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THE AP-DENJOY INTEGRAL OF BANACH-VALUED
FUNCTIONS

JAE MYUNG PARK ?, BYUNG Moo KiMP AND YOUNG KUK KIM©

ABSTRACT. In this paper, we define the Denjoy and ap-Denjoy integrals of Banach-
valued functions, and we investigate some properties of these two integrals. In
particular, we show that a Denjoy integrable function is ap-Denjoy integrable.

1. INTRODUCTION AND PRELIMINARIES

The ap-Denjoy integral of real valued functions was introduced in [13]. It is
known {13] that the ap-Denjoy integral is equivalent to the ap-Henstock integral.

In this paper, we define the Denjoy integral and ap-Denjoy integrals of Banach-
valued functions, and we investigate the relationship of these two integrals.

Throughout this paper, X is a Banach space with dual X*.

For a measurable set E of real numbers we denote by |E| its Lebesgue measure.
Let E be a measurable set and let ¢ be a real number. The density of E at ¢ is

defined by
4E = lim [EN(c— h,c+ h)]
h—0+ 2h
provided the limit exists. The point ¢ is called a point of density of E if d.E = 1.

The set E¢ represents the set of all points z € E such that z is a point of density of
E. A function F : [a,b] — X is said to be approzimately differentiable at ¢ € [a, ]
if there exists a measurable set E C [a, b] such that ¢ € E? and

lim F(x) - F(c)

e r—c

r€E

exists. The approximate derivative of F" at ¢ is denoted by Fy,(c).
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An approzimate neighborhood(or ap-nbd) of = € {a,b| is a measurable set S, C
[a, b] containing x as a point of density. For every x € E C [a, b], choose an ap-nbd
Sz C la,b] of z. Then we say that S = {S, : x € E} is a choice on E. A tagged
interval (z,[c,d]) is said to be subordinate to the choice S = {S;} if ¢,d € S;.
Let P = {(z,[ci,di]) : 1 <4 < n} be a finite collection of non-overlapping tagged
intervals. If (z;, [¢;, d;]) is subordinate to a choice S for each i, then we say that P
is subordinate to S. Let E C [a,b]. If P is subordinate to S and each x; € F, then
P is called E-subordinate to S. If P is subordinate to S and [a,b] = Ul [ci. di],
then we say that P is a tagged partition of [a, b] that is subordinate to S.

2. THE AP-DENJOY INTEGRAL OF BANACH-VALUED FUNCTIONS

Definition 2.1. A function F : [a,b] — X is ACs on a measurable set E C [a, b
if for each € > 0 there exist a positive number 6 and a choice S on E such that
1(P) > F(I)|| < € for every finite collection P of non-overlapping tagged intervals
that is subordinate to S and satisfies (P) > |I| < 8. The function F is ACGs on E
if £ can be expressed as a countable union of measurable sets on each of which F is
ACs.

We introduce the notion of the approximate Lusin function. This function is used
to define the ap-Denjoy integral. For a function F : [a,b] — X, F can be treated as
a function of intervals by defining F([c,d]) = F(d) — F(c).

Definition 2.2. Let F : [a,b] — X be a function. The function F is an approzimate
Lusin function(or F is an AL function) on [a,b] if for every measutable set E C
[a,b] of measure zero and for every ¢ > 0 there exists a choice S on E such that
l(P)> > F(I)|| < € for every finite collection P of non-overlapping tagged intervals
that is F-subordinate to S.

Theorem 2.3. If F': [a,b] — X is ACG, on [a,b], then F is an AL function on
[a, b)].

Proof. Suppose that E C [a,b] is a measurable set of measure zero. Let E =
Une, En, where {E,} is a sequence of disjoint measurable sets and F is AC; on each
E,. Let ¢ > 0. For each positive integer n, there exist a choice S™ = {S} : x € E,}
on E, and a positive number &, such that |[(P)>_ F(I)|| < ¢/2™ whenever P is
E,-subordinate to S™ and (P) Y |I| < é,. For each positive integer n, choose an
open set Oy, such that E, C O,, and |O,| < é,. Let S, =S¥ N O, for each = € E,,.
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Then S = {S; : ¢ € E} is a choice on E. Suppose that P is E-subordinate to S.
Let P, be a subset of P that has tags in E, and note that (Pn) Y. || < |Onl| < én.

Hence. we have

o rw] <X @0 S rw] < S =
t

Definition 2.4. A function f : [a.b] — X is ap-Denjoy integrable on [a.b] if there
exists an AL function F on [a, b] such that F'is approximately differentiable almost
everywhere on [a,b] and F,, = f almost everywhere on [a.b]. The function f is
ap-Denjoy integrable on a measurable set E C [a,b] if fxg is ap-Denjoy integrable
on [a, b].

If we add the condition F(a) = 0, then the function F is unique. We will denote
this function F(z) by
() .
a

It is easy to show that if f : [a,b] — X is ap-Denjoy integrable on [a.b]. then f

is ap-Denjoy integrable on every subinterval of [a,b]. This gives rise to an interval

n- (AD)/If

for every subinterval I C {a,b]. The function F' is called the primitive of f.

function F such that

From the definition of the ap-Denjoy integral, we get the following theorem.

Theorem 2.5. Let f : [a,b] — X be ap-Denjoy integrable on [a, b] and let

Fa) - (D) f

for each = € [a,b]. Then the function F is approximately differentiable almost
everywhere on [q, ] and F,, = f almost everywhere on [a, b].
Theorem 2.6. Let f: [a,b] — X and let ¢ € (a,b).

(a) If f is ap-Denjoy integrable on [a. b]. then f is ap-Denjoy integrable on every
subinterval of [a, b].

(b) If f is ap-Denjoy integrable on each of the intervals [a,c] and [¢. b]. then f is
ap-Denjoy integrable on [a,b] and

AD/f (AD/f—I— AD)/f
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Proof. (a) Let [c,d] be any subinterval on [a, b]. Let

(AD/ /

for each z € [a,b]. Since F'is an AL function on [a,b] and F, = f almost everywhere
n [e,b], F is an AL function on [c,d] and F,, = f almost everywhere on [c,d].
Hence, f is ap-Denjoy integrable on [c, d].
(b) Since f is ap-Denjoy integrable on each of intervals [a, ¢] and [c, b], there exist
AL functions F and G such that F,, = f almost everywhere on [a,c] and G, = f
almost everywhere on [c, b], respectively. Define H : [a,b] — X by

F(x), if ze€la,d;
{F(c) +G(x), if z€(cb].
Then H is an AL function on [a,b] and H,, = f almost everywhere on [a,b]. Hence

f is ap-Denjoy integrable on [a,b] and H(b) = F(c) + G(b), i.e

(AD)/abf=(AD)/:f+(AD)/be

We can easily get the following theorem.

Theorem 2.7. Suppose that f and g are ap-Denjoy integrable on [a, b]. Then
(a) kf is ap-Denjoy integrable on [a,b] and

b b
(AD)/ kf = Ic(AD)/ f
for each k € R,

(b) f + g is ap-Denjoy integrable on [a, b] and

b b b
(4D) [ (¢ +) = (4D) f+<AD)] 0.

Theorem 2.8. Let f : [a,b] — X be ap-Denjoy integrable on [a,b]. Then for each
z* € X* the function z*f is ap-Denjoy integrable on [a, b] and

w(4D)[ "f = (4D) / "oty

Proof. Let f : [a,b] — X be ap-Denjoy integrable on [a,b]. Then by definition,
there exists an AL function F such that F is approximately differentiable almost

everywhere on [a, b] and F',, = f almost everywhere on [a, b]. Since for each z* € X*,
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z*F is an AL function and (z*F)’
Denjoy integrable on [a, b] and

op = & f almost everywhere on [a, bl, z* f is ap-

r

*F(z) = (AD) / Catf.

a

Hence, for each z* ¢ X*

b b
z*(AD)/ f:;r*F(b)z(AD)/ of
0

Theorem 2.9. A function f : [a,b] — X is ap-Denjoy integrable on [a, b] if and only
if there exists an ACG, function F on [a,b] such that F,, = f almost everywhere
on [a,b].

Proof. Suppose that there exists an ACG, function F on [a,b] such that F,, = f
almost everywhere on [a,b]. Then F is an AL function by Theorem 2.3. Hence, f
is ap-Denjoy integrable on [a, b].

Conversely, suppose that f is ap-Denjoy integrable on {a, b} and let

F(@) = (4D) [ "

for each z € [a,b]. Then F' is an AL function such that F,, = f almost everywhere
on [a,b]. Let E = {z € [a,b] : F,(z) # f(x)}. Then |E| = 0. Since F is an AL
function, F is AC; on E. For each positive integer n, let

E,={z€ab- E:n—1<||f(z)] <n}.

Fix n and let € > 0. Since F is approximately differentiable for each = € E,.
there exist a measurable set A, containing x as a point of density and a positive
number &, such that

OELE R

y—

ie.,
I1F(y) — F(z) - f(z)(y — 2)|| <ely—=l,
ifye AN (z — 8z, + d;). For each x € E,, let
Sz = AN (Z — 8,2+ 65)

Then S = {S; : ¢ € E,} is a choice on E,. Suppose that P is a finite collection of
non-overlapping tagged intervals that is Ep-subordinate to S and satisfies u(P) < 7.
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Then since ||F'(P) — f(P)|| < eu(P), we have
IEP) < [IF(P) = (P + IF(P)II
< eu(P) + nu(P)
<(b—a+1)e
Hence, F' is AC;s on E,. Since [a,b] = [US2,E,|UE, F is ACG; on [a, b)]. O
Theorem 2.10. Let f : [a,b] — X be ap-Denjoy integrable on [a,b] and let

T
F()=(AD)[ 1
a
for each x € [a,b]. Then F is approximately continuous on [a, b}.

Proof. From the definition of the ap-Denjoy integral, F' is approximately differ-
entiable almost everywhere on [a,b]. Let E be the set of all non-approximately
differentiable points in [a,b]. Then FE is a measurable set of measure zero. Since
F is approximately continuous on [a,b] — E, it is sufficient to show that F is ap-
proximately continuous on E. Let ¢ € FE and let € > 0. Since F' is an AL function,
there exists a choice S = {S; : ¢ € E} such that ||(P) > F(I)|| < € for every fi-
nite collection P of non-overlapping tagged intervals that is E-subordinate to S. If
T € S.N(c—mn,c+mn) for some n > 0, then the tagged interval (c, [c, z])(or(c, [z, c]))
is E-subordinate to S. Hence, ||F(z) — F(c)|| = [|[F([e,z])|| < e. This shows that F
is approximately continuous on E. O

Definition 2.11. Let F : [a,b] — X and let £ C [a,b]. The function F' is ACs on
E if for each € > 0 there exist a positive number 7 and a gauge & on E such that
| (PYSF(I) ||< € whenever P is E-subordinate to § and (P)X | I |< . The function
F is ACGs on E if E can be written as a countable union of sets on each of which
Fis ACs

It is easy to show that on ACGj function on [a,b] is continuous on [a, ).
Definition 2.12. A function f : [a,b] — X is Denjoy integrable on [a, ] if there
exists on ACGj function F : [a,b] — X such that F' = f almost everywhere on
[a.b]. The function f is Denjoy integrable on a measurable set F C [a,b] if fxg is
Denjoy integrable on |a, b].

Theorem 2.13. If a function f : [a,b] — X is Denjoy integrable on [a,b], then f is
ap-Denjoy integrable on [a, b].

Proof. Let f :[a,b] — X be Denjoy integrable on [a,b]. Then by definition, there
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exists on ACGs function F : [a,b] — X such that F' = f almost everywhere on
[a,b]. 1t is easy to show that F is an AL function. The proof is similar to the proof
that an ACG, function is an AL function in Theorem 2.3.

Since F' = f almost everywhere on [a,b]. F is approximately differentiable almost
everywhere on [a,b] and F',, = F' = f almost everywhere on [a.b]. Hence, f is

ap-Denjoy intrgrable on [a, b]. O

The following example shows that there exists an ap-Denjoy integrable function

that is not Denjoy integrable.

Example 2.14. Let {(an,b,)} be a sequence of disjoint open intevals in (a. b) with
the following properties;

(1} by < b and b,41 < by, for all n;

(2) {an} converges to a;

(3) a is a point of dispersion of

0
0 = (an.bn).

n=1
Define F : [a,b] — R by F(r) = 0 all € [a.b] - O and

. T —dap

F(x) = sin? (m)w

for € (an,by). Then it is easy to show that the function F is differentiable on (a. b]
and approximately differentiable at a, but F' is not continuous at a. Hence F = F ;p
almost everywhere on [a, b], but F(;p is not Denjoy integrable on [a, b], since F is not
continuous on |a, b}.

To show that F‘;p is ap-Denjoy integrable on [a,b], it is sufficient ao show that F
is an AL function on [a,b].Let E be a measurable set in [a,b] of measure zero and
let € > 0.

For each positive integer n, choose an open set O, such that E N{an,bp] € Op
and | O, |< (bp — ay)e/m2™ 1.

For each z € F, define

la,b] — U (an, bn) if T=a;
S - (bnﬂ,an) if bn%l <r<ap, n=1.2---,
T (—p(z.05).z +p(z.0%)) if apn<z<by, n=12.---;

Then S = {S; : ¢ € E} is a choice on E. Let P be a finite collection of non-

overlapping tagged intervals that is E-subordinate to S. Then we have
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P)D_IF(ed) (=" > [Fled)+Y, > [F(ed)]

7l=l.’l:€(bn+1,(ln) n=1$€[(lnybn]

> 2n(d — ¢
<> > ﬁl

n=1g€lan,bn] "
0
2
< | On |
L €
< Z 2—n = €.
n=1
Hence, F is an AL function on [a, b]
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