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CHARACTERIZATIONS OF THE WEIBULL DISTRIBUTION
BY THE INDEPENDENCE OF THE UPPER RECORD VALUES

SE-KYUNG CHANG ? AND MIN-YOUNG LEEP

ABSTRACT. This paper presents characterizations of the Weibull distribution by
the independence of record values. We prove that X € WEI(a), if and only if

Xuen and X for n > 1 are independent or it
U(n+1) =
XU(n+1) + XU(n) XU(n+1) + XU(-n)

Xy (ns for » > 1 are independent. And also we establish that X € WEI(a), if

and

and only if XU("'H} XUW and X U(nt1) for n > 1 are independent.
U(n+41) + U(n)

1. INTRODUCTION

Let {X,, n > 1} be a sequence of independent and identically distributed (i.i.d.) |
random variables with cumulative distribution function (cdf) F(x) and probability
density function (pdf) f(x). Suppose Y, = max(min){X;, X2, -, X,} for n > 1.
We say X, is an upper(lower) record value of this sequence, if Y; > (<) Y; 1 for
j > 1. By definition, X; is an upper as well as a lower record value.

The indices at which the upper record values occur are given by the record times
{U(n), n > 1}, where U(n) = min{j|j > U(n —1), X; > X, _,,, n 2 2} with
U(l) =1.

We assume that all upper record values X for 2 > 1 occur at a sequence
{Xn, n>1} of i.i.d. random variables.

A continuous random variable X is said to have the Weibull distribution with
parameter o > 0 if it has a c¢df F(x) of the form

(1—e*, 2>0,a>0
(1) F(z) = 4

0, otherwise.
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A notation that designates that X has the cdf (1) is X € WEI{a).

Some characterizations by the independence of the upper record values are known.
Ahsanullah(1995) characterized that F(z) = 1 — e s,z > 0,0 >0, if and only if
X,  —X, . and X 0 < m < n are independent. Moreover Ahsanullah(1995)

U(n) U(m) U(m}?

B X
characterized if F(z) =1 — (E) , a, 3 > 0, then ()
x

U(m)

are independent. Also, Lee and Chang(2005) characterized that F(z) =1 —e¢e =,
and X

and X O<m<n

U(m)?

318

x > 0,0 > 0, if and only if n > 1 are independent and F(x) =

U{n)’
U(n+1))(
1—-z7% 2>1,0 >0, ifand only if JntD and X

U(n)
results are characterizied by the simple quotient form of the upper record values.

vy T 2= 1 are independent. Above

By the expansion form of denominator, we can get the the Weibull distribution.
In this paper, we will give characterizations of the Weibull distribution by the

independence of the upper record values.

2. MAIN RESULTS

Theorem 2.1. Let {X,,,n > 1} be a sequence of i.i.d. random variables with cdf
F(x) which is an absolutely continuous with pdf f(z) and F(0) = 0 and F(x) < 1

for all x > 0. Then F(z) =1 —¢e"* forallz > 0 and a > 0, if and only if
X,

X 1{)(*:-1))( — and X Ums1y @T€ tndependent for n > 1.
Proof. If F(r) =1—€™*" for all > 0 and o > 0, then the joint pdf f, ., (z,y) of
XU . and X, o gy | ]
foral0 <z <y, a>0and n>1.
Consider the functions V = e Loy and W = X, .. It follows that
Ufn+1) T XU(H)
Ty = (1= 'v)'w’ Tymey = W and [J| = E)-. Thus we can write the joint pdf

'U

Fvw (v, w)ofVandWaS
o2 (1 _ ,v)cxn—l we(nt1)—1,—w®

F(TL) ,Uan—i-l

(2) fv,w(vaw) =

. |
fora,ll§<'u<1,w>0,a>0andn21.
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The marginal pdf f, (v) of V is given by

-/ " (0,w) duw

2 1 — ,U)an—l o0 N
3 _ 87 ( / a(n+1)—1 _—w d
3) I'(n)vortt  J, w ¢ v

an (1 —v)ent
pantl

1
forall§<v<l,a>Oandn21.

Also, the pdf f,, (w) of W is given by

fur (1) = gy (RO ()
(4) o wnt1)—1,—w*

I'(n+1)

forallw >0,a>0and n > 1.
From (2), (3) and (4), we obtain f,, (v)f,, (w) = fiw (v, w).

. XU(n.+1') . .
Hence V = and W = X, ., areindependent for n > 1.
XU(n.+1) + XU(n.)
Now we will prove the sufficient condition. The joint pdf f, ., (z,y) of X,
and XU( oy
1
famir (T, 9) = == (R(2))"'r(2) f(y)

I'(n)
forall 0 < z <y, a > 0 and n > 1, where R(z) = —In(1 — F(z)) and r(x) =
d fx)

dr gz (B(@)) = 1 - F(x)

X
Let us use the transformation V = % U(’j:l))( and W= X .,)- The Jaco-

U{n+1) U(n)

bian of the transformation is |J| =

— . Thus we can write the joint pdf f, ., (v, w)
of V.and W as |

V2

I‘(:; v2 (R ((1 _;yv)w)) ((1 _,lv) ) f(w)

forall%<'v<1,w>0&ndn21.
The pdf f,. (w) of W is given by

(5) fow (v,w) =

Q () = F s (RO S

for all w >0 and n > 1.
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From (5) and (6), we obtain the pdf f,, (v) of V

o (R(52) (45)

o) =25 (@)
forall%<v<1,w>0andn21.
That is,
R ((1 — 'v)'w) "
fo)= o | - -
v Ov R(w)

Since V' and Ware independent, the pdf f,, (v) of V is a function of v only. Thus

we must have

- R((l —'u)w) 5 (1 —v) R(w)

v ()

1—wv

” <1and w > 0. |
By the functional equations [see, Aczel (1996)], the only continous solution of (7)

with the boundary condition R(0) = 0 is

for all 0 <

R(x) = z*
for all x > 0 and « > 0. Thus we have
Fz)=1—e*

for all z > 0 and a > 0.

This completes the proof. O

X X
Remark 2.1. Let Uln+1) =Y. Then we can write Uln) e =1-Y.
XU(n+1) + XU(n) XU(n+1) + U(n) |

By the property of independence and the result of theorem 2.1, 1 — Y and X Unt1)

are independent. Hence we obtain that Fi(z) =1 —e " for all z > 0 and a > 0, if
X,
and only if v and X

are independent for n > 1.

U{n+1)
XU(n—I—l) + XU(n)
X X n o XU n
Remark 2.2. Let Jntd) = Y. Then we can write XU( ) e ) —
XU(n+1) + XU(n) U{n+1) + U(n)

2Y — 1. By the property of independence and the result of theorem 2.1, 2Y — 1 and
Xyns1y € independent. We obtain that F'(r) =1 — e %" for all z > 0 and a > 0,

if and only if XU(RH) _T_ XU(n) and X, .. are independent for n > 1.

U(n+1) U{n)
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