and let g : X — Y be
the mapping given by

(3) 9(z) == f(x,x)
for all x € X. Then g satisfies (2).
Proof. By (1) and (3),
92z +y) +9(2z —y)

=fQ2zx+y 2z +y)+ f2r -y, 2z —y)

=2f(z+y,z+y)+2f(x -y, x —y) +12f(z,2)

=2g(z +y) + 29(x — y) + 12¢(z)
for all x,y € X. | o

The cubic functional equation (2) induces the 2-variable cubic functional equation

(1) with an additional condition.

Theorem 2. Let a,b,c,d € R and g : X — Y be a mapping satisfying (2). If
f: X XX —Y is the mapping given by

flz,y) = ag(x H%[ (2:v+y)—g(2$—y)—29(y)}

() + 2ot +20) + gla - 20) — 290 | + dotw
for all z,y € X, then f satisfies (1). Furthermore, (3) holds ifa+b+c+d = 1.
Proof. By (2) and (4), we have

fQRx+y,224w)+ f(2xr —y,2z — w)

= ag(2r + y)

b [ | -
+§Z (4m+2y—{—2z+w)—g(4x—|—2y-—2z—w)w29(22‘+’w)]
+-2-Zl- 9g2x +y+4z +2w) + gRx +y — 4z — 2w) — 2g(23:—|—y]
+dg(2z+w)+ag(23:—y)

b
+ﬂ gldr — 2y + 2z —w) — g4z — 2y — 2z + w) — 2922—11))]

+ﬂ g(2:1:—y.+4z—2'w)+g(2x—y—4z+2'w) 29(2x — y }
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+ dg(2z — w)

b
:a[g(2$+y)—}-g(2a:*y)]+ﬁ g(4x + 2y + 2z + w) + g{4x — 2y + 2z — w)

—g(4x + 2y — 22 —w) — g(4z — 2y — 2z + w) — 29(2z + w) — 29(2z — w)

+ -2%[9(233—|—y+4z+2w)—I—g(23:—y+4z—2w)
+9g(2r+y—4z—2w)+ g(2x — y — 4z + 2w)
- 20(20+ 3) = 20(22 — )| +dlg(2z +w) + 9(25 — w)]

= (a - -1%) g2z + y) + g2z — y)] + (d - 1—2) [9(22 +w) + g(22 — w)]

b

+24

[9(2(2::: T2+ 29+ w) + 9(2(2 + 2) — 2y +w))
922z — 2) + (2y - w)) - g(2(2x — 2) — (2y - w»]

+ 5621- [g(Q(x +22) + (y + 2w)) + g(2(x + 22) — (y + 2w))

(2~ 22) + (y — 2u) + 9(2(a ~ 22) — (y — 2)
~ (20- £ )o@ +9) + 9w~ ) + 6902
+ (Qd — %) lg(z + w) + g(z — w) + 6g(2)]

b
+-1—§[g(2$+z+2y+w)+g(2$+2—2y‘w)+69(2$+z)

—g(233--z+2y—w)—g(2w—z-—2y+’w)—69(237—2)}
+-1—%[g(m+2z+y+2w)+g(:r+2z—y—2'w)+69(ﬂ3+2z)

—|—g(a:—2z+y—2w)+g(x—2zwy—l—2w)+69($—2z)]

= 2ag9(x + y)
DT
+—1-—§ g(2m+2y+z—|—w)——g(233+2y—z—’w)—29(z+'w)}

c
-|-E g(a:—|-y+2z+2w)~|—g(a:-|—y~2z—2’w)—29(55‘*'3!)]
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+ 2dg(z + w) + 2ag(x — y)

b
+ﬁ g(2x—2y+z-—~w)—-g(2:v—2y—z+'w)—29(z_'w)]

T
-|--1--2- g(:z:—y+22——2w)+g(x—y—2z+2w)—29(a:—*y)}

+ 2dg(z — w) + 12ag(x) + % {9(233 +2) — g2z — 2) — 29(2:):'

+ g gl +22) + g(x — 22) — 29(:1:)] + 12dg(z)
=2fle+y,z+w)+2f(zx —y,z —w) + 12f(x, z)

for all z,y,z,w e X.

Letting z = y = 0 in (2), we get g(0) = 0. Putting y = z in (2), we obtain
g(3x) = 27g(x) for all x € X. Setting x = 0 in (2), we obtain that g is an odd
mapping. If a+b+c+d =1, by (4), we have

b c
fla,2) = ag(a) + g7 |9(32) ~ 9(2) — 29(a)| + 5 |9(3) + 9(2) ~ 20(0) | + do(x)
= (a+b+c+d)g(x) = g(z)

for all x € X. H

In the following theorem, we find out the general solution of the 2-variable cubic

functional equation (1).

Theorem 3. A mapping f : X x X — Y satisfies (1) if and only if there exist two
symmetric multi-additive mappings S1,S2 : X x X x X — Y and two multi-additive
mappings M1, My : X x X x X —» 'Y such that
(@ y) = Si(z,z,2) + Mi(y, z,z) + Ma(z,y,y) + S2(v, 9, ),

Mi(z,y,z) = Ml(;r:,'z, y) and Ms(x,y,z) = Ma(x, 2,y) for all z,y,z € X.

Proof. We first assume that f is a solution of (1). Define fi,fo : X — Y by
fi(x) := f(x,0) and fa(z) := f(0,z) for all z € X. Since f; and fo satisfy (2), by
2], there exist two symmetric multi-additive mappings 51,52 : X x X x X — Y

such that fi(x) = S1(x,x,x) and fa(z) = So(x,x,x) for all x € X. Define h, hy, hy :
X xX —Y by

hzx,y) == f(z,y) — [f(z,0) + f(0,9)],

m(y,2) = 3[(z,) + h(-2,v)],
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ha(,y) = 5lh(@,) + bz, ~y)

for all x, y € X. One can easily verify that h; and ho satisfy the systems of functional
equations

hi(z+y,2) =h(z,2)+hi(y,2), hi(z,y+2)+hi(z,y—2) =2hi(z,y) + 2hi(z, 2)

and

ho(z +y,2) = ha(z, 2) + ha(y, 2), ha(z,y+ 2) + ho(z,y — 2) = 2ha(x, y) + 2ha(z, 2)

for all x,y,z € X. By [3], there exist two multi-additive mappings Mj, My : X x X X
X — Y such that hi(z,y) = Mi(z,y,y), ha(z,y) = Ma(z,y,y) and Mi(z,y,2) =
Mi(z, z,y), Ma(z,y,2) = Ms(z,z,y) for all z,y,z € X. Letting x = z = 0 in (1)
and using f(0,0) = 0, we get f(y,w) + f(—y, —w) — 0 for all y,w € X. Hence, by
the above equality, we have

flx,y) = f(x,0) + h{zx,y) + f(O,y)

= Si(z,z,2) + %[h(a:, y) + h(—x,y)] + %[h(an y) + hz, —y)] + S2(y, 4, y)
= S1(z,z,x) + hi(y, ) + ho(x,y) + S2(y, y, y)
= Si(x,z,x) + My(y,z,x) + Ma(x,y,y) + Sa2(y,y,y)

for all z,y € X.

Conversely, we assume that there exist two symmetric multi-additive mappings
51,852 : X x X x X — Y and two multi-additive mappings M;, My : X x X xX - Y
such that

f(z,y) = S1(z,z,x) + Mi(y,z,x) + Ma(z,y,y) + S2(y, ¥, ¥),
Mi(z,y,2z) = Mi(z,z,y) and Ma(x,y,2) = Ma(x,z,y) for all z,y,z € X. Since
My, M, are multi-additive and Sy, S2 are symmetric multi-additive, we have
fQx+y,2z2+w)+ f(2x — y,22 — w)
=512z +y,2x +y,2c+y) + M (22 +w,2x + y,2x + y)
+ My(2x + y, 22z + w, 2z + w) + S2(22 + w, 2z + w, 2z + w)
+ 8122 — y,2z — y,2z — y) + M1(2z — w, 2z — y, 22 — y)
+ M2z — y,2z — w,2z — w) + S2(22 — w, 2z — w, 2z — w)
= 88 (z,z,7) + 1251 (z, 2, y) + 6S1(2, ¥, y) -+ S1(¥, ¥, y)
+ 8Mi(z,z,z) + 8M(2,x,y) + 2M1(2,y,y) + 4M; (w, z, )
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+4M(w, z,y) + Mi{w,y,y) + 8My(x, 2, 2) + 8Ma(x, z, w)
+ 2Mso(z, w, w) + 4M>o(y, 2, 2) + 4dMo(y, z, w) + Ma(y, w, w)
+ 852(2, 2z, 2) + 12852(z, z, w) + 6S2(z, w, w) + Sa(w, w, w)
+851(z, @, x) — 1251(2, z,y) + 651(z, ¥, ¥) — S1(¥, ¥, 9)
+ 8Mi(z,z,x) — 8My(z,z,y) + 2M1(2,y,y) — 4]\41(11), T, T)
+4My(w, z,y) — Mi(w,y,y) + 8My(z, z,2) — 8Ma(z, z, w)
+ 2Ma(x, w, w) — 4Ms(y, 2, z) + 4My(y, 2, w) ~ Ma(y, w, w)
+852(z, 2, 2) — 12855(z, z, w) + 652(z, w, w) — So(w, w, w)
= 4[{4S1(z, z, z) + 3S1(z,y,y) + 4M1(z,z, x)
+ Mi(z,y,y) + 2My(w, z,y) + 4Mo(x, 2, 2) + My(z, w, w)
+ 2M>(y, z,w) + 4S2(z, 2, 2) + 3S2(z, w, w)]
= 2[S1(z,z,z) + 3S1(z, z,y) + 3S1(z,y,y) + S1(y, ¥, )
+ My (z,x,x) + 2My(z,z,y) + My(z,y,v) + My (w,z,x)
+ 2My(w, z,y) + Mi(w,y,y) + Ma(x, 2, 2) + 2Ms(x, z, w)
+ Ma(z, w,w) + Ms(y, z,2) + QJ\JQ(y, z,w) + Msy(y, w, w)
+ S1(2, 2, 2) + 3S1(z, z, w) + 351(2, w, w) + S1(w, w, w)
+ 51z, z,z) — 351(z, 2, y) + 3S1(z, 4, 9) ~ S1(y, ¥, )
+ Mi(z,x,x) ~ 2M1(z, z,y) + Mi(z,y,y) — ]\/Ii(w, T,I)
+ 2Mi(w, z,y) — My(w,y,y) + Ma(z, z,2) — 2Mo(x, 2, w)
+ Mo (z, w,w) — Ma(y, z,2) + 2Ms(y, z,w) — Ma(y, w, w)
+ 51(2, 2, 2) — 351(2, z,w) + 351 (2, w,w) — S1(w, w, w)
+ 12[S1(z, z, x) + My (z,z,z) + Ms(z, 2, 2) +. Sa(z, z, 2)]
=2[S1(z+y,z+y,x+y) +J\J1(é+w,x+y,a:+y)
+My(z+y,z+w,z4+w)+ Sz +w,z4 w, 2+ w)
+Si(z—y,z~y,z -y + Mz —w,z-y,z -y
+ Ma(x —y,z —w,z —w)+ S2(z — w, 2 —w, 2 — w)]
+12[S1(x, z,x) + Mi(z,z, ®) + Ma(z, 2, 2) + S2(z, 2, 2)]
=2f(z+y,z+w)+2f(x ~y,z — w) + 12f(x, 2)

for all x,y, 2z, w € X.
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Let Y be complete and let ¢ : X x X x X x X — [0,00) be a function satisfying

o0

(5) Pa,y.zw) =Y

j=0

1

5 8j+1cp(2ja:,2jy,2jz,2jw) < 00

for all x,y,z.w € X.
Theorem 4. Let f: X x X — Y be a mapping such that
1 f(2z +y,22 +w) + f(2z — y,22 — w)
(6) —2fz+y,z+w)-2f(z -y 2 - w) - 12f(,2)|| < p(z,,2,w)

Jor all x,y,z,w € X. Then there exists a unique cubic mapping F : X x X —Y
such that

(7) Wf(z,y) — F(z,y)|| <H(x,0,¥,0)

for all z,y € X. The mapping F 1is given by

1 o
F(x,y) := Jlggo gjf(QJ:I:, 274)

forallz,y € X.
Proof. Letting y = 0 and w = 0 in (6), we have
‘ 1

1
flx,z) — = f(2x,22)|| < —p(zx,0, 2,0)
8 16
for all z,z € X. Thus we obtain

<1
- 2.8t

for all z,z € X and all j. Replacing z by y in the above inequality, we see that

1 1. - - -
lgff(?a:, 27 z) — gj—.;—l-f(?“:c, ARPY ©(2°2,0,272,0)

1 . : 1 - :
g/ (@) - G (272, 27 y)]

1 . .

for all z,y € X and all 5. For given integers [, m(0 <1 < m), we get

1 m—1

1 1 - '
/(2 2y) - ggf(zmmazmw” < 2 ggme¥n0.2u.0)
j=l

(8)

for all z,y € X. By (8), the sequence {-8-13— f(27z,27y)} is a Cauchy sequence for
all x,y € X. Since Y is complete, the sequence {—5—5 f(27z,27y)} converges for all
z,y € X. Define F: X x X - Y by
1 S
F(z,y) := lim o f(2z, 2y)

J—00
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for all x,y € X. By (6), we have
1 - : 1 : -
Hgf(zf(zx +9),29(22 4 w) + o f(2(20 — ), 2 (22— w)

2

21 (), P - w) - 51 @5, 22

@@+ ), 2 (= 4 w)) -

< §3g0(2j$,2jy, 27z, 2 w)
for all z,y, z,w € X and all j. Letting j — oo and using (5), we see that F’ satisfies
(1). Setting I = 0 and taking m — oo in (8), one can obtain the inequality (7). If
G : X x X — Y is another cubic mapping satisfying (7), we obtain that

| F(z.5) ~ Glz.v)]
= IFEz,2) - 62", 2%)|

< lIF@2,2") - f(20, %) + g2 ]f(2,2) - G(2"2,2")]

2
< -8—7195(2”:1:,0, 2"y,0) - 0 as n— o

for all ,y € X. Hence the mapping F is the unique cubic mapping, as desired. [l
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