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NONPARAMETRIC MINIMAL SURFACE
AND HARMONIC MAPPING

Sook HEuI JUuN

ABSTRACT. In this paper, we investigate the harmonic mappings that arise in con-
nection with Scherk’s surface and helicoid.

1. INTRODUCTION

Let I be a domain in C. A continuous function f = u + v defined in D is
harmonic if 4 and v are real harmonic in I. In any simply connected subdomain of
D we can write f = h + G, where h and ¢ are analytic and § denotes the function
z — g(2). A result of Lewy [2] shows that the harmonic mapping f = h + g is
locally one-to-one and orientation-preserving if and only if |¢’(z)] < |A/(z)]. We call
such mappings locally univalent, and we say f is univalent in D if f is one-to-one
and orientation-preserving in .

Let G(z) be a meromorphic function in the unit disk D = {z: |z] < 1} and F(z)
an analytic function in D having the property that it vanishes only at the poles of
G, and the order of its zero at such a point is exactly twice the order of the pole
of G. Then § is a regular minimal surface if and only if S admits an isothermal
parametric representation of the form S = {(u(z),v(z), #(z)) : z € D}, where

(1.1) uzéRe{/OzF(l~Gz) dz},
u:—%zm{/ozF(HG?) dz},
¢ Re{/OZFGdz}.
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In addition, the coordinate functions of such representation are harmonic since S is a
minimal surface. Therefore, the projection of such representation onto the uv-plane
defines a harmonic mapping f(z) = u+ v on D [3].

In this paper, we first find the nonparametric minimal surfaces which are con-

structed by choices of F(z) and G(z). These surfaces are helicoids produced by

2z2
21

‘L

F(z) = (]—3‘22277 and G(z) = £, and Scherk’s surfaces produced by F(z) =
and G(z) = :t%. And then we investigate properties of the harmonic mappings

z 1 142 z 1 142
1@ =gy + 3o (T) + (—2(1 —27) 38 (1 - ))
and

f(z)——ilo 1+1iz +11 1+z2 N _3’1 1412 _110 14z
AR v G 1 %\1-5;)  1%\1-2

that arise in connection with these minimal surfaces which are constructed by F(z)
and G(z).

2. PROPERTIES OF THE HARMONIC MAPPING

The representations of the form (1.1) were first given by Enneper and Weierstrass,
and have played a major role in the theory of minimal surfaces. One obvious example
is to take F(z) = 1 and G(z) = z which lead to the surface known as Enneper’s
surface.

Now let’s consider the functions F(z) = (—1—3—2%5, G(z) = +% which satisfy the
conditions for giving the representation (1.1). Corresponding regular minimal sur-
faces S1 = {(u(2),v(2), ¢(2)) : z € D} are given by

2 2241 z

21 1 1+
v=Im{/0 1_z2dz}=1m{§log(1_z>},

z 2 2
¢——-Re{/0 (lji—zydz}z:tlm{f—é—;}.

The associated harmonic mapping is

==yt b () (1 (1),

Let % = Re® Then R > 0, ~3 <8< %,andz = %1—1 because %“ is Mobius

transformation from D onto the right half plane. Apply z = %—i into (2.1). Then
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we get the followings;
u= i (R— %) cosf, v= g, ¢=i% (R—— %) sin@.
It is evident that u varies from —oo to 0o on each horizontal line v = constant, and
therefore, the minimal surfaces S; lie over all of Q) = {w =u+iv: |v| < 7w/4}. The
nonparametric forms of these minimal surfaces S; are given by the nonparametric
equations

o(u,v) = u tan(2v)

on ;. This tells us that our minimal surfaces S; are helicoids. Note that the
associated harmonic mapping f; in (2.2} also maps the unit disk D onto the strip-
domain ;.

Similarly, the choices F(z) = Z%z_—?l, G(z) = +1 produce the regular minimal
surfaces Sz = {(u(z),v(z), ¢(z)) : z € D} which are given by

(2.3)

1 1+iz 1 142 1 1+ 22
U~—2-Im{log(1_z_z>}, v = §Im{log(1_z)}, ¢—:J:§Re{log (1—1—;)}

The nonparametric forms of these minimal surfaces So, called Scherk’s surfaces, are

$(u,v) = £2 log (cos(%))

given by the equations

2 cos(2u)
ony ={w=u+iv:|ul <7/4, |v| < 7/4}, and the associated harmonic mapping
? 1+iz 1 1+z2
2.4 = v = ——1 Z
(2.4) fo(2) =u+iv 4og<1_iz>+4log(l_z>

i [1+iz\ 1, [1+z
+ (—ZIOg(l—iz> “Zlog(l—z»

maps the unit disk D onto the square-domain £2s.
In the following theorem, we will show that these harmonic mappings f; and fo
are univalent in D.

Theorem 1. The harmonic mappings fr = hx +7y in (2.2) and (2.4) are univalent.

Proof. Since the Jacobian of fi, J(fi) = |h}(2)]> — |gi(2)[?, is positive in D, f is

locally one-to-one and orientation preserving, that is locally univalent. The analytic

mapping W = hi(2) —gr(2) = %log (%) defined in D is obviously one-to-one, and

conformal since h}(z) — g;(2) = ﬁg‘ # 0in D. In addition, the conformal univalent

mapping W = %log (1—'t—z-) maps D onto the strip-domain ;. Let z = 2(W) be an
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inverse mapping of W = 1log (3H2). Then
2

1-2
fe(z(W)) = W + 2Re {gi(2(W))} = W + (W)

is locally one-to-one. If fi(2z1) = fx(22) with 21 # 22, then writing 2y = 2(W1), 20 =
z(Ws) we have Wy + o (W1) = Wa + ¥ (Wa) with Wy = uy +ivy # ug + ivg =
Wy. This implies that v = vo = vy and uy + Vr(ug + tvg) = uz + Yr(ug + ivo).
The continuous real-valued function Hy(u) = u + ¥x(u + ivg), which is defined
on (—o00, o) since W = %Iog (}Jj—j) maps D onto the domain ;. is not strictly
monotonic and therefore not locally one-to-one. Thus W + ¢, (W) = fi(z(W)) is
not locally one-to-one. Therefore fi is one-to-one, i.e., univalent. This completes

the proof of the theorem. O
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