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THE DENJOY,-STIELTJES EXTENSION OF THE BOCHNER,
DUNFORD, PETTIS AND MCSHANE INTEGRALS

CHUN-KEE PARK® AND MEE Na OnP®

ABSTRACT. In this paper we introduce the concepts of Denjoy.-Stieltjes-Dunford,
Denjoy.-Stieltjes-Pettis, Denjoy.-Stieltjes-Bochner and Denjoy.-McShane-Stieltjes
integrals of Banach-valued functions using the Denjoy.-Stieltjes integral of real-
valued functions and investigate their properties.

1. INTRODUCTION

The Denjoy integral of real-valued functions which is an extension of the Lebesgue
integral was studied by some authors ([3], [4], [9]). In [7] we introduced the Denjoy.
integral of real-valued functions. J. L. Gamez and J. Mendoza [2] and R. A. Gordon
[3] studied the Denjoy extension of the Bochner, Pettis and Dunford integrals which
is defined by the Denjoy integral. J. M. Park and D. H. Lee [8] introduced the concept
of Denjoy-McShane integral of Banach-valued functions. In [7] we introduced the
concept of Denjoy,-Stieltjes integral which is a generalization of the Denjoy. integral
and obtained some properties of the Denjoy,-Stieltjes integral.

In this paper we deal with the Denjoy,-Stieltjes extension of the Bochner, Pet-
tis, Dunford and McShane integrals. We first define the Denjoy.-Stieltjes-Dunford,
Denjoy.-Stieltjes-Pettis, Denjoy,-Stieltjes-Bochner and Denjoy.-McShane-Stieltjes
integrals of Banach-valued functions using the Denjoy.-Stieltjes integral of real-
valued functions and then investigate their properties.

2. PRELIMINARIES

Throughout this paper, X denotes a real Banach space and X* its dual. Let
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w(F.[e,d]) = sup {|Fy) ~ F@)|l :c <z <y < d)
denote the oscillation of the function F': [a,b] — X on the interval [c,d].

Definition 2.1 ([9]). Let F : [a,b] — X and let E C [a,b].
(a) The function F is AC, on F if F is bounded on an interval that contains E

and for each € > 0 there exists § > 0 such that

n

Zw(F, [ci, di]) < €

i=1
whenever {[c;,d;] : 1 <4 < n} is a finite collection of non-overlapping intervals that

have endpoints in F and satisfy

n

Z(dl — Ci) < 6.

i=1
(b) The function F is ACG, on E if F is continuous on E and E can be expressed
as a countable union of sets on each of which F is AC,.

Definition 2.2 ([7,9]). Let F : [a,b] — X and let ¢t € (a,b). A vector z in X is the
approzimate derivative of F at ¢t if there exists a measurable set E C [a, b] that has
t as a point of density such that
F(s)-F
L F(s) = F(t)

st s—t
scE

We will write Fy,(t) = z.
A function f : [a,b] — R is Denjoy, integrable on [a,b] if there exists an ACG,
function F': [a,b] — R such that F' = f almost everywhere on [a,b]. In this case,

we write
b
(D.) / f = F(b) - F(a).

The function f is Denjoy. integrable on a set E C [a, b] if fx g is Denjoy. integrable
on [a,b]. In this case, we write

@) [ 1= [ ’ fxe.

Definition 2.3 ([5]). A McShane partition of [a,b] is a finite collection P =
{(fci»di), ti) : 1 < i < n} such that {[¢;,d;] : 1 < i < n} is a non-overlapping family
of subintervals of [a,b] covering [a,b] and t; € [a, ] for each i < n. A gauge on [a, b]
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is a function ¢ : [a,b] — (0,00). A McShane partition P = {([ci,d;], %) : 1 < 7 < n}

is subordinate to a gauge ¢ if
[ei, d] C (i — 6(ti), ti + 6(t:))

for every i <. If f :{a,b] » X and if P = {{[c;,d;],t:) : 1 < i < n} is a McShane
partition of [a, b], we will denote f(P) for

Zf d—C,

A function f : [a,b] — X is McShane integrable on [a,b], with McShane integral z
if for each € > 0 there exists a gauge ¢ : [a, b] — (0, 00) such that

If(P) —zll <e

whenever P = {([ci,d;],ti) : 1 < i < n} is a McShane partition of [a, b] subordinate

(M)/abfzz.

3. THE DENJOY,-STIELTJES EXTENSION OF THE BOCHNER, DUNFORD
AND PETTIS INTEGRALS

to 6. In this case, we write

In this section we introduce the concepts of Denjoy.-Stieltjes-Bochner, Denjoy.,~
Stieltjes-Pettis and Denjoy,-Stieltjes-Dunford integrals and investigate their prop-
erties.

Definition 3.1 ({7]). Let F : [a,b] — X and let « : [a,b] — R be a strictly increasing
function and let F C [a,b).

(a) The function F is a-AC, on E if F is bounded on an interval that contains
E and for each € > 0 there exists § > 0 such that

> w(F.[ei.di)) <
=1

whenever {[c;,d;] : 1 <1 < n} is a finite collection of non-overlapping intervals that

have endpoints in E and satisfy
n

D leddi) - afe)] < 6.

i=1
(b) The function F is a-ACG, on E if F is continuous on E and E can be

expressed as a countable union of sets on each of which F is o-AC,.
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Theorem 3.2 ([7]). Let F : [a,b] — X and let o : [a,b] — R be a strictly increasing
function such that « € C'([a,b]) and let E C |a,b]. Then F is AC, on E if and only
if Fis a-AC, on E.

Proof. Suppose that F' is AC, on E. Let € > 0 be given. Then there exists n > 0
such that

n

ZW(F, [Ci, dl]) < €

i=1
whenever {[c;,d;] : 1 < i < n} is any finite collection of non-overlapping intervals
that have endpoints in F and satisfy

n

Z(di —¢) <.

i=1
Since « is a strictly increasing function such that a € C([a, b)), there exists m > 0
such that

o/ ()] = /(1) 2 m

for all t € [a,b]. Take & = mn. Let {[c;,di] : 1 < i < n} be any finite collection of

non-overlapping intervals that have endpoints in E and satisfy

Z[a(di) —a(g)] < 6.
i=1

Then by the Mean Value Theorem there exists t; € (¢;, d;) such that
a(d;) — ale) =d'(t)(di — ¢i), 1 <i<n.
So a(d;) — a(c;) > m(d; — ¢;), 1 <i<n. Hence

s ) < — 3 la(d) ~ ale)] <

m
1==1 i=1

1
—-d=n.
m

So
N w(F, [, di]) < e.
=1

Thus F'is «-AC, on E.
Conversely, suppose that F is a-AC, on E. Let € > 0 be given. Then there exists
n > 0 such that

> w(F,[ei,di]) < €
i=1
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whenever {[c;,d;] : 1 < i < n} is any finite collection of non-overlapping intervals
that have endpoints in E and satisfy

> la(ds) - ale)] < 7.
=1

Since a € C([a, b)), there exists M > 0 such that
/()] < M

for all t € [a,b]. Take 6 = §&. Let {[c;,d;] : 1 <4 < n} be any finite collection of
non-overlapping intervals that have endpoints in F and satisfy

n

Z(di — Ci) < 4.

=1

Then by the Mean Value Theorem there exists ¢; € (¢;, d;) such that

a(d;) — ale) = o' (t)(d; — ¢), 1 <i<n.

So
ald;)) —ale) < M{d;-¢), 1<i<n
Hence
> lds) — afe)] < MDD (di— ;) < Mo =n.
i=1 i=1
So
Zw(F. [ei di]) < e
i=1
Thus F is AC, on E. O

Definition 3.3 ([7]). Let F : [a,b] —» X and let t € (a,b) and let « : [a,b] — R
be a strictly increasing function such that o € C([a,b]). A vector z € X is the
a-approrimate derivative of F at t if there exists a measurable set E C [a.b] that

has t as a point of density such that
F(s) - F(t) N

We will write F), . (t) = z.

a,ap

Note that F,,(t) = Fy, 4,(t) - &/(t) for each t € (a, b).

a.ap

Definition 3.4. (a) A function f : [a,b] — X is Denjoy,-Dunford integrable on

[a,b] if for each z* € X* the function «*f is Denjoy. integrable on [a,b} and if for
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every interval I in [a, b] there exists a vector }* in X** such that

5@ = (D) [ o°f
for all z* € X*.

(b) A function f : [a,b] — X is Denjoy, - Pettis integrable on [a,b] if f is Denjoy,-
Dunford integrable on [a,b] and if x}* € X for every interval [ in [a, ).

(c) A function f : [a,b] — X is Denjoy,-Bochner integrable on [a, b] if there exists
an ACG, function F': [a,b] — X such that F is approximately differentiable almost
everywhere on [a,b] and F, = f almost everywhere on [a, b].

A function f : [a,b] — X is integrable in one of the above senses on a set E C [a, b]

if the function fxg is integrable in that sense on [a, b].

Definition 3.5 ([7]). Let « : [a,b] — R be a strictly increasing function such that
a € C([a,b]). A function f : [a,b] — R is a-Denjoy,-Stieltjes integrable on [a,b]
if there exists an a-ACG, function F : [a,b] — R such that FJ

aap = J almost

everywhere on [a, b]. In this case, we write

b
(D.S) / fda = F(b) — F(a).

The function f is a-Denjoy.-Stieltjes integrable on a set F C [a,bd] if fxg is
a-Denjoy,-Stieltjes integrable on [a, b]. In this case, we write

(D.S) L fda = (D.S) / ’ fxpdor

Theorem 3.6 ([7]). Let f : [a,b] — R and let o : [a,b] — R be a strictly increasing
function such that o € C'([a,b]) and let E C [a,b]. Then f is a-Denjoy,-Stieltjes
integrable on E if and only if o f is Denjoy. integrable on E.

Proof. If f is a-Denjoy.-Stieltjes integrable on F, then there exists an a-ACG, func-
tion F' : [a,b] — R such that F, ., = fx g almost everywhere on [a,b]. By Theorem
3.2, F is an ACG, function on [a,b] such that F/ = o' fxg almost everywhere on
[a,b]. Hence o' fxE is Denjoy. integrable on [a,b]. Thus o'f is Denjoy. integrable
on E.

Conversely, if ¢ f is Denjoy. integrable on E, then there exists an ACG, function
F : [a,b] — R on [a,b] such that F' = o' fxg almost everywhere on [a,b]. By
Theorem 3.2, F is an a-ACG, function on [a,b] such that F, ., = fxg almost
everywhere on [a,b]. Hence fxg is a-Denjoy.-Stieltjes integrable on [a,b]. Thus f
is a-Denjoy.-Stieltjes integrable on E. O
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Definition 3.7. Let o : [a.b] — R be a strictly increasing function such that
a € C([a,b)).

(@) f : [a,b] — X is a-Denjoy,-Stieltjes-Dunford integrable on [a,b] if for each
z* € X* z*f is a-Denjoy.-Stieltjes integrable on [a, b] and if for every interval I in
[a, b] there exists a vector z7* € X** such that

7 (z*) = (D.S) /I:c*f da

for all z* € X*.

(b) f : [a,b] — X is a-Denjoy,-Stieltjes-Pettis integrable on [a,b] if f is a-
Denjoy.-Stieltjes -Dunford integrable on [a, b} and if 27* € X for every interval I in
[a, b].

(¢) f : |a,b] = X is a-Denjoy,-Stieltjes-Bochner integrable on [a, b] if there exists
an a-ACG, function F : [a,b] — X such that F' is a-approximately differentiable

almost everywhere on [a,b] and F. ., = f almost everywhere on [a, b].

a,ap
f : la,b] — X is integrable in one of the above senses on a set E C [a,b] if fxE

is integrable in that sense on [a, b].

Theorem 3.8. Let o : [a,b] — R be a strictly increasing function such that o €
C(la,b]) and let E C [a,b]. Then f : [a,b] —» X is a-Denjoy.-Stieltjes-Bochner
integrable on E if and only if &/ f : [a,b] — X is Denjoy.-Bochner integrable on E.

Proof. If f : [a,b] — X is o-Denjoy,-Stieltjes-Bochner integrable on E, then there
exists an a-ACG, function F : [a,b] — X such that F is a-approximately differ-
entiable almost everywhere on [a,b] and F, ,, = fxg almost everywhere on [a, b].
By Theorem 3.2, F is ACG, on [a,b]. F is also approximately differentiable almost
everywhere on [a,b] and F, = F}, ,,o' = o fxg almost everywhere on [a,b]. Hence
o' f : la,b] — X is Denjoy.-Bochner integrable on E.

Conversely, if o'f : [a,b] — X is Denjoy,-Bochner integrable on E. then there
exists an ACG, function F : [a,b] — X such that F' is approximately differentiable
almost, everywhere on [a,b] and F,, = o/ fxg almost everywhere on [a,b]. By The-
orem 3.2, F is a-ACG, on [a,b]. F is also a-approximately differentiable almost

everywhere on [a,b] and F}, ., = L F) = fxg almost everywhere on [a,b]. Hence

a.ap

f i [a,b] — X is a-Denjoy,-Stieltjes-Bochner integrable on E. [

Theorem 3.9. Let « : [a,b] — R be a strictly increasing function such that a €
C([a,b]) and let E C [a,b]. Then f : [a,b] — X is a-Denjoy,-Stieltjes-Dunford
integrable on E if and only if &' f : [a,b] — X is Denjoy.-Dunford integrable on E.
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Proof. If f : [a,b] — X is a-Denjoy,-Stieltjes-Dunford integrable on E, then for
each * € X* z*f is a-Denjoy.-Stieltjes integrable on E and for every interval I in
[a, b] there exists a vector z7* € X** such that

77'(a) = (D.5) [« Fxe da

for all z* € X*. By Theorem 3.6, for each z* € X* o/(z*f) = z*(¢/f) is Denjoy.
integrable on E and

zy(z*) = (D.S) /I 2* fxg da = (D) /, (' fXE)

for all z* € X*. Hence o'f : [a,b] — X is Denjoy.-Dunford integrable on FE.
Conversely, if ¢’ f : [a,b] — X is Denjoy.-Dunford integrable on E, then for each
z* € X* z*(d'f) = a/(z*f) is Denjoy, integrable on F and for every interval I in

[a, b] there exists a vector z7* € X** such that
o1 (@) = (D) [ (e fxr)

for all x* € X*. By Theorem 3.6, for each z* € X* z*f is a-Denjoy.-Stieltjes
integrable on E and
o7 (@) = (D) [ 2" fxe) = (D) [ o fx) = (D.5) [ =" fxe da

for all z* € X*. Hence f : [a,b] — X is a-Denjoy.-Stieltjes-Dunford integrable on
E. O

Theorem 3.10. Let o : [a,b] — R be a strictly increasing function such that
a € CY{[a,b]) and let E C [a,b]. Then f : [a,b] — X is a-Denjoy,-Stieltjes- Pettis
integrable on E if and only if &' f : [a,b] — X is Denjoy.-Pettis integrable on E.

Proof. The proof is similar to Theorem 3.9. O

4. THE DENJOY,-STIELTJES EXTENSION OF THE MCSHANE INTEGRAL

In this section we introduce the concept of the Denjoy,-McShane-Stieltjes integral

and investigate some properties of this integral.

Definition 4.1. A function f : [a,b] — X is Denjoy.-McShane integrable on [a, b]
if there exists a continuous function F : [a,b] — X such that
(i) for each z* € X* z*F is ACG, on [a, b] and
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(ii) for each * € X* x*F is differentiable almost everywhere on [a, b] and (z*F)" =
x* f almost everywhere on [a. b].

In this case, we write
b
an/f:F@—me
a

Definition 4.2. Let a : [a,b] — R be a strictly increasing function such that
a € CY([a,b]). A function f : [a,b] — X is a-Denjoy.-McShane-Stieltjes integrable
on [a, b] if there exists a continuous function F' : [a,b] — X such that

(i) for each z* € X* z*F is a-ACG, on |a,b] and

(ii) for each z* € X* z*F is a-approximately differentiable almost everywhere on
[a,b] and (z*F)y, o, = =* f almost everywhere on [a, b].

In this case, we write
b
(mM&/fm=F@—H®
a

Theorem 4.3. Let o : [a,b] — R be a strictly increasing function such that o €
C'([a,b]). Then f :[a,b] — X is a-Denjoy.-McShane-Sticltjes integrable on [a.b] if
and only if &' f : [a,b] — X is Denjoy.-McShane integrable on |[a, b].

Proof. 1If f : [a,b] — X is a-Denjoy.-McShane-Stieltjes integrable on [a,b], then
there exists a continuous function F : [a,b] — X such that

(i) for each z* € X* z*F is a-ACG, on [a,b] and

(ii) for each z* € X* *F is a-approximately differentiable almost everywhere on
la,b] and (z*F)y 4p = 2* f almost everywhere on [a, b].

From Theorem 3.2 we have
(i) for each z* € X* z*F is ACG, on [a,b] and
(ii) for each z* € X* z*F is differentiable almost everywhere on [a, b] and

(@ F) = (2" F)gp = (2" F) 0p0’ = (2" f)o = 2™ (o)

almost everywhere on |[a, b].

Hence o'f : [a,b] — X is Denjoy.-McShane integrable on {a, b].

Conversely, if &' f : [a,b] — X is Denjoy.-McShane integrable on [a, b], then there
exists a continuous function F : {a,b] -+ X such that

(i) for each z* € X* z*F is ACG. on [a,b] and

(ii) for each 2* € X* o*F is differentiable almost everywhere on [a, b] and (z*F) =

z*(d’ f) almost everywhere on [a. b].
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From Theorem 3.2 we have

(i) for each z* € X* 2*F is a-ACG, on [a,b] and

(ii) for each z* € X* z*F is a-approximately differentiable almost everywhere on
[a.b] and

(" FYoap = (2" Flly = (' FY = Sa*(a/f) = a°f

aap — 7
almost everywhere on [a, b].
Hence f : [a,b] — X is a-Denjoy.-McShane-Stieltjes integrable on |[a, b]. O
Theorem 4.4. If f : [a,b] — X is McShane integrable on [a,b], then f :[a,b] — X
is Denjoy,-McShane integrable on [a,b].

Proof. Let f : [a,b] — X be McShane integrable on [a,b]. Then for each z* € X*
x* f is McShane integrable on [a,b] and hence z*f is Lebesgue integrable on |a, b].
Let

t
F(t) = (M) / ;.

Then F : {a,b] — X is continuous on [a,b] by [5, Theorem 8] and for each z* ¢ X*

s F(t) = (M) /t £ f = (L) /at o,

a

Hence z*F is AC and so *F is ACG, and (2*F)' = z*f almost everywhere on |[a, b}.
Thus f : [a,b] — X is Denjoy,-McShane integrable on [a, b]. a

We can obtain the following corollary from Theorem 4.3, 4.4.

Corollary 4.5. Let a : [a,b] — R be a strictly increasing function such that o €
C'(la, b)) and let f : [a,b] — X. If & f : [a,b] — X is McShane integrable on [a,b],
then f : [a,b] — X is a-Denjoy,-McShane-Stieltjes integrable on [a,b).

Theorem 4.6. If f : [a,b] — X is Denjoy.-Bochner integrable on [a,b], then
f :[a,b] = X is Denjoy.-McShane integrable on [a, b).

Proof. Let f: [a,b] — X be Denjoy.-Bochner integrable on [a,b]. Then there exists
an ACG, function F : [a,b] — X such that Fj, = f almost everywhere on [a, b].
For each z* € X z*F is also ACG, and (z*F) = z*f almost everywhere on [a, b].
Hence f is Denjoy.-McShane integrable on [a, b]. O

We can obtain the following corollary from Theorem 4.3, 4.6.
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Corollary 4.7. Let a : [a,b] — R be a strictly increasing function such that a €
C'([a,b]) and let f : [a,b] — X. If'f : [a,b] — X is Denjoy.-Bochner integrable
on [a,b], then f :[a,b] — X is a-Denjoy,-McShane-Stieltjes integrable on [a,b].

Theorem 4.8. If f : [a,b] — X is Denjoy.-McShane integrable on [a,b]. then
f i [a,b] — X is Denjoy,-Pettis integrable on |a,b].

Proof. Suppose that f : [a,b] — X is Denjoy.-McShane integrable on [a,b]. Let
t
F(t) = (D*]V[)/ I
a

Since z*F is ACG, and (z*F)’ = z* f almost everywhere on [a, b] for each r* € X*,

x* f is Denjoy, integrable on [a, b] for each z* € X*. For every interval [c,d] in [a, b],

we have
2*(F(d) - F(c)) = 2" F(d) — 2" F(c)
— (D) /ad wf -0 [ =1
- [ ol
Since F(d) — F(c) € X, f : [a,b] — X is Denjoy,-Pettis integrable on [a,8]. [

We can obtain the following corollary from Theorem 4.3, 4.8.

Corollary 4.9. Let o : [a,b] — R be a strictly increasing function such that o €
C'([a,b)) and let f : [a,b] — X. If f : [a,b] — X is a-Denjoy,-McShane-Stieltjes
integrable on [a,b}, then o' f : [a,b] — X is Denjoy,-Pettis integrable on [a. b].

Theorem 4.10. Let o : [a,b] — R be a strictly increasing function such that
a € CY(a,b]). If f : [a,b] — X is a-Denjoy,-McShane-Stieltjes integrable on |a,b]
and T : X — Y is a bounded linear operator, then T o f : [a,b] — Y is a-Denjoy.-
McShane-Stieltjes integrable on |a, b).

Proof. If f : [a,b] — X is a-Denjoy.-McShane-Stieltjes integrable on [a, b], then
there exists a continuous function F : [a,b] — X such that

(i) for each z* € X* 2*F is a-ACG, on [a,b] and

(ii) for each z* € X* z*F is a-approximately differentiable almost everywhere on
[a,b] and (z*F)g, qp = =* f almost everywhere on [, b].

Let G=ToF. Then G:[a,b] — Y is a continuous function such that
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(i) for each y* € Y* y*G = y*(T' o F) = (y*T)F is a-ACG, on |a,b] since
y*T € X*, and

(ii) for each y* € Y* y*G = y*(To F) = (y*T)F is a-approximately differentiable
almost everywhere on [a, b] and

(y*G)Ia,ap = (y*(T ° F)):l,ap = ((y*T)F):)z,ap = (y*T).f = y* (T © f)

almost everywhere on [a, b] since y*T € X*.
Hence T'o f : [a,b] — Y is a-Denjoy.-McShane-Stieltjes integrable on [a.b]. O

Theorem 4.11. Let a : [a,b] — R be a strictly increasing function such that
a € CY([a,b]). If f : [a,b] = X is a-Denjoy.-Stieltjes-Bochner integrable on [a,b],
then f : [a,b] — X is a-Denjoy,-McShane-Stieltjes integrable on [a.b].

Proof. If f : [a,b] — X is a-Denjoy.-Stieltjes-Bochner integrable on [a, ], then
there exists an a-ACG, function F : [a,b] — X such that F' is a-approximately
differentiable almost everywhere on [a,b] and Fy, ,,, = f almost everywhere on [a. ].
It is easy to show that for each #* € X* 2*F is a-ACG, on [a,b] and z*F is a-

!

approximately differentiable almost everywhere on [a, b] and (z*F), 4,

= z* f almost
everywhere on {a,b]. Hence f : [a,b] — X is a-Denjoy.-McShane-Stieltjes integrable
on [a, b]. a
Theorem 4.12. Let « : [a,b] — R be a strictly increasing function such that
a € CY([a,b]). If f: [a,b] — X is a-Denjoy.-McShane-Stieltjes integrable on [a,b],
then f : [a,b] — X is a-Denjoy,-Stieltjes- Pettis integrable on [a,b].

Proof. Suppose that f : [a,b] — X is a-Denjoy.-McShane-Stieltjes integrable on
[a,b]. Let

F(t) = (D.MS) / * fdo

Since x*F is a-ACG. on [a,b] and (z*F), ., = =" f almost everywhere on [a, b] for

each z* € X*, z*f is a-Denjoy.-Stieltjes integrable on [a, b] for each z* € X*. For
every interval [¢,d] in [a,b] and z* € X*, we have

z*(F(d) — F(c)) = z*F(d) — 2" F(c)
d c
= (D*S)/ z* fdo — (D*S)/ z* fdo

d
=(D*S)/ z* fda.
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Since F(d) — F(c) € X. [ : |a,b] — X is a-Denjoy.-Stieltjes-Pettis integrable on
la, b]. O

9.
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