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VAGUE BCK/BCI-ALGEBRAS

KYOouNG JA LEE?, KEUM SOOK SO? AND KEUMSEONG BANG ©

ABSTRACT. The notions of vague BCK/BCl-algebras and vague ideals are intro-
duced, and their properties are investigated. Conditions for a vague set to be a
vague ideal are provided. Characterizations of a vague ideal are established.

1. INTRODUCTION

Several authors have made a number of generalizations of Zadeh's fuzzy set theory
[7]. Of these, the notion of vague set theory introduced by Gau and Buehrer [2] is
of interest to us. Using the vague set in the sense of Gau and Buehrer. Biswas [1]
studied vague groups. Jun and Park [4, 6] studied vague ideals and vague deductive
systems in subtraction algebras. In this paper, we also use the notion of vague set
in the sense of Gau and Buehrer to discuss the vague theory on BCK/BCl-algebras.
We introduce the notion of vague BCK/BClI-algebras and vague ideals in BCK/BCI-
algebras, and then we investigate their properties. We give conditions for a vague
set to be a vague ideal. We also establish characterizations of a vague ideal.

2. PRELIMINARIES

We review some definitions and properties that will be useful in our results.

By a BClI-algebra we mean an algebra (X, *,0) of type (2,0) satisfying the follow-
ing conditions:

(al) (Vz,y,z € X) (((zxy) *x (x*2)) * (2 xy) =0),

(a2) (Vz,y € X) ((z* (z*y)) xy = 0),

(a3) (Vz € X) (zxz =0),

(ad) Vz,ye X) (z+xy=0,yxz=0 = x=y).
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A BCl-algebra X satisfying the additional condition:

(ad) (Vz € X) (0xz =0)
is called a BCK-algebra. In any BCK/BCl-algebra X one can define a partial order
“<" by putting z < y if and only if z x y = 0.

A BCK/BCl-algebra X has the following properties:

(b1) (Vz € X) (z+0=x).

(b2) (Vz,y.z€ X) ((z*xy)x2=(z*z)xy).

(b3) (Vz,y,z€X)(z<y => z*xz2<y*z, 25y < z*zx).

(bd) (Vz,y,2€ X) (x*x2)*x(y*x2) <z xy).

In particular, if X is a BCK-algebra then the following property hold:

(b5) (Vz,y € X) ((z *y) xx = 0).

A nonempty subset S of a BCK/BCl-algebra X is called a subalgebra of X if
zxy € S whenever z,y € S. A subset A of a BCK-algebra X is called an ideal of
X if it satisfies:

(c1) 0 € A,

(c2) (Vz e A) (Vye X) (yxz € A = ye A).

Note that every ideal A of a BCK/BCl-algebra X satisfies:

(2.1) Vze A) VyeX) (y<z = yec A).

We refer the reader to the book (3] and [5] for further information regarding
BCK/BCl-algebras.

Definition 2.1 ([1]). A vague set A in the universe of discourse U is characterized
by two membership functions given by:

(1) A true membership function
tg:U — [0, 1],

and

(2) A false membership function
fa:U —[0,1],

where t4(u) is a lower bound on the grade of membership of u derived from the
“evidence for u”, fa(u) is a lower bound on the negation of u derived from the
“evidence against u”, and

ta(u) + fa(u) < 1.
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Thus the grade of membership of u in the vague set A is bounded by a subinterval
[ta(u),1 — fa(u)] of [0,1]. This indicates that if the actual grade of membership of
w is p(u), then

ta(u) < p(w) <1-falu).

The vague set A is written as

A= {{v,[ta(w), fa(u)]) | v € U},
where the interval [t4(u),1 — fa(u)] is called the vague value of u in A, denoted by
Va(u).

Recall that if I} = [a1,b1] and Iy = [ag, be] are two subintervals of [0, 1], we can
define a relation between I and I by I} > I if and only if @) > a2 and b; > be.
For a, B € [0,1] we now define (o, 8)-cut and a-cut of a vague set.

Definition 2.2 ([1]). Let A be a vague set of a universe X with the true-membership
function ¢4 and the false-membership function f4. The (e, 8)-cut of the vague set
A is a crisp subset A, gy of the set X given by

Afa,) = {7 € X | Va(z) = [, B]}-

Clearly Ag0) = X. The (a, 8)-cuts of the vague set A are also called vague-cuts
of A.

Definition 2.3 ([1]). The a-cut of the vague set A is a crisp subset A, of the set
X given by Ag = A(g,a)-

Note that Ap = X, and if @ > § then A, C Ag and A(q g) = Aa-

Equivalently, we can define the a-cut as

A ={z € X |ta(z) > a}.

3. VAGUE BCK-ALGERBAS

In this section we first define the notion of vague BCK/BCl-subalgebras. For our
discussion, we shall use the following notations on interval arithmetic:
Let I]0, 1] denote the family of all closed subintervals of [0, 1]. We define the term

“imax” to mean the maximum of two intervals as

imax (I, I2) := [max(a1, az), max(by, b2)],
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where I1 = [a1,b1], Iz = [ag, b2] € I]0,1]. Similarly we define “imin”. The concepts
of “imax” and “imin” could be extended to define “isup” and “iinf” of infinite number
of elements of 1[0, 1].

It is obvious that L = {I[0,1], isup, iinf, >} is a lattice with universal bounds
[0.0] and [1, 1] (see [1]).

In what follows let X denote a BCK/BCI-algebra unless specified otherwise.
Definition 3.1. A vague set A of X is called a vague BCK/BCI-algebra of X if the
following condition is true:

(3.1) (Vz,y € X) (Valz xy) = imin{Va(z), Va(y)}),

that is,

ta(zxy) > min{ta(z),ta(y)}.

(3.2) 1~ fa(z*y) > min{l — fa(z),1— fa(y)}
forall z,y € X.

Example 3.2. Consider a BCK-algebra X = {0,a,b,c} with the following Cayley
table:

*|O a b ¢
00 0 0 O
ala 0 0 «a
blb a 0 b
clc ¢ ¢ O

Let A be the vague set in X defined as follows:
A = {{0,]0.6,0.03]), {a, [0.6,0.03]), (b, [0.3,0.06]), (c, [0.6,0.03]) }.
It is routine to verify that A is a vague BCK-algebra of X.
Lemma 3.3. Every vague BCK/BCl-algebra A of X satisfies:
(3.3) (Vz € X) (Va(0) = Va(z)).
Proof. Let z € X. Then
t4(0) = ta(x xx) > min{ta(z), ta(x)} = ta(x)
and
1—fa(0) =1— fa(z*z) > min{l — fa(z),1 — fa(z)} =1— fa(z).
This shows that V4(0) = Va(z). a
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For the convenience of notation, we denote

z*Hyz— ((x*y1) *y2) %) *Yn

and

x*Hyz~yn (yn 1% (- x(yrxz)--)).

Proposition 3.4. Let A be a vague BCK-algebra of X and let {x1.22,--- .25} C X.
If there exists k € {1,2,--- ,n} such that x; = xg, then

(3.4) (Vz € X) (VA (ml % H:L ) > Va(z) )

Proof. Let k be a fixed number in {1,2, -+ ,n} such that zx = z;. Using (a3). (ad)

and (b2}, one can deduce

n
Va (:El *H.’I?i) = V(0
=2

It follows from Lemma 3.3 that

s o0+ o) = a0

i=2
for all z € X. O

Proposition 3.5. Let A be a vague BCK-algebra of X and let k € N. Then
2% 1
(i) (Vz € X) (VA <x* 11 m) = VA(x)>.
i=1
(ii) (Vx € X) (VA (:r * ) = V,\(a:)).

(iii) (Vz € X) (VA<NZ_= ) :r)).

Proof. Straightforward. ]

Theorem 3.6. Let A be a vague BCK/BCl-algebra of X. Then for any «, 8 € [0, 1],
the vague-cut A, 3y of A is a crisp subalgebra of X.

[N
?T‘II

Eal S

—

Proof. Let z,y € A(q 3y Then Va(z) > [, 8], that is, t4(z) > @ and 1 — fa(x) > 3
and Va(y) = [, 3], that is, t4(y) > « and 1 - fa(y) > 8. It follows from (3.2) that

ta(r *y) > min{ta(z). ta(y)} >

and
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1 — fa(z*y) 2 min{l - fa(x),1— fa(y)} = 8,
which means that Va(z * y) = [, 8]. Hence z +y € A(yp). This completes the
proof. O

4. VAGUE IDEALS ON BCK/BCI-ALGEBRAS

Definition 4.1. A vague set A of X is called a vague ideal of X if the following
conditions are true:

(d1) (Vz € X) (Va(0) = Va(z)),

(d2) (vz,y € X) (Va(z) = imin{Va(z * y), Va(y)}),

that is,

(4.1) £4(0) > ta(z), 1 — £4(0) > 1 — fa(z),
and

(4.2) ta(z) > min{ta(z xy), ta()},

1 - fa(z) 2 min{l — fa(z *y).1 - fa(y)}
for all z,y € X.

Example 4.2. Consider a BCK/BCl-algebra X = {0,a,b} with the following Cay-
ley table:

b
0
a
0

=

Let A be the vague set in X defined as follows:
A ={(0,[0.6,0.2]), {a, [0.3,0.6]), (b, [0.5,0.3]) }.
It is routine to verify that A is a vague ideal of X.

Example 4.3. Consider a BCK/BCl-algebra X = {0,a,b,c,d} with the following
Cayley table:

*|0 a b ¢ d
0{0 0 0 0 O
ala 0 a 0 a
bldb b 0 0 b
cle b a 0 ¢
did d d d 0

Let A be the vague set in X defined as follows:
A = {{0,[0.7,0.2]), {a, [0.7,0.2]}, (b,]0.5,0.3]), {c, [0.5,0.3]), (d, [0.7,0.2]) }.
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It is routine to verify that A is a vague ideal of X.
Proposition 4.4. Every vague ideal A of X satisfies:

(4.3) (Vr,y € X) (x Sy = Valz) = Vay)).
Proof. Let z,y € X be such that z < y. Then z xy =0, and so

ta(z) > min{ta(z *y), ta(y)} = min{t4(0), ta(y)} = ta(y)

and
1 - fa(z) = min{l — fa(z*y),1 - fa(¥)}
= min{1 — f4(0),1 - fa(y)}
= 1- fa(y).
This shows that Va(z) = Va(y)- O

Proposition 4.5. Every vague ideal A of X satisfies:
(4.4) (Vo,y,z € X) (Va(z * z) = imin{Va((z * y) * 2), Va(y)})-
Proof. Using (d2) and (b2), we have
Va(z * 2) = imin{Va((z * 2) * y), Va(y)}
= imin{Va((z *y) * z), Va(y)}
for all z,y,z € X. 3
We now give conditions for a vague set of X to be a vague ideal of X.

Theorem 4.6. If A is a vague set of X satisfying (d1) and (4.4), then A is a vague
ideal of X.

Proof. Taking z = 0 in (4.4) and using (bl), we have
Va(z) = Valz +0)
> imin{V4((z * y) * 0), Va(y)}
= imin{Va(z * y), Va(y)}
for all x,y € X. Hence A is a vague ideal of X. O

Corollary 4.7. Let A be a vague set of X. Then A is a vague ideal of X if and only
if it satisfies conditions (d1) and (4.4).
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The following are characterizations of a vague ideal of X.

Theorem 4.8. Let A be a vague set of a BCK-algebra X. Then A is a vague ideal
of X if and only if it satisfies the following conditions:

(4.5) (Vz,y € X) (Valz *y) = Va(z)),
(4.6) (Vz,a,b € X) (Va(z * ((z * a) * b)) = imin{V4(a), V4(b)}).
Proof. Assume that A is a vague ideal of a BCK-algebra X. Since (x *y)*z = 0 for
all z,y € X, it follows from (d1) and (d2) that
Va(z *y) = imin{Va((z * y) * ), Va(z)} = imin{V4(0), Va(x)} = Va(x)
for all x,y € X. Since
(xx((xxa)xb))xa=(r+a)*((x*xa)*xb) <b,
it follows from (4.3) that Va((z * ((x *a) *b)) xa) = V4(b). And, from (d2) we have
Va(z x ((z * a)) * b)) = imin{Va((z * ((z * a) ¥ b)) *a), Va(a)}
> imin{Va(a), Va(b)}.

Conversely let A be a vague set of X satisfying conditions (4.5) and (4.6). If we take
y = z in (4.5), then V4(0) = Va(z * 3) = Va(z) for all z € X, proving (d1). And,
by using (4.6), we obtain

Va(z) = Va(z % 0)

= Valz * ((z xy) * (z *y)))

= Valz x ((z * (z xy)) *y))

> imin{Va(z x y), Va(y)}
for all z,y € X. This proves (d2). Hence A is a vague ideal of X. O
Proposition 4.9. Let A be a vague set of a BCK-algebra X. Then A is a vague
ideal of X if and only if it satisfies:
(4.7) (Vz,y,z € X) (zxy < z = Va(z) = imin{Va(y), Va(z)}).
Proof. Assume that A is a vague ideal of a BCK-algebra X and let z,y,z € X be
such that z * y < 2. Then V4(z) =< Va(z *y) by (4.3). It follows from (d2) that

Va(z) > imin{V4(z * y), Va(y)} > imin{V4(y), Va(z)}. Conversely suppose that A
satisfies (4.7). Since 0 xy < y for all y € X, we have

Va(0) = imin{Va(y), Va(y)} = Va(y)
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by (4.7). Thus (d1) is valid. Combining (a2) and (4.7), we have
Va(e) = imin{Va(z * y), Va(y)},
proving (d2). Hence A is a vague ideal of X. O
As generalizations of Proposition 4.9, we have the following results.

Theorem 4.10. If a vague set A of a BCK-algebra X is a vague ideal of X, then

n
(4.8) zx [Jwi =0 = Va(z) = imin{Va(wi) | i = 1,2,-- ,n}
i=1
for all z, w1, wa, -+ ,wy € X.
Proof. The proof is by induction on n. Let A be a vague ideal of X. By (4.3) and
(4.7), we know that the condition (4.8) is valid for n = 1,2. Assume that A satisfies
the condition (4.8) for n = k, that is,
k
IIT*H’LUi =0 = Va(z) = imin{V4(w;) |t =1,2,--- .k}
i=1
for all z,wy,we, - ,wx € X. Let 2wy, ws, -, wk.wry1 € X be such that x *
Hf;‘ll w; = 0. Then
Va(z *wy) > imin{Va(w;) | j =2,3,--- ,k+ 1}
Since A is a vague ideal of X, it follows from (d2) that

Va(z) > imin{V4(z * wy), Va(wr)}
> imin{VA(wl), min{Va(w;) | 5=2,3,--- ,k+ 1}}
= imin{Va(w;) |1 =1,2,--- ,k+ 1}.

This completes the proof. d
Now we consider the converse of Theorem 4.10.

Theorem 4.11. Let A be a vague set of a BCK-algebra X satisfying the condition
(4.8). Then A is a vague ideal of X.

Proof. Note that (---((0*x)*z)*---) %z =0 for all z € X. It follows from (4.8)
[ S A—

n times
that V4(0) > Va(z) for all r € X. Let z,y,z € X be such that z xy < z. Then

0:(at*y)*z=(...(((x*y)*z)*o)*...)*0,
e ——

n — 2 times
and so V4 (x) > imin{V4(y). Va(z), Va(0)} = imin{Va(y), Va(z)}. Hence. by Propo-
sition 4.9, we conclude that A is a vague ideal of X. 0
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Combining Theorem 4.10 and 4.11, we immediately obtain the following result.

Corollary 4.12. Let A be a vague set of a BCK-algebra X. Then A is a vague
ideal of X if and only if it satisfies (4.8).

Theorem 4.13. Let A be a vague ideal of X. Then for any a, 8 € [0,1], the vague-
cut A ) of A is a crisp ideal of X.

Proof. Obviously, 0 € A, ). Let z,y € X be such that y € A(a,p) and ¥y € A, gy
Then Va(y) = [, 8], ie., ta(y) > aand 1 — fa(y) > G; and Va(z * y) = [o, F), ie.,
ta(r*y) > aand 1 — fa(z*y) > . It follows from (4.2) that
ta(z) > min{ta(z *y),ta(y)} > a
and
1 - fa(z) 2 min{l — fa(z xy).1 - fa(y)} > B

so that V4(z) > [a, ). Hence x € A(a,p), and s0 Aq ) is an ideal of X. a

The ideals like A(, g) are also called vague-cut ideals of X.

Clearly we have the following result.

Proposition 4.14. Let A be a vague ideal of X. Two vague-cut ideals Aa,p) and
A(y,5) with [a, B] < [v,9] are equal if and only if there is no x € X such that

[a, 8] 2 Va(z) = [v,4].
Theorem 4.15. Let X be finite and let A be a vague ideal of X. Consider the set
V(A) given by

V(A) :={Va(z) |z € X}.

Then all the vague-cut ideals A(q, 4,) of X are the only vague-cut ideals of X satis-
fying [ar, a] € V(A).
Proof. Consider [a1,ag] € I[0,1] where [ay,a2] ¢ V(A). If

[, 8] < [a1,a2] < [, 0]
where {a, ], [7,6] € V(A), then A, ) = Aq.05) = Ay,0)- If

[a1, a2] < [a1, ag]

where [a1,a3] = imin{Va(z) | # € X}, then A, o) = X = Ay, q,). Hence for
any [a1,az] € I[0,1], the vague-cut ideal A, 4,) of X is one of the form A, g for
[, B] € V(A). This completes the proof. O
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Theorem 4.16. Any ideal D of X is a vague-cut ideal of X with respect to some
vague ideal of X.

Proof. Consider the vague set A of X given by

_Jlo,e] ifzeD,
(4.9) Va(z) = {[0,0] itrgD,

where a € (0,1). Since 0 € D, we have V4(0) = [, a] = Va(z) for all 2 € X. Let
z,y € X. If z € D, then

Va(x) = [a.o] = imin{Va(x *xy), Va(y)}-
Assume that £ ¢ D. Then y ¢ D or x xy ¢ D. It follows that
Va(z) = [0,0] = imin{Va(z * y), Va(v)}.
Thus A is a vague ideal of X. Clearly D = A(, a)- O
Theorem 4.17. Let A be a vague ideal of X. Then the set
D:={z € X | Va(x) = Va(0)}
is a crisp ideal of X.

Proof. Obviously 0 € D. Let z,y € X be such that z«y € D and y € D. Then
Va(z *y) = Va(0) = Va(y), and so

Va(z) = imin{Va(z * y), Va(y)} = Va(0)

by (d2). Since V4(0) > Va(x) for all z € X, it follows that V4(z) = V4(0) so that
x € D. Therefore D is a crisp ideal of X. ]
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