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CHARACTERIZATION OF A REGULAR FUNCTION
WITH VALUES IN DUAL QUATERNIONS

J1 EuNn KiMm? AND KwANG HO SHON P *

ABSTRACT. In this paper, we provide the notions of dual quaternions and their
algebraic properties based on matrices. From quaternion analysis, we give the con-
cept of a derivative of functions and and obtain a dual quaternion Cauchy-Riemann
system that are equivalent. Also, we research properties of a regular function with
values in dual quaternions and relations derivative with a regular function in dual
quaternions.

1. INTRODUCTION

Let 7 be the set of quaternion numbers constructed over a real Euclidean qua-
dratic four dimensional vector space. In 2004 and 2006, Kajiwara, Li and Shon
[2, 3] obtained some results for the regeneration in complex, quaternion and Clifford
analysis, and for the inhomogeneous Cauchy-Riemann system of quaternions and
Clifford analysis in ellipsoid. Naser [12] and Noéno [13] obtained some properties of
quaternionic hyperholomorphic functions. In 2011, Koriyama, Mae and Nono [8, 9]
researched for hyperholomorphic functions and holomorphic functions in quaternion
analysis. Also, they obtained some results of regularities of octonion functions and
holomorphic mappings. In 2012, Gotd and Néno [1] researched for regular func-
tions with values in a commutative subalgebra C(C) of matrix algebra M(4;R). Lim
and Shon [10, 11] obtained some properties of hyperholomorphic functions and re-
searched for the hyperholomophic functions and hyperconjugate harmonic functions
of octonion variables, and for the dual quaternion functions and its applications.
Recently, we [4, 5, 6, 7] obtained some results for the regularity of functions on
the ternary quaternion and reduced quaternion field in Clifford analysis, and for

the regularity of functions on dual split quaternions in Clifford analysis. Also, we
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investigated the corresponding Cauchy-Riemann systems in special quaternions and
properties of each regular functions defined by the corresponding differential opera-
tors in special quaternions.

The aim of the paper is to define the representations of dual quaternions, written
by a matrix form. Also, we research the conditions of the derivative of functions
with values in dual quaternions and the definition of a regular function for Cauchy-

Riemann system in dual quaternions.

2. PRELIMINARIES
The field 7 of quaternions
z=x0+ e1x1 + eaxs +e3x3, ; € R (7 =0,1,2,3),

is a four dimensional non-commutative real field such that its four base elements
ep = 1,e1,e9 and e satisfying the following :

2 2 2
€] =€ =€3= —1, e1eg = —ege1 = e3, egez = —egea = €1, €3e] = —ej1e3 = €.

The element eg = 1 is the identity of 7. Identifying the element e; with the
imaginary unit v/—1 in the complex field of complex numbers. The dual numbers
extended the real numbers by adjoining one new non-zero element € with the prop-
erty €2 = 0. The collection of dual numbers forms a particular two-dimensional
commutative unital associative algebra over the real numbers. Every dual number
has the form z = x + ey with « and y uniquely determined real numbers. Dual

numbers form the coefficients of dual quaternions. If we use matrices, dual numbers

0 1 a b
5:(0 0),a+b€:(0 a)'

The sum and product of dual numbers are then calculated with ordinary matrix

can be represented as

addition and matrix multiplication; both operations are commutative and associative

within the algebra of dual numbers.

3. DuAL QUATERNIONS

The algebra

3 3
DC(2) ={Z=z+cw | Z:Zejxj,w:ZejyjeT}%TxT,
=0 i=0

where z;, y; € R (j =0,1,2,3), is a non-commutative subalgebra of M?(2;C).
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We define that the dual quaternionic multiplication of two dual quaternions

3 3
Z1 w1 ijo €jTj Zj:O €5Yj
Z1 =21 tew = =
3
0 <1 0 Zj:[) €;T;
and
zZ2 W2 Zj:() e;&j Z]‘:o €1
Jo = 29 +ewg = =
3
0 2 0 ijo e;&;
is given by

21292 Z1W9 + w122
AVARES
0 Z1%9

3 o 3 . (X80 eimi)- (3 ems)
(ijoejiﬂj) (Zj:o€J§J> +(Z?:06,jyj)'(2?zoej§j)

0 (Ci—oess) - (i €is)

The dual quaternionic conjugate Z* of Z is

3 3
Z¢ w* T0 = D51 6T Yo — Djo1 €Y
Z* = =
* 3
0 =z 0 L0 = D51 €5%)

Then the modulus |Z| and the inverse Z~! of Z in DC(2) are defined by the

following :
|Z|2 g zz*  zw* + w2t ) Z?:O x? 22?:0 xY;
0 zz* 0 Z?:o ;,;JQ
and
z7t = Z; (Z #0).

By using the multiplication of Z € DC(2), the power of Z is for n € N,
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z o ow\" LD S NP
Z" = (z+ew)" = =
0 =z 0 2"
and the division of two Z, W € DC(2) can be computed as

A 21 +ewy oz tewy 25 4wy  z125 4+ e(zwh 4 w23)

7o Zo+ewy 2o tewgzh +ewl 2923 4 e(20wh + wozd)

Since 2925 and zow; + waz; are real variables, it can be written by

A 1
— = TmianM+e(—2n12N + zwi;M + w123 M)}
Zy M
21w
21 n (zlw§ w1 zlwg) 71 z2 22
— _ I _ = — =
Z9 2975 Z9 2925 29 0 21 ’
zZ2
where M := 2925 and N := zow; + waz5.
We use the following differential operators :
o) o) o) o)
D> Du oo T 9202 G T 20w
D = D,+eD, = =
o] o)
0 Dz 0 o7 + 6287z2
3 ) 3 .0
Zj:o €j oz, ijo i ay;
= 5
3 .0
0 2 j=0€i dz;
* * o _ ., 90 90 _, 0
Dz Dw 0z1 €2 Ozo ow1 €2 Ows
D* = Di+eD;, = =
* 0 el
O DZ O 6721 — 628722
d 3 o 9 3 .9
dzo ijl €oz;  Byo ijl € dy;
- )
9 3 .9
0 o ijl €j o,

where B%k’ %, %, a%% (k =1,2) are usual complex differential operations.

The Laplacian operator is

3 52 3 52
D.D* D.D: + DyD: =05z 22.=0 5,05
|D|* = DD* = =

0 D.D: 0 3 2
J
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Let S be a bounded open subset in 7 x 7. A function F(Z) is defined by the
following form in S with values in M(2;C) :

F(Z) = F(z+ew) = f(z,w)+eg(z,w)
flz,w)  g(z,w) Ji+ faea g1+ goe2
S\ 0 few) O\ 0 Athe
Yl0eit;  Yj—0€ivj
0 Z?:O erj

where uj; = Uj(1'07$17$27$373/07y1:y27y3) and Vj = Uj($073617$2,1‘3,y07y17y27y3) are

real valued functions.

Remark 3.1. Using differential operators, we have the following equations:

D.f D.g+ Dyuf DIf DZg+Dyf
DF: 5 D*F: 9
0 D.f 0 Dif
ID:  fDy+gD, D  fD+gD:
FD = , FD* = ,
0 D, 0 fD
where
_(0f 0y, (N, Of o (Of Ofy , (0fr 0N
D.f = (871 8:72> + (872 * 8%)62’ Dif = (az1 * 85) + (821 85)62’

fD, = (ngi — gZ) + (gi—i—gﬁ)ez, fD; = (gi—i—gﬁz) + (gﬁ — gi)ez.

Definition 3.2. Let S be a bounded open subset in 7 x 7. A function F' = f +¢eg
is said to be M-regular in S if f and g of F' are continuously differential quaternion
valued functions in S such that D*F = 0.

Remark 3.3. The equation D*F = 0 is equivalent to
Dif =0, Dig+ D, f=0.

Also, it is equivalent to
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Of _ _0h Ofy 0K

071 65’ 071 85’
0 0 Ofs 0q

(3.1) i+£ __9f 92

owy 0z1 N owsy 857

0 0 afi  Ogr
f 992 _ Of | Ogi

ow, 0z Ow; 0%

The above system is called a dual quaternion Cauchy-Riemann system in dual

quaternions.
Let © be an open subset of DC(2), for Zy = 2o + ewg € Q,
F:Q — DC(2)
is called a dual-quaternion function in DC(2).
Definition 3.4. A function F' is said to be continuous at Zy = zg + ewq if

Jm F(Z) = F(Z),

where the limit has

lim F(Z)= lim F(Z)=F(Z).

Z—Zy 220, W—wWo

Definition 3.5. The dual quaternion function F' is said to be differentiable in dual

quaternions if the limit

@ F(Z) - F(Z)
dz z— 20, W—Wo Z — Zy

exists and the limit is called the derivative of F' in dual quaternions.

Remark 3.6. From the definition of derivative of f and properties of differential

operations of quaternion valued functions, we have

of  _ y F&w) — fz0,wo)
0z = 2z z— 20
3 3
(3 2) _ Ze hm UT($07'Z.17':C27$3) _Ur(wgax(1)7$87$g) _ Ze aur
' ~ P — x, — 20 ~ "Ox,

where (20, wpo) = (20,29, 29,29) is a constant in a domain of f (see [2, 11]). Since

the equation (3.2) is equivalent to D, f, we can express g]; = D, f. Hence, by the



CHARACTERIZATION OF A REGULAR FUNCTION 71

representations of D F' and properties of limit, calculating the division for %12520)7

ar of . 9y f(z,w0) = f(z0,wo) (

= +e +e lim

w — wo)

dz Jz = 0z 2=z, wow (2 — 20)?
of 9y
0. 0 — — 2
_ * % ) s lim f(z,w) — f(20, wo) (w wo)
of Z—20, W—Wo Z — 20 Z— 20
0 %
D.f D.g 0o 2o
= + = DF.
0 D.f 0 O

oF
Therefore, we can represent 57 = DF.

Theorem 3.7. Let F' = f + €g be a dual quaternion function in Q C DC(2). If
F satisfies the equation Df = 0, then the derivative of F satisfies the following

equation:
dF . F(Z)—-F(Z)

— =1 =D.,F.
aZ 252 Z— 7, :
Proof. By the division of dual quaternions, we have
F(Z) - F(Z) _ [f(zw) = flzo,wo) | g(z,w) — g(20,wo)
—— = +e€
Z — Zy zZ—2p zZ—2p
f(z,w) — f(20, wo)
+e (2= )2 (w — wp).
Then, the limit
F(Z) — F(Zo)

i
5% Z—Z

f(sz) —f(Z(],’wo) g(z,w)—g(zg,wo)

=, Jm +e  lim
Z—2z0, W—wo Z— 20 2—20, W—Wo Z— 20
4e lim f(Z, w) — f(220a wO) (U) _ wo)
zZ—2z0, W—wWQ (Z — ZO)
of 99 f(z,w) — f(z0,wo)
= —_— - l _
82,’ + EaZ €z~>zO,l w—wo (Z — Z0)2 (w ZUO)
= D,F+¢ lim f(Z,w)*f(Zo,wo)w—wo
zZ—ZzZ0, W—wWo z — ZO z — ZD
— — 2
— D.Fie lm L&Y =IGow) (w wo)
Z—ZzZ0, W—wWo w — wO 7 — ZO
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W= has two cases to deal with

exists if and only if

zZ—20
Case 1)
i & w) — f(z0,w0) (w—wp) = lim f(z,w) = f(z0,wo) w — wo.
z—20, W—wWo (z — 20)? z—20, W—wWo z — 29 z — 29
If
lim f('z?w) — f(Z07w0) _ 0’
z—20, W—WQ Z— 20

then the limit exists and the derivative can be written by

df(Zo) 689(20, wo)

az 0z
Case 2)
T G —f(207wo)(w_w0) T G R A G (w—wo>2'
220, W—Wo (z — 20)? z—20, W—wo w — wo z— 2
If
i & w) = fz0,w0) _ 0.
z—20, W—wo w — wy
then the limit exists and the derivative can be written by
dfc(éo) _D.F
Therefore, the equation g—g = D, F is obtained. O

Theorem 3.8. Let F' = f+¢eg be a dual quaternion function in Q C DC(2). If F is
a M-reqular function in dual quaternions, that is, F' satisfies the equation D*F = 0,
then the derivative of F' satisfies the following equation:

dF oF

— =DF =—.

dz awo

Proof. From the proof of Theorem 3.7, we have

dF(Z — _
( O) — DZF te lim f(zv w) f(207 wO) w — Wo
dz 2—20, W—wWo zZ—2zp Z— 20

f(z,w) — f(z0,wo) (w — w0)2‘

zZ — 20

= D,F+e¢ lim

Z—2z0, W—wWQ w — Wy

Since F' satisfies a dual quaternion Cauchy-Riemann system (3.1), we have
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%—1—%) + (af2 +%>e2

0z, 07 021

D.F = sz—{—sng:< et o

+E(g“2 + gii) +€(§Zf + gij)ez'

Therefore, since 8%1 + 8%1 = 8%07 we have
dF(Zy) - OF (Zy)
dzZ - axo '
]
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