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AN IMPROVEMENT OF THE MADDOX THEOREM
ON THE MATRIX CLASS (£°(X), co(Y))

WoN Sok Yoo

ABSTRACT. A clear-cut characterization of the matrix class (£°(X), co(Y)) is ob-
tained for a very general case.

1. INTRODUCTION

For Banach spaces X, Y and a matrix (fi;)ijen in L(X,Y), the family of con-
tinuous linear operators from X to Y, let
Rij = (fijs fij+1, Figa2s )
j+p

> firlae)

k=j

| Rl = sup

PEN, |l(zx )l <1

, Vi,j €N (see [3,4]).

Recall that
¢°(X) = {(z;)7° C X : (z5)7° is bounded}, co(Y) = {(3)7° C Y :y; — 0}
and we write (z;){° = (z;), simply. Let

(=0 = {Usssen: f € Y5, I Y- £ =0, V(a,) € €200}

j=1
(see also C. Swartz [2]).

1.J. Maddox [3, 4] gave a characterization of the matrix class
(€°(X),co(Y))|L = {(fij)ijen € (£°(X),co(Y)) : each f;; is linear and continuous}

for Banach spaces X and Y as follows.
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Theorem 1 ([3, 4, Theorem 4.8]). Let X andY be Banach spaces and fi; : X — Y
is a linear continuous operator for 1,5 € N. Then (fij)ijen € (£°(X),co(Y)|L if
and only if

(1) lim; fi;(x) = 0 for each j EN and x € X,

(2) |Rull < +oo and lim; || R;;|| = 0 for each i,

(3) Tim, Fm| Ry ) = 0.

This result is restricted to linear continuous operators between Banach spaces.
However, Li Ronglu [7] has obtained a series of summability results for matrices of
quasi-homogeneous mappings. Note that the family of quasi-homogeneous mappings
includes all linear operators and many nonlinear mappings [7, Example 1].

For topological vector spaces X and Y, §o(X,Y) = {f € YX : f(0) = 0} is an
extremely large subfamily of Y, and quasi-homogeneous mappings between X and
Y forms a small subfamily of Fo(X,Y). In this paper we would like to establish
above Maddox theorem for matrices of mappings in Fo(X,Y).

First, we improve Theorem 1 of [5] as follows.

Lemma 1. Let G be an abelian topological group. For every Q # 0§ and {f;} C G

the following (i) and (it) are equivalent.

(i) ij(wj) converges for each {w;} C Q.
j=1

(i) Z fi(wj) converges uniformly with respect to {w;} C Q.
j=1
Proof. If (i) holds but (ii) fails, then there exists a neighborhood U of 0 € G and
integers m; < ny < ma <ng < --- and {wi; € Q:m; < j < ny,i € N} such that

> filws) €U,

Jj=m;
1=1,2,3,.--. Pick an wg € © and let

we = Wiz, miSani>i=1)2’3a"'a
J wg, otherwise,

o0
then Z fi(w;) diverges. This contradicts (i) and so (i) implies (ii). O
j=1
Now we state the main result as follows.
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Theorem 2. Let X, Y be topological vector spaces where Y is separated and f;; €
Fo(X,Y) for alli,j € N. Then (fij)ijen € (£°(X),co(Y)) if and only if
(1) lim; fij(z) =0 for each j € N and x € X,
o0
(4) for every bounded B C X, z fij(z;) converges uniformly with respect to

j=1
both i € N and {z;} C B.

Proof. Suppose that (fi;)ijen € (£°(X),co(Y)). Since each f;; € Fo(X,Y) and
©,---,0,%2,0,0,-..) € £(X) when j € Nand z € X,

j—1 )
lim fij(e) = lim | Y f(0) + figl@) + D fa(0)] =0.
k=1 k=j+1

So (1) holds for (fij)i,jeN-
If (4) fails to hold for some bounded B C X, then there is a neighborhood V' of
0 € Y such that

o0
(*) Ymo € N3m > mg and i € N and {z;} C B for which Y fij(z;) & V.

j=m

Pick a neighborhood W of 0 € Y such that W + W C V. By (*) there exist
integers m; > 1, i1 € N and {z;} C B such that

> fujley) €V

J=my
but
o
Y. fujle)ew
j=n1+1
for some ny > my so

D fujlzy) €W

Jj=m

o0
Since Z fij(z;) converges for each {z;} C B and i € N, it follows from Lemma
J=1
1 that there is an integer mo > n; such that

Z fij(z;) € V for every m >my, 1 <i <4y and {z;} C B.

J=m
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Then (*) shows that there exist integers mg > myg, iz > i3 and {z3;} C B such that
oo

no
Z fiaj(z25) € V and so Z fizj(x25) € W for some ny > my.

Jj=ma j=m2
Proceeding inductively we have integer sequences i; < iy < i3---, m; < n; <

mz <nz <--- and {zx; € B : k,j € N} such that

(%) Z finilzrs) €W, £=1,2,3,--- .

J=my

g

Consider the matrix [ Z fipj(xkj)] . As was proved above, (f;;)i jen sat-
j=my p,keN

isfies the condition (1) and so

ny N
lim PP RICHEDY lim fi,5(zk;) = 0
j=my Jj=my,
foreach ke N. If k; < ks < .- in N and

Ii— Lkyjr Mk, SankmU=1a2’39"'1
J 0, otherwise,

then {z;} C BU {0} so {z;} € £°°(X), it follows from (fi;)ijen € ((*°(X),co(Y))
and f;; € §o(X,Y) that

00 Tk, o]
BmY " Y fii(@hg) =Y fini(zi) = 0.
P v=1 j=my, j=1

Then the Antosik-Mikusinski theorem [2,6, 8] implies that

7
liin Z fikj(l'kj) =0.
J=myg
This contradicts () and so (4) holds for (fi;)i jen-
Conversely, suppose that (1) and (4) hold for (fi;); jen. For every {z;} € £*(X),

o0
Z fij(z;) converges uniformly with respect to i € N and so
=1

o0 n n n
lim ) fij(z;) = limlim ) _ fij(2;) = limlim ) _ fij(z;) = him )~ lim fij(x;) = 0.
K _7:]_ 7 n J=1 k13 1 J=1 le 7

Thus, (fij)ijen € (€2°(X),co(Y)). o



AN IMPROVEMENT OF THE MADDOX THECREM 418

Let E be a vector space over K € {R,C}. A function ||-||: £ — [0,+00) is a
paranorm if 0] = 0, || ol = lall, lle + Il < llzll + gl and [ftnzn — tl] — 0
when ||z, — z|| — 0 and ¢, — ¢ in K, and Fréchet spaces are just separated complete
paranormed spaces (1, p.56]. A paranorm |- || : E — [0,+00) is a seminorm if
ezl = [t]||z| for t e K and z € E.

Corollary 1. Let X be a topological vector space and (Y, || -||) a Fréchet space. Let
fij € Bo(X,Y) fori,j € N. Then (fij)ijen € (£°(X),co(Y)) if and only if
(1) lim; || fi;(z)l] =0, Ve € X,j €N,

(4') for every bounded B C X and € > 0 there is an mg € N such that

> fislz))

j=m

<& ¥Yn>2m>mg, i €N, {z;} CB.

Proof. (4)=>(4'): Let B C X be bounded and ¢ > 0. By (4) there is an mg € N
such that

Z Jijlzp)ll <€/2, Vm>myp, i €N, {z;} C B.
Jj=m
Hence
n o0 o0
DL =1 fulz) = Y fuly)
j=m Jj=m F=n+1
<g—+§=e, Vo>m>mg, i €N, {z;} CB.

k oo
(4')=(4): Let B C X be bounded. By (4'), {Z fij(xj)} are uniformly
j=1 k=1
Cauchy with respect to both ¢ € N and {z;} C B. Since (Y, - ||) is complete,
o0

Z fij(z;) converge uniformly with respect to both ¢ € N and {z;} C B. 0
=1
Corollary 2. Let X be a seminormed space andY o Banach space. Let fi;: X -Y
be a linear continuous operator for all i,j € N. Then (fi;);jen € (£°(X),co(Y)) of
and only if

(1) lim; fij(x) =0 for each je N and z € X,

(56) limy | Ri;{| = O uniformly with respect to i € N, that is, lim; sup; || R;;{| = 0.
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Proof. (4')==>(5): Let By = {z € X : ||z|| < 1} and € > 0. Thus, by (4') there is an

Jo € N such that
itp

Zfzk )| <

| Bisll = sup

peEN,{zx}CB;

for all j > jp and i € N.

(5)=(4'): Let B C X be bounded and & > 0. Then B C ngB; for some ng € N.
By (5) there is a jo € N such that |R;;|| < = = for all j > jo and 7 € N.

Let j > jo and i,p € N. For every {zx} C B {* -k} C By and

jtp

Z fzk ‘_wk)

k=j

Jj+p

> fulze)
k=3

=nyg

jtp

> firlur)

k=j

<ng sup
{ur}CB

Jjtp

Zfzk Uk)

= no”R,LJ” < no— = €.
np

<ng sup
g€EN, {uk}CBl

O

It is also worthwhile observing that in the condition (2) of the Maddox theorem
(Theorem 1 above) the condition “||R;|| < +o00, Vi € N” can be omitted because
the condition “lim; [|Ry;|| = 0, Vi € N” of (2) implies “||R;]| < 400, Vi € N*. In
fact, since all f;; are linear and continuous [4, p.51, 53, Theorem 4.7, 4.8] and

lim [|Rjf| =0, |IRisoll < 1

for some jp > 1 and

qum)

[Rall=  sup
PEN,|l{z; Hleo <1

Jo-1 Jot+k—1
= £l + fie) )
keN, ||{z1}||°°<1 (Z J ‘;Jo 3\L;

Jo—1
= Y Ifisll+ Rl < +oo.
=1

Hence our Theorem 2 is a substantial improvement of the Maddox theorem, and
Corollary 2 is just a clear-cut version of the Maddox theorem.
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