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CONTROLLABILITY OF SEMILINEAR NEUTRAL FUNCTIONAL
DIFFERENTIAL EVOLUTION EQUATIONS
WITH NONLOCAL CONDITIONS

YounGg CHEL KwuN?, So HYUN PARK?, DONG GUN PARK®
AND JONG SEO PARK ¢*

ABSTRACT. In this paper, we find the sufficient conditions of controllability of semi-
linear neutral functional differential evolution equations with nonlocal conditions
using by fractional power of operators and Sadovskii’s fixed point theorem.

1. INTRODUCTION

In this paper, we consider the following control system :

3 e(0) + (120,201 (0), - 2(0m ()] + Az()
(1) = G(t, z(t), z(ar()), . .., z(an(t))) + Bu(t), 0<t<T

z(0) + g(x) = zo,
where X is the Banach space with norm || - ||, the linear operator —A generates
an analytic semigroup, F : [0,7] x X" — X and G : [0,7] x X"} — X are
continuous functions. q;,b; € C([0,T] : [0,T]), i = 1,2,---,n, j = 1,2,---,m,
g(z) € C(E,X), E=C([0,T} : X). B:U — X is bounded linear operator. U is
the another Banach space. u(-) € L2([0,T]: U) is control function.

The nonlinear Cauchy problem was considered by Byszewski {2]. In the past

several years, theorems about existence, uniqueness and stability for differential and

functional differential abstract evolution Cauchy problem with nonlinear conditions
have been studied by Byszewski and Lakshmikantham [7], Byszewski and Akca [6],
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Byszewski [2-5], Balachandran and Chandrasekaran [1], Ntouyas and Tsamatos [12]
and Lin and Liu {10].

Recently, Fu and Ezzinbi [8] are studied the existence of mild and strong solutions
of equations (1)(Bu = 0).

In this paper, we found the sufficient conditions of controllability for the equation

(1).

2. PRELIMINARIES

Let X will be a Banach space with norm || - ||. —A4 : D{(4) — X will be the
infinitesimal generator of a compact analytic semigroup of uniformly bounded linear
operators S(t). Let 0 € p(A). Then it is possible to define the fractional power 4%
for 0 < a < 1, as a closed linear operator on its domain D(A%). Furthermore, the
subspace D{A?%) is dense in X and the expression

lzlle = |A%||, = € D(A%),

defines a norm on D(A%). Now, we denote by X, the Banach space D(A®) normed
with ||z}|a. Then for each 0 < o < 1, X, is a Banach space, and X, «— Xz for
0 < 8 < a <1 and the imbedding is compact whenever the resolvent operator of A
is comapct. For semigroup {S(t);>0}, the following properties will be used :

(a) there is a M > 1 such that ||S(¢)|| < M, for all t € [0,T] ;

(b) for any T > 0, there exists a positive constant C, such that
Co
e’
For more details about the above preliminaries, we refer to [13].

[A%S @) < 0<t<T.

Now we give the basic assumptions on equation (1).
(H1) F: [0,T] x X™"! — X is a continuous function, and there exist a 8 € (0, 1)
and L, Ly > 0 such that the function ABF satisfies the Lipschitz condition :
HABF(sl,:vo,xl,o L Tm) — APF (50, %0, T, Tl

< L(sy ~ 82l + max |z — T])
=01, ,m

)

forany 0 < 1,8 <T, 2;,%; € X,i=0,1,--- ,m, and the inequality
|APF(t, 20,21, - »Zm)|| € Ly(max{|z:|| | i =0,1,...,m} +1)

holds for any (t, 29,1, - ,Zm) € [0,T] x X™*1,
(H2) The function G : [0, T} x X™*! — X is continuous function and satisfies the

following conditions :
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(i) For (s,z0,x1, " +Tn), (8, T0,+* .Tpn) € [0,T] x X"+l there exists positive
number Lg such that
“G(Sa IOy Ly, »In) - G(Eaf()v ces »En)”
< Lo(|s — 8|+ max |lz; — Fil]).
1=0,--,n
(ii) For (t,zp,z1, "+ ,Tn) € [0,T) x X™"1, there exists positive L3 such that
|Gt xo, 21, - xp) || £ La(max{f|z:]| [i=0,1,--- ,n} +1).

(H3) a;,b; € C([0,T) : [0,T)),i=1,2,--- ,n,j = 1,2,--- ,m. g € C(E: X), here
and hereafter E = C([{0,T] : X) and g satisfies that
(i) There exist positive constants Lg and L such that

lg(@)|| < Lallz|| + Lj

forallz e E.

(i1) ¢ is completely continuous map.

3. EXISTENCE AND UNIQUENESS OF MILD SOLUTION
In this section, we prove the existence and uniqueness of solution, norm estimate
and continuation of solutions for the equations (1).

Definition 3.1 ([8]). A continuous function z(-) : [0,T] — X is said to be a mild so-
lution of the equations (1), if the function AS(t—a) (s,z(s), z(b1(s)),- - .x(bm(5))),
s € [0,T) is integrable on [0,T) and the following integral equation verified :

( z(t) = S(t)[xo + F(0,2(0), x(b1(0)), - - ., 2(bm(0))) — g()]
— F(t,z(t),z(b1(2)), - . z(bm(t)))

o /Am—ssu>ww»~wmmm
+memammmmmmwm@mﬂwwa

. 0Z5tLT

Theorem 3.2. If hypotheses (H1) — (H3) are satisfied, 7o € X and v € L*([0.T] :
U), then the equations (1) has a mild solution z(-) € C([0,T) : X) provided that

~1—Tﬁc1 gL+ MLy <1, My=]|A"7.

(3) Lo = (M +1)MoL + 7
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Proof. For T,6 > 0 such that 0 < ¢ < T, let

[(S() — D)(xo — g(z))l} <

¥

[\~

N &

Li(k+ 1){1\4MO + My + %Tﬁ(jlwﬂ} + MLs(k+ 1)T + MBHuHLz(o‘T:U)\/T <
where Mp = M||B||. For simple proof, putting
(t,z(t), z(b1(2)), ... (b (t))) = (¢, p(t))
(t,2z(t), z(a1(t)), - ... x(an(t))) = (¢, q(1)-
Defined S5 by

Ss = {n € C([0,T) : X) : n(0) = (0) + g(z), |In—zo+g(x)| <6, 0Kt LT},

then Sy is nonempty closed bounded subset on C([0,T) : X). Also, ¢ is a function
on S; defined by

¢z(t) = S(t)[zo + F(0,p(0)) - g(x)] — F(t, p(t))

11 t
+ /0 AS(t — $)F (s, p(s))ds + /0 S(t — 5)G(s, q(s))ds

t
+ f S(t — s)Bu(s)ds, 0<t<T.
0

Since
gz (t) — zo + g(=)||

s 1
<s+Lik+ 1){MMO + Mo+ ETﬂCl_g} + MLg(k + )T + Mp|ull 2070/ VT

§ 4
<242 =3
-2 2
for all 0 <t < T. Therefore

lé2(t) 0 + g(@)lic = sup_[g(t) —zo+g(z)] < 0.

Hence ¢x(t) € Ss. That is, ¢ : S5 — Ss.
Furthermore, If z(t), y(t) € S5, and let
(t,y(®), y(or ;.- y(bm(t))) = (t, U(t))
t.y(t),y(a1(2),- .-, ylan(t))) = (¢, r(t),

then
llpz(t) — ()}

<MMoL sup [z(s) —y(s)l| + MoL sup |lz(s) — y(s)||
0Ls<T 0<s<T
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1
+ ETﬁcl—ﬁL sup |lz(s) —y(s)l| + MLa sup [lz(s) —y(s)
0<s<T 0<s<T

1
={(M +1)MoL + -ﬁ—TﬁCl,ﬁﬁL + MLz} - sup [Jz(s) — y(s)|
0<sLT

=Lg- sup |lz(s) — y(s)]-
0<t<T
Therefore

oz — dyllc = sup [l¢z(t) — dy(t)l| < Lollz - yllc-
0<t<T

Since Lg < 1, ¢ is a contraction mapping, and ¢ has a unique fixed point z(t) € S;.
Hence equation (1) has a mild solution (2). 0

From Theorem 1, we define the solution mapping W : L2([0,T] : U) — C([0,T] :
X) by
(Wu)(t) = z(zo : u) € C([0,T] : X).
Theorem 3.3. Let zp € X and u(-) € L2([0,T) : U). Solution mapping (Wu)(t) =
z(xg : u) is satisfied the following condition from assumptions (H1)-(HS3),
lz(zo : W)l < C(M|zollcor-xy + Mallull2ruyVT), 0<t<T,
where C depends on M, 3, L1, L3, Ly, L;, kandT.

Proof. By assumptions,
lz(zo : w)(B)|l
<M||zo|| + M|| AP Ly (k + 1) + M(Lyljzl| + Ly) + | AP Ly (k + 1)

t C_ ¢
+/0 G gtk + Dds+ M / Ly(k +1)ds + M Blllull20.7.0) VE

<M||zolf + MBllull 20,70y VT + {MMoLl(k +1) + M(Lsk + L))
1
+ MoLy(k+1) + ETﬂcl-ﬁLl(k +1)+ MLs(k + 1)T}.
Therefore

lz(zo : w)lcerx) = sup |lx(zo : u)()]|
0<t<T

< C(M|jwollc + Mallull 20,10y VT).
O

Theorem 3.4. Let xg € X and u(-) € L*([0,T) : U). Then solution (2) can extend
on interval [0, 2T from assumptions (H1)— (H3) and satisfy the following condition.

lz(zo : Wllc2r-x) < C1(Mlz(z0 : w)llc@2r:x) + MBllullL2(0,27:0) V2T),
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where Cy depended on M, 3, L1, Ls, Ly, L;, kandT.

Proof. If z(xg : u)(t) satisfy the solution of (2) on [0,¢; + 2] such that #1.t3 > 0.
Then, for t € [tl, t + t2],

z(zo : w)(t) = S(t — t1)[z(xo : u)(t1) + F(0,p(0)) — g(z)] + F(¢, p(t))

+ /t AS(t — s)F(s,p(s))ds + tS(t — 5)G(s,q(s))ds

ty t1

+ /t S(t — s)Bu(s)ds.

ty

and for t € [0, t2]
z(zo : w)(t1 + 1) = S(t)[z(zo : w)(t1) + F(0,p(0)) — g(x)] + F(t,p(t))

t
+/ AS(t—s)F(s+t1,p(s+t1))ds
0

t t
+ / S(t— s)G(s +t1,q(s + t1))ds + / S(t — s)Bu(s + t1)ds.
0 0

It means that ¢ — z(zo : u)(t; + t) is a solution of (2) on [0,¢s] with initial data
z(zo : u)(t1). Inversely, let *(z : u)(¢) be solution of (2) on [0, t1], and T*(zg : u)(¢)
be a solution of (2) on [0, T] with initial data Z*(zo : u)(1). If

:c*(xo :u)(t), OStStl

T(xo:u)(t—t), 1 <t<t1+T’

z(zo : u)(t) = {

then z(zo : u)(t) is a solution of (2) on [0,¢; + T]. Therefore, let t; = T. Then
x(xo : u)(t) is solution of (2) on [0,27]. From assumptions
llz(zo : w)(t + T)|i
< M||z(zo : w)(T)|| + Ma|lull 20270y V2T + {MMoLy(k + 1) + M(Lsk + Ly)
1

ﬁTﬁCI_ng(k + 1) + ML3(k + 1)T}.

+ MoLi(k+1) +
Hence
|lz(zo : w)llcoer:xy = sup |[lz(zo : w)(t +T)|
0<t<T
< Ci(M ||z (w0 : u)(T)llc,2r:x) + Mallull L2070y V2T).
O

Theorem 3.5. Let lim,, .oty = u on U. Then for each T, x(xg : u,)(t) converges
to z(xzo : u)(t) on C([0,T] : X), as n — oo.
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Proof. By Theorem 3.2,
lz(z0 : w)(t) — 2(z0 : un) ()| < Mpllu — unll 20207 VT,

and since u, — u asn — 00, Mpllu— un“L?(O,T:U)\/T — 0. Therefore x(xp : un)(t)
converges to z(xg : u)(t) on C([0,T]: X), as n — oo. 0O

4. NoNLoCAL CONTROLLABILITY

In this section, we will show the controllability of neutral functional differential
evolution equation with nonlocal initial condition using Sadovskii’s fixed point the-
orem. That is, we will find the condition that the state of (2) can be steered from
initial value xq to target z(zo : u)(T) = x' in time interval [0, T]. Also, we will show
the representation of control function u as u € L%([0,T] : U). If we define the linear

operator W : U — X by
T
Wy = S(T — s)Bu(s)ds
0
|

for T € I, then W exist on L%([0.T) : U)/kerW. Also, we define the following the

control function for arbitrary function z(-).

mn=W*[1 T){zo + F(0,p(0)) — g(z)} + F(T.p(T))

T T
- / AS(T — s)F(s,p(s))ds — / S(T — 5)G(s,q(s))ds|(t)
0 0

Also, we define the operator P using control function
(Pz)(t) = S(t)[zo + F(0,p(0)) — g(=)) —

t
/OAS(t—s) (s,p(s))ds +/St—s) (s,q(s))ds

t
+AS@—ﬂMV1P“SHNm+FMMM%w@H+HTMﬂ)

T T
- / AS(T — 7)F(7,p(7))dr — / S(T — 7)G(r, q(T))dT] (s)ds
0 0

Theorem 4.1. Suppose that (H1)-(H3)are satisfied, for zo € X and w € L*([0.7) :
v), of

1 —~
(4) {M(MoLl + Ly + LsT) + MoLy + 5Tﬁcle}(l + Mp|W YT) < 1,

then the nonlocal Cauchy problem (1) is controllable on [0,T).
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Proof. Let

Br={zcE:|z(t)| <k, 0<t<T}
for positive integerk, then clearly, By is bounded closed convex set. By (H1) and
properties of semigroup,

I AS(t = s)F (s, p(s))]l = | AP S (¢t — 5) AP F (s, p(s))]|
< = ) Ll(k + 1),

and AS(t — s)F(s,p(s)) is integrable on [0, 7] from Bochner’s theorem. Hence P is
well define on By.

Now we will show that the some positive integer k exist such that PBy C B.
Suppose that the function zx(-) € By exist such that Pz ¢ By for some positive
integer k. Then since ||Pzi(t)|| > k for ¢ satisfying By,

k < ||1P(z) (B

_ Hs(t)[fﬂo T F(0,p1(0)) — g(ax)] — F(t,pe(t))

+ /0 AS(t — s)F(s,pk(s))ds + /0 S(t — s)G(s,qx(s))ds

t ——
i /0 S(t — 5)BIW-! [zl ST {0 + F0,pr(0)) — glax)} + F(T, pu(T))

T T
- /0 AS(T — 7)F (7, pp(1))dr — /0 S(T — 1)G(r, qk(T))dT] (s)ds
< [IS(®)xo + F(0,px(0)) — g(xi))ll + I|A P APF(t, pi(t))]

l / AVBS(t - ) ABF (s, prs / S(t — 8)G(s, qu(s))ds

0

| St - 5)BW ! [xl ~ S(T){zo + F(0,p6(0)) — 9(@x)} + F(T, pu(T))

T T
— / AS(T — 7)F (7, pr(7))d7 — / S(T - n)G(r, qk(‘r))dr] (s)ds
0 0
< M{||lzo|| + MoLi(k + 1) + Lak + Ly} + MoL1(k + 1)

t t
+/ (t—C-ITﬁ—LI(kH)dHM/ Lskds
0

t - !
+ MB/ W[z + M (|lzoll + MoL1(k + 1) + Lak + L))
0

T C T
+ MoLy(k +1) +/ A8 L (k+1)dr +/ M Lkdr](s)ds
o (T—7)t 4 0
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< M{||zo|| + MLy (k + 1) + Lgk + Ly} + MoLy (k + 1)
+ —;—TﬁCFBLl(k +1) + ML3kT
+ Mp|[W [l | + M(J|zoll + MoLa(k + 1) + Lgk + Ly) + MoLy(k + 1)
+ [%TﬁCl,ng(k +1) + MLgkT|T.
If two side is divided by k, and choosing the lower limit as k¥ — oo, then

M b1
1< liminf —{lzof + MoL1(k+1) + Lsk + Lg} + = MoLn(k + 1)
— 00

1(1 1 1
il elly o< A =B I

+ k{ﬂT Cu-gLalk +1) + L MLakT + [ﬂT cl_BLl(k+1)+ML3kT}T}
1 — '

+ M| W [ {ll! || + Mol + MoLy(k + 1) + Lak + Ly) + MoL (k +1)

< M(MoLy + Lg) + MoLy + %Tﬂcl_ﬂLl + ML3T

+ MBIIW‘1||T{MMOL1 + MLy + MoLy + %Tﬂclﬂng + MLgT}
= M(MoL1 + Ly + L3T) + MoL; + %Tﬁcl;ﬂLl

+ 1\4BIIW~/“||T{M(MOL1 + Ly + LsT) + MoL1 + %Tﬁq;_ﬁLl}
= {M(MoLy + Ly + LsT) + MoLy + %Tﬁcl_am}(l + Mpl[W 7).

But this is a contrdiction from (4). Therefore PBy C By for the positive integer k.

Next, we will prove that the operator P has fixed point on By as the nonlocal
Cauchy problem (1) have the mild solution. Let P = P| + P, such that P, , P, are
the operators on By, and defined by

(Prz)(t) = S(t)[zo + F(0,p(0)) — g(z)] — F(t.p(t))

t t
+ /0 AS(t — 8)F(s,p(s))ds + /0 S(t — 8)G(s,q(s))ds

t ——
(Poz)(t) = /O S(t—s)BW ™ [a! — S(T){zo + F(0,p(0)) — g(z)} + F(T, p(T))

T T
- / AS(T — 7)F(r, p(r))dr — / S(T — 1)G(r,q(r))dr](s)ds.
0 0

We will prove that if 0 < ¢t < T, then P; is a contraction function, and P, is a
compact operator.
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Now, we show that P; is a contraction function for z,y € Bi. By assumption
(Hl)and (2) for each t € [0, T,
[(Prz)(t) — (Piy) )l
< IS@IF(0, p(0)) — F (0, v(ON]I| + | F(t, p(t)) — F(t, v(t)|

+ ” /Ot AS(t — s)[F(s,p(s)) — F(s,v(s))]ds

! ” /0 S(t - 5)[G(s,q(s)) — G(s,7(s))lds

S MMoL sup ||z(s) — y(s)|| + MoL sup |lz(s) — y(s)]l
0<s<T 0<s<T

1
+ ETﬁcl—ﬁL sup ||z(s) —y(s)[| + MLz sup [lz(s) — y(s)|l
0<s<T 0<s<T

1

= {(M + 1)MoL + =TPCy_gL + MLz} - sup ||z(s) — y(s)]]
g 0<s<T

= Lo sup |lz(s) — y(s)lI-

0<s<T
Therefore
|Piz — Piylle = sup [[(Piz)(t) — (Pry) ()|l
0<t<T

< Lollz — yllc-
Since Lg < 1, P, is a contraction function.
Also, we will prove that P, is a compact operator. First, we show that P is

continuous on By. Let {z,} be a sequence on By with {z,} — z. Then since

F(s,pa(s)) — F(s,p(s))
G(s,qn(s)) — G(s,q(s))

as n — 00,

[(P222)(t) — (Poz) (@)

t —
=] | St 9BW -SOHF©.00) - FO.p0))

T
+{F(T,pn(T)) - F(T,p(T))} - /0 AS(T — 7){F(7,pn(7)) — F(7,p(7))}dr

T
- /0 S(T - T){G(r,qu(r)) ~ G(r, q(r))}dr] (s)ds

-~ 0.

Hence P is a continuous.
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Second, we show that {P,z : x € Bi} is a equicontinuous family. Choosing the
fixed t; > 0 and t2 > t1, and sufficiently small € > 0. Then
[(Poz)(t2) — (Pax)(ta)]
to

[ (62 - 57 [xl — S(T){zo + F(0,p(0)) — g(c)} + F(T.p(T))

T T
_ / AS(T — 7)F(r, p(r))dr — / S(T - 7)G(r, q(T))dT} (s)ds
0 0

- [ st - oyp [asl _ S(T){zo + F(0,p(0)) — 9(x)} + F(T, p(T))

T T
— / AS(T — 7)F(r,p(r))dT — / S(T - T)G('r,q('r))d'r] (s)ds
0 0
and putting

BW—I [:L‘l _ S(T){il?o + F(Q’p(O)) - g(m)} + F(T,p(T))

T T
- / AS(T — 7)F(r,p(r))dr — / S(T—T)G(T,q(’r))dr] = Y
0 0

Then
[(Paz)(t2) — (Paz)(t1)]l
12

)
< ‘ S(ta —s)Yds — S(t; — s)Yds
0

0

< 1S(ts—5)— St - )| [ vds.

131
Since x € By is independent as t3 —t; — 0,

(P2z)(t2) — (Paz)(t1)l| — O

Thus operator Poz(x € By) is an equicontinuous at ¢t = 0. Hence P, have nonempty
compact value on By.
Finally, we will prove that V(t) = {(Pz)(t) : * € B} is a relatively compact on
X. Since
V(0) = (Pz)(0)

0 —
- /0 S0~ $)BW 2! — S(T){zo + F(0,p(0))  g(z)} + F(T>p(T))

T T
— / AS(T — 7)F(r,p(T))dT — / S(T — 7)G(r, q('r))dT] (s)ds
0 0
=0,



256 YOUNG CHEL KwuNn®. S0 HYUN PARK ". DoNG GUN PARK® AND JONG SEO Park *

V(0) is a relatively compact on X. Let 0 < ¢t < T be fixed point and 0 < ¢ < ¢.
Defined by

t—e

(Prc)t) = [ sta— o) [x ~ S(T) {0 + F(0.p(0)) - g(e)} + F(T.p(T))

T T
— / AS(T — 7)F(r,p(7))dT — / S(T — 7)G(r,q(7))dT| (s)ds
0 0
for x € By, then
(Poex)(t)

t—e

=[St - 9B - S an + FO.5(0) - g(0)} + FLHAD)

T T 1
— / AS(T — 7)F(r,p(1))dr — / S(T — 7)G(r,q(1))dr | (s)ds
0 0 |

= 5(e) ; S(t—ec—s)BW™! ['171 — S(T){zo + F(0,p(0)) — g(x)} + F(T, p(T))

T T b
- / AS(T — 7)F(r,p(1))dr — / S(T — 7)G(r,q(7))dr|(s)ds.
0 0 i

By compact property of S(e), Ve(t) = {(Px)(t) : © € By} relatively compact on X
for all 0 < € < t. Also, for all x € By,

|(Paz)(t) — (P2ex) ()l

< [ ise-opw [xl ~ S(T){zo + F(0,p(0)) ~ g(x)} + (T, p(T))

—€

T T
- / AS(T — 1)F(r,p(T))dT — / S(T — 1)G(r, q(T))dT] (s)|lds
0 0

t _—— !
< / Mp||W™1 [I]wlﬂ + M{||lzol| + MoLy(k + 1) + Lsk + Ly}
t

—€

+ MoLy(k+1) + —;—Tﬁcl_ng(k +1) + MLs(k + 1)] T(s)ds.

Therefore the closed set V() is relatively compact set. Consequently, since V(t) is

relatively compact on X, P, is a compact operator by Arzela-Ascoli theorem.
Hence, since there exist a fixed point of z(-) for P = P} + P> on By, the nonlocal

Cauchy problem (1) has a mild solution from Sadovskii’s fixed point theorem. O
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