J. Korean Soc. Math. Educ. Ser. B: Pure Appl. Math. ISSN 1226-0657
Volume 16, Number 1 (February 2009), Pages 1-11

BCK-ALGEBRAS WITH SUPREMUM

YOUNG BAE Jun?, KYouNg JA LEE” AND CHUL HWAN PARK ®*

ABSTRACT. The notion of a BCK-algebra with supremum (briefly, sBCK-algebra)
is introduced, and several examples are given. Related properties are investigated.
We show that every sBCK-algebra with an additional condition has the condition
(S). The notion of a dry ideal of an sBCK-algebra is introduced. Conditions for an
sBCK-algerba to be an spBCK-algebra are provided. We show that every sBCK-
algebra satisfying additional condition is a semi-Brouwerian algebra..

1. INTRODUCTION

BCK-algebras entered into mathematics in 1966 through the work of Imai and
Iséki [3], and have been applied to many branches of mathematics, such as group the-
ory, functional analysis, probability theory and topology. Such algebras generalize
Boolean rings as well as Boolean D-posets (= MV -algebras). There is a deep rela-
tion between BCK-algebras and posets. A way to make a new BCK-algebra from old
is established by Abujabal [1]. Jun et al. [6] gave a method to make a BCK-algebra
from a poset and an upper set. Hao [2] gave a method for constructing a proper
BCC-algebra by the extension of a BCK-algebra with a small atom. Iséki [4] gave a
method to make a BCI-algebra by using a group and a BCK-algebra. Jun et al. [7]
gave a method to make a BCK-algebra by using a poset. We show that if a poset
has the least element, then the induced BCK-algebra is bounded. In this paper,
we introduce the notion of a (positive implicative) BCK-algebra with supremum,
and give several examples. We investigate related properties, and show that every
sBCK-algebra with an additional condition has the condition (S). We also introduce
the notion of a dry ideal of an sBCK-algebra. We show that every sBCK-algebra
satisfying additional condition is a semi-Brouwerian algebra, and provide conditions
for an sBCK-algerba to be an spBCK-algebra.
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2. PRELIMINARIES

We first display basic concepts on BCK-algebras. Let K(7) be the class of all
algebras of type 7. A BCK-algebra is a system (X, *,0) € K(7), where 7 = (2,0),
such that

(al) (Vo,y,z€ X) ((w+y) * (zx2)) *x (2 xy) = 0),

(a2) (Vz,ye X) ((zx (zxy)) xy = 0),

(a3) (Vz € X) (x*xz=0,0xz = 0),

(ad) Vz,y e X) (z*xy=0,yxxz=0 = =z =1y).

We can define a partial ordering < by z < y if and only if z *y = 0. A BCK-
algebra (X, x,0) is said to be bounded if there exists the bound 1 such that z < 1 for
all z € X. A BCK-algebra (X, *,0) is said to be positive implicative BCK-algebra
(briefly, pBCK-algebra) if it satisfies:

(2.1) (Vz,y,z € X)((z*xy) x2 = (zx 2) * (y * 2)),
or equivalently it satisfies:
(2.2) (Vz,y € X) (x+y = (z*y) *y).

Note that every pBCK-algebra is a BCK-algebra but the converse is not true. Denote
by BCK (resp. bBCK and pBCK) the set of all BCK-algebras (resp. bounded BCK-
algebras and positive implicative BCK-algebras).

Let (X, x,0) be a BCK-algebra, For any a,b € X, consider a set

(2.3) X(a,b) :={re X |z*xa<b}
A BCK-algebra (X, *,0) is said to have the condition (S) if it satisfies:
(2.4) (Va,b € X)(X(a,b) has a greatest element).

In any BCK-algebra (X, ¥, 0), the following hold:

(bl) (Vz € X) (z %0 = 1),

(b2) (Vz,y,z€ X) ((z*xy) %z = (x x 2) x y),

(b3) (Vz,y,2 € X) ((z*2) % (y*2) Sz *y),

(bd) (Vz,y,2€ X)) (z <y =>r*2<yx2,2%y < z2*x).

Definition 2.1. A subset A of a BCK-algebra (X, ,0) is called an ideal of X if it
satisfies:

(c1) 0 e A,

(€2) (Vz e A) (Vye X) (yxz € A = y€ A).
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Note that every ideal A of a BCK-algebra (X, x,0) satisfies:
(2.5) VzeA)(Vye X)(y<z = yecA).

3. BCK-ALGEBRAS WITH SUPREMUM

Example 3.1 ([8]). Let (X, <) be a poset with the least element 0. The operation
* on X is defined by the following prescription

0 ifx <y,
(3.1) TrY = { x otherwise.

Then (X, *,0) is a BCK-algebra.

For any elements z and y of a BCK-algebra (X, %,0), let  V y denote the supre-
mum of {z,y} if it exists. Consider the following identity:

(3.2) (xVy)xz=(xxz)V(y*2)
where x,y,2z € X.

Example 3.2. Let X = {0,a,b,1} be a set with the following Cayley table:

*|0 a b 1
0/0 0 0 O
aja 0 0 O
blb a 0 0
111 a a O

Then (X, x,0) € bBCK in which there exists z V y for all z,y € X, and X satisfies
the identity (3.2).

We have the following question.

(Q1) In a BCK-algebra (X, *,0), if every pair of elements of X has supremum,
then does the identity (3.2) hold?

Herein, we give answer to this question negatively.

Example 3.3. Using Example 3.1, we make a BCK-algebra. Let X = {0,a,b,¢,d, 1}
be a poset with the following Hasse diagram:
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Using (3.1), we have the following Cayley table:

x10 a b ¢ d 1
010 0 0 0 0 O
ala 0 0 0-0 O
bib b 0 b 0 O
cic ¢ ¢ 0 0 0
did d d d 0 0
11 111 10

Then (X, %,0) € bBCK. Note that every pair of elements of X has supremum. But
it does not verify the identity (3.2) since

(bve)xb=dxb=d#c=0Ve=(bxb)V (cxb).

Definition 3.4. A BCK-algebra (resp. pBCK-algebra) with supremum (briefly,
sBCK-algebra (resp. spBCK-algebra)) is a system X := (X, *,V,0) € K(), where
T =(2,2,0), such that

(ad) (X, *,0) € BCK (resp. (X, *,0) € pBCK).

(a6) (Vz € X) (zVz = 1),

(a7) (Vz,y,ze X) (zVy)Vz=zV(yV2)),

(a8) (Vz,y € X) ((z*xy) Vy=1xVy),

(29) (Vz,y,2 € X) (((z* 2) V (y* 2)) * ((y V) x 2) = 0).

Obviously, every spBCK-algebra is an sBCK-algebra, but the converse is not true
as seen in the following example.

Example 3.5. Let X be a set with a special element 0 such that (X,V) is a
join(V)-semilattice. Let * be a binary operation on X defined as (3.1). Then
X := (X, *,V,0) is an sBCK-algebra. Here, if (X, *,0) is not positive implicative,
then X := (X, *,V,0) is not an spBCK-algebra.

Example 3.6. Let (X, *,0) be the BCK-algebra which is described in Example 3.3.
Then X := (X, *,V,0) is an spBCK-algebra, where V is meant to be the supremum.

Example 3.7. Let X = {0,a,b,¢,1} be a bounded BCK-algebra with the following
Cayley table and Hasse diagram:
0

-y O QO ¥
-0 OO oo
o0 O o Ol
]
o

=0 o e O
—_ 0 oo Ooe
O o OO
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Then X := (X, *,V,0) is an spBCK-algebra, where x V y is the supremum of {z, y}
for all z,y € X.

Example 3.8. (1) Let (X, *,0) be any BCK-algebra. Define a binary operation V
on X by zVy=0forall z,y € X. Then (a7), (a8) and (a9) hold, but (a6) does not
hold. Hence X := (X, *,V,0) is not an sBCK-algebra.

(2) Let (X, *,0) be a BCK-algebra which is not bounded. We define a binary
operation V on X by

| sup{z,y} if it exists,
(3:3) VY= { 0 otherwise.

Obviously, (a6) is valid. If we take z1(# 0),y1(# 0) € X such that there is no
sup{z1,yl}, then

(z1Vyl) vyl =0Vyl =yl #0=21Vyl =zl V (y1Vyl),

ie, (a7) is not valid. Hence X := (X, *,V,0) is not an sBCK-algebra.

(3) In Example 3.2, X := (X, *,V,0) satisfies (a6), (a7) and (a9), but it does
not satisfy the identity (a8) since (bxa)Va = aVa = a # b = bV a. Hence
X :=(X,*,V,0) is not an sBCK-algebra.

(4) Let X = {0,a,b,¢,1} be a bounded BCK-algebra with the following Cayley
table and Hasse diagram:

— 0 o R OO

[S IR~ I el an i an] )

OO OO O
s}

=0 o R O ¥
TR 8 O OoOe
SO R OO0

Then (X, <) is a join(V)-semilattice, and so (a6) and (a7) are valid. On the other
hand, (a9) is also valid. But (a8) is not valid since (c*a) Va # ¢V a. Hence
X = (X,*,V,0) is not an sSBCK-algebra.

(5) Let X = {0,a,b,c,d} be a BCK-algebra with the following Cayley table and
Hasse diagram:

QO TR OO
SIS e e Rl en] KS )
O TR O Ol
<o
IS8

QO T Q O ¥
Q@ o R O OoR
QOO O ONn
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We define a binary operation V on X by

) sup{z,y} if it exists,
(3-4) VY= { 0 otherwise.

Then (a9) does not hold since
((cxd)V(dxd)*((dVc)xd)=(bVO)*(0*d)=bx0=0b#D0.

Hence X := (X, *,V,0) is not an sBCK-algebra.

Theorem 3.9. Let X := (X,*,V,0) be an sBCK-algebra. Then (X,V) is a join

semilattice.
Proof. Straightforward. 0

Note that if X is a bounded BCK-algebra, then there is always sup{z,y} for all
z,y € X. Hence we can guess that every bounded BCK-algebra is an sSBCK-algebra.
But this is not valid as seen in the Example 3.8(4). Now consider an sBCK-algebra
X = (X,*,V,0) in Example 3.5. If X := (X, ¥,0) is a non-bounded BCK-algebras,
this shows that an sBCK-algebra is not equivalent to a bounded BCK-algebra in

general.

Proposition 3.10. In every sBCK-algebra X := (X, ,V,0), we have the following
assertions:

(i) Vze X) (0Vz=ux).
(i) Vr,ye X) (zVy=yVa).
(iii) (Vz,y € X) (z*y=0 & zVy=1y).
(iv) Vr,ye X) (zVy=zV (y*x)).
Proof. (i) For every z € X, we have
OVz=(r*xx)Vr=azVr=zx
by (a3), (a8) and (a6).
(ii) Let z,y € X. Then
yVr=(yx0)V(zx0)<(zVy)*0=zVy
by (bl) and (29), and so (ii) is valid.
(iii) Let z,y € X. If z x y = 0, then
zVy=(x*xy)Vy=0Vy=uy.

by (a8) and (i). Conversely, assume that z Vy = y. Then
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0=((y*xy)V(zxy))*((zVy) *y)
=0V (z*y)*(y*y)
=(xxy)*0
=%y
by (a9), (a3), (i) and (bl).
(iv) For any z,y € X, we have
zV(yxz)=(ysx)Vez=yVvVe=zVy
by (ii) and (a8). O
We have the following question.
(Q2) In an sBCK-algebra X := (X, *,V,0), does the following inequality hold ?
(3.5) (Vz,ye X)((zVy)*xz <y).
Herein, we give answer to this question negatively.

Example 3.11. (1) Consider the sBCK-algebra X := (X, *,V,0) which is described
in Example 3.6. Since (bV c)xb=dx*b=d £ ¢, X does not satisfy the inequality
(3.5).

(2) Let X := (X,%,V,0) be the sBCK-algebra which is given in Example 3.7.
Then the inequality (3.5) does not hold in X since (aVc)*a=1%xa=1%c.

We provide an sBCK-algebras that satisfy the inequality (3.5).

Example 3.12. Let X = {0,a,b,c,1} be a BCK-algebra with the following Cayley
table and Hasse diagram:

Qv R O %
_0 o R OO
-0 o0 OlR
OO OO0
[~ e R N e I el Ko

SO0 O O
2

Then X := (X, *,V,0) is an sBCK-algebra, where z V y is the supremum of {z,y}
for all z,y € X. We can verify that X satisfies the inequality (3.5).

Theorem 3.13. Let X := (X, *,V,0) be an sBCK-algebra. If X satisfies the in-
equality (3.5), then X has the condition (S).
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Proof. Assume that X satisfies the inequality (3.5). Then zV y € X(z,y) for all
z,y € X. Given z,y € X, let z € X(z,y). Then z x z < y. It follows from (a8) and
Proposition 3.10(ii) that

z<zVr=(zxz)Vz<yVz=zVy
so that zVy is a greatest element of X (z,y). Therefore X has the condition (S). O

Proposition 3.14. Let X := (X, x,V,0) be an sBCK-algebra that satisfies the in-
equality (3.5). For every a,b € X, let

(3.6) D:i={zeX|a<bVz}.
Then a x b is the least element in D.

Proof. Since axb < a*b, we have a < bV (a*b). Hence a*b € D. Let z € D. Then
a<bVz,andsoa*b< (bVz)xb<z by (b4) and (3.5). Therefore a b is the least
element in D. O

Theorem 3.15. Let X := (X, *,V,0) be an sBCK-algebra that satisfies the inequal-
ity (3.5). Then

(3.7) (Va,b € X)(X(a,b)={zx e X |z <aVbd}).

Proof. It is easy to verify that X(a,b) C {r € X Ix < aVb}. Let u € X be such

that u < aVb. Then uxa < (aVb)=*a by (bd). It follows that

(uxa)xb= (((u*xa)*b)*x0)*0

= (((u*xa)*b)* ((uxa)*((aVb)*a)))*(((aVb)*a)*b)
=(((uxa)*b)*(((aVb)*xa)*b))* ((uxa)* ((aVb)*a))
<((u*xa)*((aVd)*a))*((u*xa)*x((aVb)xa)) =0

so that (u * a) x b =0, that is, u € X(a,b). This completes the proof. O

Proposition 3.16. Let X := (X, x,V,0) be an sBCK-algebra that satisfies the in-
equality (3.5). Then any ideal A of X satisfies:

(3.8)  (myed)(TFzed)(z<zy<a2).

Proof. Let z,y € A. Then (z V y) * z < y, which implies from (2.5) and (c2) that
zVy € A. Moreover, x <z Vy and y < z V y. This completes the proof. O

Theorem 3.17. Let X := (X, *,V,0) be an sBCK-algebra that satisfies the inequal-
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ity (3.5). If A is an ideal of (X, *,0) in which there exists o mazimal element w,
then A = {z € X | x <w}. Moreover, if A is finite, then A = {z € X | z < a} for
some a € X.

Proof. For any z € A, we have (z Vw) *w € A by (3.5) and (2.5). It follows from
(c2) that z Vw € A. Since w < z V w and w is a maximal element in A, we get
w=zVw Hencex <zxVw =w, andso A C {z € X | z < w}. Obviously,
{r € X |z <w} C A. Now assume that A is finite. Then A has a maximal element,
say a. Hence A= {z € X | z < a} by the above discussion. O

Definition 3.18. Let X := (X, x,V,0) be an sBCK-algebra. An ideal A of X is
said to be dry if it satisfies:

(3.9) (Vz,ye X)(z € A = (zVy)*xy € A).

Example 3.19. Consider the sBCK-algebra X = {0,a,b, ¢, 1} which is described in
Example 3.12. Then we can verify that A = {0,a,b} is a dry ideal of X.

Example 3.20. Let X := (X, x,V,0) be the sBCK-algebra which is given in Ex-
ample 3.6. Consider subsets A = {0,q,b}, B = {0,a,c} and C = {0,a,b,c} of X.
Then A, B and C are all ideals of X, but they are not dry since (bVc)*xc=d*c=
d ¢ {0,a,b} C {0,a,b,c} and (cVb)xb=d*b=d ¢ {0,a,c} C {0,a,b,c}. On the
other hand, we know that D = {0, a,b,c,d} is a dry ideal of X.

Theorem 3.21. In an sBCK-algebra X := (X, *,V,0) that satisfies the inequality
(3.5), every ideal is dry.

Proof. Let A be an ideal of X, z € A and y € X. Then (zVy)*y < z by (3.5). It
follows from (2.5) that (z Vy) xy € A. Hence A is a dry ideal of X. O

Theorem 3.22. Let X := (X, *,V,0) be an sBCK-algebra that satisfies the inequal-
ity (3.5). Then a nonempty subset A of X is an ideal of X if and only if it satisfies
(2.5) and

(3.10) (Vz,ye X)(z,ye A = zVyecA.

Proof. Assume that A is an ideal of X and let z,y € A. Obviously (2.5) is valid.
Using (3.5) we have (z V y) * z < y. It follows from (2.5) and (c2) that zVy € A.
Conversely, let A be a nonempty subset of X that satisfies (2.5) and (3.10). Then
there exists z in A. Since 0 < z, we get 0 € A by (2.5). Let z,5 € X be such that
zxy € Aand y € A. By Proposition 3.14, we have ¢ < y V (z * y). On the other
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- hand, yV(z*y) € A by (3.10). It follows from (2.5) that z € A. Hence A is an ideal
of X. a

The notion of semi-Brouwerian algebras was introduced by P. V. R. Murty [9] in
1974.

Definition 3.23. A semi-Brouwerian algebra is a system (X, *,0,0) € K(7), where
T = (2,2,0), such that

(dl) (Vz € X) (zoz =z, z*x =0),

(d2) (Vz,y € X) (zoy=youx),

(d3) (Vo,y € X) ((zxy)oy=1z0y),

(d4) (Vz,y,z2€ X) (xxy)*z=x* (yoz2)).

Theorem 3.24. Every sBCK-algebra satisfying the inequality (3.5) is a semi-Brou-

werian algebra.

Proof. Let X := (X, *,V,0) be an sBCK-algebra that satisfies the inequality (3.5).
It is sufficient to show that X satisfies (d4). Let z,y,z € X. Then
@+ ((zxy)x2))xz=(z*2)x((x*y)x2)<z*(T*xy) <y,
and so x * ((z * y) *z) < yV z. It follows that z % (yV z) < (z *y) * z. On the other
hand,
(zxy) (@x(yV2) < (yv2) vy <2

and thus (z*y)*z < xx(yVz). Therefore (d4) is valid, and the proof is complete. [
Theorem 3.25. Every sBCK-algebra satisfying the inequality (3.5) is an spBCK-

algebra.

Proof. Let X := (X, *,V,0) be an sBCK-algebra that satisfies the inequality (3.5).

It is sufficient to show that X satisfies the identity (2.2). Let =,y € X. Then
@xy)ry=zx(yVy)=z*y

by (d4) and (a6). Hence X := (X, *,V,0) is an spBCK-algebra. (]
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