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COMMON FIXED POINT THEOREMS FOR FINITE NUMBER
OF MAPPINGS WITHOUT CONTINUITY AND COMPATIBILITY
IN MENGER SPACES

SUSHIL SHARMA *, BHAVANA DESHPANDE ®* AND RASHMI TITWARI ¢

ABSTRACT. The purpose of this paper is to prove some common fixed point theo-
rems for finite number of discontinuous, noncompatible mappings on noncomplete
Menger spaces. Our results extend, improve and generalize several known results in

Menger spaces. We give formulas for total number of commutativity conditions for
finite number of mappings.

1. INTRODUCTION

Sessa [19] generalized the notion of commuting maps given by Jungck [7] and
introduced weakly commuting mappings. Further, Jungck [8] introduced more gen-
eralized commutativity called compatibility. In 1998, Jungck and Rhoades [10] in-
troduced the notion of weakly compatible maps and showed that compatible maps
are weakly compatible but converse need not true.

Menger [11] introduced the notion of probabilistic metric space, which is gen-
eralization of metric space and study of these spaces was expanded rapidly with
pioneering work of Schewizer and Sklar [17], [18]. The existence of fixed points for
compatible mappings on probabilistic metric space is shown by Mishra [12].

Recently, fixed point theorems in Menger spaces have been proved by many au-
thors including Bylka [1], Pathak, Kang and Baek [13], Stojakovic [24], [25], [26],
Hadzic [4], [5], Dadic and Sarapa [3], Rashwan and Hedar [16], Mishra [12], Radu
[14], [15]. Sehgal and Bharucha-Reid [20], Cho, Murthy and Stojakovic [2], Sharma
and Bagvan [21]Sharma and Deshpande [22].
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Most of the fixed point theorems in Menger spaces deal with conditions of conti-
nuity and compatibility or compatibility of type (a) or compatible of type (3).

There are maps which are not continuous but have fixed points. Also weakly
compatible maps defined by'Jungck and Rhoades [10] are weaker than that of com-
patibility.

These observations motivated us to prove common fixed point theorem for ten
noncompatible, discontinuous mappings in noncomplete Menger spaces. We also ex-
tend our results for finite number of mappings. Our main theorems extend, improve
and generalize many known results in Menger spaces ([3], [6], [9], [12], [16], [21]-{23],
[26]). To prove existence of common fixed point for finite number of mappings some
commutativity conditions are required. How many commutativity conditions are

necessary? We give answer of this question by giving formulas.
2. PRELIMINARIES

Let R denote the set of reals and RWL the non-negative reals. A mapping F': R —
R* is called a distribution function if it is non- decreasing and left continuous with
infF' = 0 and supF = 1. We will denote by L the set of all distribution functions.

A probabilistic metric space is a pair (X, F'), where X is non empty set and F' is
a mapping from X x X to L.

For (p,q) € X x X, the distribution function F(p,q) is denoted by Fy,. The
function F}, jare assumed to satisfy the following conditions:

(P1)Fpq(z) =1 for every x > 0 if and only if p = ¢,

(P2)F} 4(0) = 0 for every p,q € X,

(P3)Fpq(z) = Fy p(x) for every p,q € X,

(Py) if Fp4q(x) =1 and F,,(y) = 1 then F,,(x+y) = 1 for every p,q,7 € X and
r,y > 0. -

In metric space (X, d) the metric d induces a mapping F' : X x X — L such that
F(p,q)(@) = Foq(z) = H(z — d(p,q)) for every p,q € X and z € R, where H is a
distributive function defined by | |

0, <0
H(a:)—{ 1, x>0
Definition 1. A function ¢ : [0,1] x [0,1] — [0,1] is called a T- norm if it satisfies
the following conditions: |
(t1) t(a,1) = a for every a € [0, 1] and ¢(0,0) = 0,
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(t2) t(a,b) = t(b,a) for every a,b € [0,1],
(t3) If c > a and d > b then t(c,d) > t(a,b), for every a,b,c € [0,1],
(ta) t(t(a,b),c) = t(a,t(b,c)) for every a,b,c € [0,1].

Definition 2. A Menger space is a triple (X, F,t), where (X, F') is a PM-space and
t is a T-norm with the following condition:

(Ps) Fpr(z+y) > t(Fpq(x), Fyr(y)) for every p,q,r € X and z,y € R™.

An important T-norm is the T-norm t(a,b) = min{a, b} for all a,b € [0,1] and
this is the unique T-norm such that t(a,a) > a for every a € [0,1]. Indeed if it
satisfies this condition, we have

min{a, b} < t(min{a, b}, min{a, b}) < t(a,b)
< t{min{a, b}, 1) = min{a, b}

Therefore t = min.

In the sequel, we need the following definitions due to Radu [14].

Definition 3. Let (X, F,t) be a Menger space with continuous T- norm ¢t. A

sequence {z,} of points in X is said to be convergent to a point x € X if for every
e >0, limy_,00 Fy,, z(€) = 1.

Definition 4. Let (X, F,t) be a Menger space with continuous T-norm t. A se-
quence {z,} of points in X is said to be Cauchy sequence if for every € > 0 and

A > 0, there exists an integer N = N(g,A) > 0 such that Fy, 5 (¢) > 1 — A for all
m,n € N.

Definition 5. A Menger space (X, F,t) with the continuous T-norm ¢ is said to be
complete if every Cauchy sequence in X converges to a point in X.

Theorem A ([17]). Let t be a T- norm defined by t(a,b) = min{a,b}. Then the

induced Menger space (X, F,t) is complete if a metric space (X, d) is complete.

Definition 6 ([12]). Self mappings A and S of a Menger space (X, F,t) are called

compatible if Fyg,, s4z,(z) — 1 for all z > 0, whenever {z,} is a sequence in X
such that Az, Sz, — u for some u € X as n — . |

Definition 7 ([10]). Two maps A and B are said to be weakly compatible if they
commute at coincidence point.
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Lemma A ([18], [23]). Let {z,} be a sequence in a Menger space (X, F,t) with
continuous t-norm and t(x,x) > x. Suppose for all x € [0,1] there exists k € (0,1)
such that for allz >0 and n € N, Fy, 5 .. (kx) > Fy. | 2. ().

Then {z,} is a Cauchy sequence in X. |

Lemma B ([12]). Let (X, F,t) be a Menger space. If there exists k € (0,1) such
that for p,q € X, Fp q(kx) > Fp 4(z). Then p = q.

2. MAIN RESULTS

Theorem 1. Let A,B,S8,T,1I,J,L,U, P and () be self maps on a Menge'r space
(X, F,t) with t(a,a) > a for all a € {0, 1], satisfying

(1.1) P(X) c ABIL(X),Q(X) c STJU(X)

(1.2) there exists k € (0,1) such that
Fpz oy(ku) > min{Fagsry sTivz(v), Fpe sTivz(u), FQy,AB1Ly (W),

Foy stivz(au), Fpg ABILy((2 — @)u)}
forallx,y e X, a € (0,2) and u > 0,
(1.3) if one of P(X), ABIL(X), STJU(X), Q(X) is a complete subspace of X

then

(i) P and STJU have a coincidence point and
(ii) @ and ABIL have a coincidence point.

Further if

(14)  AB=BA,AI =IA AL =LA, BI=IB,BL=LB,IL= LI,
QL =LQ,QI =1Q,QB = BQ,ST =TS,5J = JS,SU =US,
TJ = JT,TU =UT,JU =UJ,PU =UP,PJ = JP,PT = TP,

(1.5) the pairs{P, STJU} and {Q,ABIL} are weakly compatible, then
A B,S,T,1,J,L,U, P and Q have a unigue common fized point in X.

Proof. By (1.1) since P(X) C ABIL(X) for any point g € X there exists a point
r1 in X such that Pzg = ABILz,. Since Q(X) C STJU(X), for this point x1 we
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can choose a point 2 in X such that Qzy = STJUz2 and so on. Inductively, we

can define a sequence {y,} in X such that for n =0,1,2,....,
Yorn = Pron = ABILxony1 and yony1 = QT2n+1 = STJUCL'anLQ-
By (1.2), for all u > 0 and @ = 1 — ¢ with ¢ € (0,1), we have

F yant2. yont1 (KU)
> min{Fy2n3y2n+l (U)a Fy2n+2,y2n+1 ('u,), Fy2n+1,y2n ('u,), Fy2n+1:.yzn+1 ((1 o q)’u,),
Fysniay2a (1 + @)u)}
2 min{ FYon,yony1 (), Fyania,yanis (W)s Fyaniiyen (4);
Fypnir,yansa (qU)}

> min{Fanayan (u), Fy2n+2,y2n+1 (u)a Fy2n+lay2n+2 (qu)}

Since the t-norm is continuous letting q —1, we have

Fy2n+1,y2n+2(ku) > min{FyQH.:an—l-l (u), Fyzn+1,yzn+2 (u)}

Similarly, we also have

Fy2n+2ay2n+3 (ku) ->-: min{Fy2n+1,y2n+2 (’U,), Fy2n+2,y2n+3 (u)}

In general, we have form = 1, 2, .....

Fym+1,ym+2 (ku) 2 min{Fymaym+l (U), Fym+1 yYm-+42 (U)

Consequently, it follows that form =1,2, .....,p=1, 2, .....

Fym+1 yIm+2 (ku) Z mln{Fym yY¥m 41 (k_*lu)ﬂ Fym.+1 yHm 42 (k—pu)}

By noting that F, ., , . .(k™Pu) — 1 as p — oo, we have form = 1, 2, ....

F’ym+1,ym+2 (ku) Z Fym,ym+1 (u)

Hence by Lemma A, {y,} is a Cauchy sequence in X. Now suppose STJU(X) is
complete. Note that the subsequence {y2,+1} is contained in STJU(X) and has a
limit in STJU(X) call it 2. Let w € STJU!(z). Then STJUw = z. We shall use

the fact that subsequence {y2,} also converges to z. By (1.2), with o = 1 we have

prayzn-{—l (kU)
> min{Fygn,STJU‘w(u)a Fpy sTivw(u), Fyoni1,u2n (u), Fy2n+1?STJUw(u)’ Epw,yan (u)}

which implies that as n — 0o, Fpy, »(ku) > Fpy . (u).
Therefore by Lemma B, we have Pw = 2. Since STJUw = 2z thus we have
Pw = z = STJUw that is w is coincidence point of P and STJU. This proves (i).
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Since P(X) ¢ ABIL(X), Pw = z implies that z € ABIL(X).
Let v € ABIL 'z. Then ABILv = z. By (1.2), with o = 1 we have
FP$2n+2,QU(ku)

> min{FABILU,yan (u), Fyoni2,99m41 (u)Fu,aBILv(4), FQu,yons (u), Fy2n+2sABILU(u)’

which implies that as n — 00, Fgy z(ku) > Fou . (u).

Therefore by Lemma B, we have Qv = z. Since ABILv = 2z, we have Qv = z =
ABILv that is v is coincidence point of Q and ABIL. This proves (ii).

The remaining two cases pertain essentially to the previous cases. Indeed if
P(X) or Q(X) is complete then by (1.1), z € P(X) C ABIL(X) or z € Q(X) C
STJU(X). Thus (i) and (ii) are completely established.

Since the pair {P, STJU} is weakly compatible therefore P and ST JU commute
at their coincidence point that is P(STJUw) = (STJU)Pw or Pz = STJU z.

Since the pair {Q, ABIL} is weakly compatible therefore Q and ABIL commute
at their coincidence point that is Q(ABILv) = (ABIL)QuorQz = ABILz:.

Now we prove that Pz = z. By (1.2), with & = 1 we have

FPz,Q:anJrl (ku)
> min{Fy,, sTjuz(u), FPzsTiuz(w), Fysny1,0n (W)s Fyopyr,STIU- (u)s Fpzys, (w)}-

Proceeding limit as n — oo, we have
FPz,z(ku) 2> FPz,z (U)
Therefore by Lemma B, we have Pz = z. So Pz = STJUz = z. By (1.2), with
a = 1 we have | |
FPx2n+21Qz(ku)
> Min{FABILz yony1 (4)s Fyonya,pant1 (w), ¥Qz,4BIL2(4) FQz2n 11 (u),
Fyni2, ABILz(U)- | |
Proceeding limit_ as n — oo, we have
F, g:(ku) > Fg, ,(u).
Therefore by Lemma B, we have Qz = z, so Qz = ABILz = z. By (1.2), with
a = 1 and using (1.4), we have |
Fp, oLz (ku)

> min{Faprr(r2),s7I02(8), Fpz,5T5U2(%), FoL2), ABIL(L2)(W)s FQ(L2),5TJU2(W);
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Fp, aBrL(Lz) (1)}

Thus we have
Fz,Lz(ku) 2> min{FLz,z (u)a Fz,z(u)a FLz,Lz (’U,), FLz,z (u)a FLz,z (U)}

Therefore by Lemma B, we have Lz = z. Since ABILz = z therefore ABIz = 2.
By (1.2), with a = 1 and using (1.4), we have

Fp, o(12)(ku)
> min{FABIL(Iz),STJUz(U)» Fp, sTiuz(u), F Q(Iz),ABIL(Iz) (u), FQ(r2),sTIU (),

Fp, aBri(z)(u)}-
Thus we have
Fr, . (ku)
> min{ Fr, ,(v), F; 2 (v), F1,.1.(v), F1,,2(4), Frs . (u)}.

Therefore by Lemma B, we have Iz = 2. Since ABIz = z therefore ABz = z.

Now to prove Bz = z we put £ = z, y = Bz in (1.2), with @ = 1 and using (1.4),
we have

FPz,Q(Bz) (ku)
> min{ F’ ABIL(Bz),STJUz(u)a F Pz,STJUz?(’Ur)a FQ(Bz),ABIL(Bz) (uv), F, Q(Bz),STJU 2(),

Fp, aBIL(B2) (1)}

Thus we have

Fz,Bz(ku) > min{FBz,z(u)a Fz,z (u)a FBz,Bz(u)a FBz,z(u)a FBz,’z(U)}'

Therefore by Lemma B, we have Bz = z. Since ABz = z therefore Az = z. By
(1.2), with @ = 1 and using (1.4), we have

Fpw2) Q. (ku)
> min{ F’ ABILz,STJU(Uz)(u)a F P(Uz),STJU(Uz)(U)a 13 Qz,ABILz(U)a FQzsTou (Uz) (u),

Fpw.),aBrL.(u)}.

Thus we have

FUz,z(ku) > min{FUz,z(u)a FUz,Uz(u)a Fz,z(u)a FUz,z(u)a FUz,z(u)}'
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Therefore by Lemma B, we have Uz = z. Since STJUz = z therefore STJz = z.
To prove Jz = z put z = Jz, y = z in (1.2) with a =1 and using (1.4), we have

Fp(12),0.(ku)

> min{ Faprrz sTIU(72)(¥) FP(32),5TI0(32)(0), FQz,ABILz (1), F Q2 5T IU(J2) (),
Fp(yz2),ABIL-(1)}-

Thus we have

Fypo(ku) > min{Fy, . (u), Fyz,52(u), Fs 2 (W), Fizz(u), Frz2(u)}-
Theretore by Lemma B, we have Jz = z. Since ST Jz = 2 therefore.STz = 2.
To prove Tz =z put x =Tz, y = z in (1.2), with a = 1 and using (1.4), we have
Fp(12),:(ku)
> min{ Faprr. 570 (r:) (), Fp(r2),s750(T2) (%), FQz,ABILz (W), FQz 5T IU(T2) (1))
Fp(r2),aBrr-(u)}- |

Thus we have

FTz,z(ku) > min{FTz,z (U): FTz,Tz(u)_-. Fz,z(u): FZ,TZ(U)t FTZ,Z(U)}'

Therefore by Lemma B, we have T2 = z. Since STz = z therefore Sz = z. By
combining the above results we have

Az = Bz= Sz =Tz=1z = Jz= Lz = Uz= Pz = (Qz= z. that is z is a common
fixed point of A,B,S,T,I,J,L,U, P and Q. The uniqueness of the common fixed

point of A,B,S,T,1,J,L,U, P and @ follows easily from (1.2). This completes the
proof. ]

Remark 1. We note that Theorem 1 is still true if we replace the condition (1.2)
by the following condition: there exists k € (0, 1) such that

F P:':,Qy(ku)
> t(FABILy,sTJUz(W), t(Fps sT iUz (1), t(FQy,ABILy (4), t(Qy,sTIU= (),

Fpr aBrLy((2 — @)))))

for all z,y € X,a € (0,2) and u > 0.
If we put P = Q in Theorem 1, we have the following result:

Corollary 2. Let A, B, S, T, 1, J, L, U and P be self maps on a Menger space
(X, F,t) with t(a,a) > a for all a € [0,1], satisfying



COMMON FIXED POINT THEOREMS FOR FINITE NUMBER OF MAPPINGS 143

(2.1) P(X)c ABIL(X), P(X)c STJU(X),
(2.2) there exists k € (0,1) such that

Fpe py(ku) > min{Faprry s7ivz (W), Fpz sTivz(w), Fpy aBriy(u),

Fpy stivz(ou), Fps AB1Ly((2 — a)u)}

forallz,y € X,a € (0,2) and u > 0,
(2.3) if one of P(X),ABIL(X),STJU(X) is a complete subspace of X then
(¢2) P and STJU have a coincidence point and
(¢3) P and ABIL have a coincidence point.
Further if
(24) AB =BA, Al = 1A, AL =LA, Bl = 1B, BL = LB, IL = LI,
PL = LP,PI = IP, PB=BP, ST =TS, §J = JS, SU = US,
TJ =JT,TU = UT, JU = UJ, PU = UP, PJ = JP, PT = TP,
(2.5) the pairs {P, STJU} and {P, ABIL} are weakly compatible, then
(i1e) A, B, S, T, I, J, L, U and P have a unigue common fized point in X.

If we put L = U = Ix (the identity map on X) in Theorem 1, we have the
following;:

Corollary 3. Let A, B, S, T, I, J,P and Q be self maps on a Menger space (X, F,t)
with t(a,a) > a for all a € |0,1], satisfying
(3.1) P(X)C ABI(X),Q(X) c STJ(X),
(3.2) there exists k € (0,1) such that
Fpy gy(ku) > min{Fapry s7Jz(u), Fpz sTic(w), FQy ap1y(u),

Foystiz(aw), Fpe apry((2 — @)u) }
forallz, ye X, a€(0,2) andu > 0,

(3.3) if one of P(X),ABI(X),S8TJ(X),Q(X) is a complete subspace of X then
(¢) P and STJ have a coincidence point and
(i1) @ and ABI have a coincidence point.
Further if
(3.4) AB = BA, Al = IA, BI = IB,QI = IQ,QB = BQ,
ST =175, 8§J=JS, TJ=JT, PJ =JP, PT = TP,
(3.5) the pairs {P, STJ} and {Q, ABI} are weakly compatible, then
(it2) A, B, S, T, I, J, P and Q have a unique common fixed point in X.

It we put P = @ in Corollary 3, we get the following:
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Corollary 4. Let A, B, S, T, I, J and P be self maps on a Menger space (X, F,t)
with t(a,a) > a for all a € |0, 1], satisfying |

(4.1) P(X)C ABI(X), P(X)cC STJ(X),

(4.2) there exists k € (0,1) such that

Fpy py(ku) > min{Fapry sTiz(4), Fpg s1J2(1), FPy ABIy(U), Fpy, 5712 (0W),
Fpz aBry((2 — a)u)}

forallz, ye X, a €(0,2) andu > 0,
(4.3) if one of P(X),ABI(X),STJ(X) is a complete subspace ofX then
(1) P and STJ have a coincidence point and
(i1) P and ABI have a coincidence point.
Further if
(4.4) AB = BA, Al = IA, BI = IB, PI = IP, PB = BP,
ST =TS, SJ=JS, TJ =JT, PJ = JP, PT = TP,
(4.5) the pairs {P,STJ}and{P, ABI} are weakly compatible, then
(i12) A, B,S,T,1,J and P have a unigue common fized point in X.

Remark 2. Theorem 1 and Corollaries 2- 4 improve extend and generalize the
results of Mishra [12], Dedeic and Sarapa [3], Rashwan and Hadar [16], Sharma and
Bagwan [21] Sharma and Deshpande [22] and many others.

If we put I = J = Ix (the identity map on X) in Corollary 3 we have the

following:

Corollary 5. Let A, B, S, T, P and Q be self maps on a Menger space (X, F,t)
with t(a,a) > a for all a € [0, 1], satisfying

(5.1) P(X)C AB(X), Q(X)C ST(X),

(5.2) there exists k € (0,1) such that

Fpz oy(ku) > mm{FABy,STa:(U) Fpg sTz(u), Foy aBy(u), FQy,STa:(au)
Fpz aBy((2 — a)u)}

forallz,y € X, a €(0,2) and u > 0,
(5.3) if one of P(X),AB(X),ST(X),Q(X) is a complete subspace of X then
(¢) P and ST have a coincidence point and

(iz) P and AB have a coincidence point.
Further if
(5.4) AB = BA, QB =BQ, ST =TS, PT = TP,
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(5.5) the pairs {P, ST} and {Q, AB} are weakly compatible, then
(¢it) A, B, S, T, P and @ have a unique common fized point in X.

Remark 3. (i) Corollary 5 improves the result of Sharma and Bagwan [21].
(4¢) In view of Remark 1, Theorem 1 extends Theorem 3.1 of Sharma and Desh-
pande [22]. | | B
(#22) Corollary 5 also extends, improves and generalizes the results of Mishra [12]
Dedeic and Sarapa [3], Rashwan and Hader [16] and many others.

If we put P = ( in Corollary 5 we have the following:

Corollary 6. Let A, B, S, T and P be self maps on a Menger space (X, F,t) with
t(a,a) > a for all a € [0,1], satisfying

(6.1) P(X)Cc AB(X),P(X) C ST(X)

(6.2) there exists k € 0,1) such that

Fpy py(ku) > min{Fapy stz(u), Fpy sTz(u), Fpy aBy(u), Fpry sTe(au),
FPrE,x‘U‘By((2 —a)u)}

forallz,ye X, a € (0,2) and u > 0, |
(6.3) if one of P(X),AB(X),ST(X), P(X) is a complete subspace of X then
(i) P and ST have a coincidence point and

(it) P and AB have a coincidence point.
Further if

(6.4) AB = BA, PB = BP, ST = TS, PT = TP,
(6.5) the pairs {P, ST} and {P, AB} are weakly compatible, then
(112) A, B, S, T and P have a unique common fixed point in X.

If we put B = T = Ix (the identity mapping on X) in Corollary 5 then (5.4) is
satisfied trivially and we have the following:

Corollary 7. Let A, S, P and Q be self maps on a Menger space (X, F,t) with
t(a,a) > a for all a € {0,1], satisfying

(7.1) P(X)cC A(X), Q(X)cC S(X)

(7.2) there exists k € (0,1) such that |

FPm,Qy(kU) > min{FAy,Saz(u)a FPa:,S:L' (U)a FQy,Ay (u), FQy,S:r:(au)a
FP:c,Ay((2 —a)u)}

forallz, ye X, a€ (0,2) and u> 0,
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(7.3) if one of P(X), A(X),S(X),Q(X) is a complete subspace of X then
(7) P and S have a coincidence point and

(ii) P and A have a coincidence point.
Further if

(7.4) the pairs {P,S} and {Q, A} are weakly éompatib]e, then

(1i2) A, S, P and Q have a unique common fized point in X .
Remark 4. (i) In view of Remark 1, Corollary 7 is generalization of result of Mishra,
[12], Dedeic and Sarapa [3], Rashwan and Hedar [16].

(i) In view of Remark 1, Corollary 7 is Theorem 3.1 of Sharma and Deshpande
(22]. o

If we put A = S in Corollary 7 we have the following result:

Corollary 8. Let A, P and Q be self maps on a Menger space (X, F,t) with t(a,a) >
a for all a € [0,1], satisfying

(8.1) P(X) Cc A(X), Q(X) C A(X),

(8.2) there exists k € (0,1) such that

Fpz gy(ku) > min{Fay az(v), Fpz az(u), FQy,ay(1), FQy,az(au),
Fpz ay((2 — a)u)}

forallx,y e X, a€(0,2) and u > 0,
(8.3) if one of P(X), A(X),Q(X) is a complete subspace of X then
(¢) P and A have a coincidence point.
Further if o | |
(8.4) the pairs {P, A} and {Q, A} are weakly compatible, then
(it) A, P and Q have a unique common fized point in X.

If we put A = Ix(the identity map on X) in Corollary 8 we have the following:

Co"rolla.ry 9. Let P and Q be self maps on a Menger space (X, F,t) with t(a,a) >
a for all a € |0,1], satisfying |
(9.1) there exists k € (0,1) such that

Fpyoy(ku) > min{ Fy, »(u), Fpg o (u), Foy 4 (1), Foyz(0u),
-F)?’:r:,y.((2 o a)u)}

forall z,y € X, o € (0,2) and u > 0,
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(9.2) if one of P(X), Q(X) is a complete subspace of X then P and Q have a unique
common fized point in X.

If we put P = @ in Corollary 9, we have the following:

Corollary 10. Let P be a self map on a Menger space (X, F,t) with t(a,a) > a for
all a € [0,1], satisfying
(10.1) there exists k € (0,1) such that
Fpg py(ku) > min{F, ;(u), Fpyz z(u), Fpy 4 (u), Fpy z(ou),
 Fee(@-aw)
Jorallz, ye X, ae€ (0,2) and u > 0,

(10.2) if P(X) is a complete subspace of X then P has a unique common fized
point in X.

Corollary 11. Let P be a self map on a Menger space (X, F,t) with t(a,a) > a for
all a € [0,1], satisfying
(11.1) there exists k € (0,1) such that

Fpy py(ku) > Fpy(u),

forallz, y€ X and u> 0,
(11.2) if P(X) is a complete subspace of X, then

(121) P has a unique common fized point in X .

The metric version of Theorem 1 is as follows:

Theorem 12. Let A, B, S, T, I, J, L, U, P and Q be self maps on a metric space
(X.d) satisfying (1.1) and |
(12.1) there exists k € (0,1) such that

d(Pz,Qy) < kmax{d(ABILy,STJUx),d(Pzx,STJUxz),d(Qy, ABILy)
%{d(Qy, STJUz) + d(Pz, ABILy))
forall x,y € X.

In addition if condition (1.3) is satisfied then we have (i)and (ii). Further if (1.4)
and (1.5) are satisfied then A, B,S,T,I,J,L,U, P and Q have a unique common
fixed point. |

Remark 5. Theorem 12 improves, extends and generalizes the result of Mishra
112], Jungck [9], Hadzic [6], Xieping [27] and many others.
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Theorem 13. Let (X, M, x) be a fuzzy metric space with t x t > ¢ for all t € [0,1].
Let Ay, Aa, ..., Ap, 51, S, ..., S,, P and @ be self mappings on a Menger space
(X, F,t) with t(a,a) > a for all a € [0,1] satisfying: B

(13.1) P(X) C A1 As.. An(X), Q(X) C 515s...8,(X),

(13.2) there exists a constant k € (0,1) such that | | |

Fpzoy(ku) > min{Fa, 4,.. A4,y.5:5,...5n2 (W), FPz,5,5,...5,2(1), FQy, A1 As... Any (1),

Foy,.8,. .Sz(au), Fpy A 4, Any(2 — a)u)}

forallz,ye X,a >0, a € (0,2) andt > 0, |
(13.3) if one of P(X), A1Az ... An(X), 5152 ... Su(X), Q(X) is a complete subspace
of X then
(¢2) P and §155...S,, have a coincidence point and
(17) Q and A1As...A, have a coincidence point.
Further iof
(13.4) A1 commutes with As, As, ..., Ay,
Ay commutes with Az, A4 ..., An,
Ag commutes with A4, As, ..., Ap,

An_1commutes with Ay,
stmailarly S, commutes with So, Ss, ..., Sp,

Sy commutes with S3, S4...,S,,

S3 commutes with Sy, Ss...,S,,

S,_1commutes with S,,

P commutes with S5, 53, ...,.S,,

QQ commutes with Ag, As, ..., A,.
(13.5) the pairs {P,515>...5,} and {Q, A1As...A,} are weakly compatible, then
(it7) Ay, Ag,...,An, 81,52, ...;n, P and Q have a unique common fized point in
X. |

Proof. Since P(X) C A1A3...An(X), for any point o € X there exists a point
- x1 € X such that Pxg = A As...Apx1. Since Q(X) C 5152...5,(X), for this point z;
we can choose a point x2 € X such that Qx1 = 51955...S,22 and so on. Inductively,
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we can define a sequence {y,} in X such that for n =0,1,2, ...

Yon = Prop, = A1As.. . Apxonyi,

Yon+1 = Qxont1 = 5159...5nTon42-

By using the method of proof of Theorem 1, we can see that conclusions (i), (i)
and (iii) hold. O

DISCUSSION AND AUXILIARY RESULTS

In view of above results it is very much clear that we extend, improve and gen-
eralize many results in metric spaces and Menger spaces. We prove common fixed
point theorems for finite number of mappings in Menger spaces. This is the first ef-
fort in the existing literature. To prove common fixed point theorems for contractive
type condition with more than four mappings some commutativity conditions for
mappings are always essential. How many commutative conditions are necessary?’
As an answer of this question we are giving the following formulas:

(1) If the number of mappings are even and finite in above theorems and corollaries
then there will be ~T‘2—_i’"’—_8 commutativity conditions, where n = 4,6,8,10,12, ......
up to finite values. For example if n = 10 then 18 commutativity conditions are
required. (See (1.4)). |

(ii) If the number of mappings are odd and finite in above theorems and corollaries
then there will be ”—24:2 commutativity conditions, where n = 5,7,9, 11." ..... up to
finite values. For example if n = 7 then 10 commutativity conditions are required.

(See (4.4)).

(iii) If n = 1,2, 3,4 then any commutativity condition is not required. See Corol-
laries 7 to 11. |

Our theorems apply to a wider class of mappings than the results on compatible
or compatible of type (@) or compatible of type () maps since compatible or com-
patible of type (a) or compatible of type (3) maps constitute a proper subclass of
weakly compatible maps.

We point out that common fixed point theorems for finite number of maps can
be proved without continuity of any mappings.

In our all results we replace the completeness of the whole space with a set of
alternative conditions. |
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In this way we prove common fixed point theorems for finite number of maps in
Menger spaces by relaxing, replacing and omitting some conditions in the analogous
results.

Our results contain so many results in the existing literature and will be helpful
for the workers in the field.
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