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ON THE GENERALIZED HYERS-ULAM STABILITY OF THE
CAUCHY-JENSEN FUNCTIONAL EQUATION II

KiL.-WounG Jun?, Ju-Ri LEEP AND YANG-HI LEE®

ABSTRACT. In this paper, we obtain the generalized Hyers-Ulam stability of a
Cauchy-Jensen functional equation

f(!E—}-y,Z)—f(CE,Z)—f(y,Z) :0,
2f Y22 _fa,y) - flaz) =0

2
in the spirit of P. Gavruta.

1. INTRODUCTION

In 1940, S.M. Ulam [12] raised a question concerning the stability of homomor-
phisms: Let G7 be a group and let G5 be a metric group with the metric d(,-).
Given ¢ > 0, does there exists a § > 0 such that if a mapping h : G; — G2 satisfies
the inequality

d(h(zy), h(z)h(y)) < é
for all z,y € GG; then there is a homomorphism H : G; — Gy with

d(h(z),H(z)) < e

for all z € G17 The case of approximately additive mappings was solved by D.H.
Hyers [2] under the assumption that G; and Gy are Banach spaces. In 1978, Th.M.
Rassias [11] gave a generalization. Since then, the further generalization has been
extensively investigated by a number of mathematicians[l, 6, 8, 9].

Throughout this paper, let X and Y be a normed space and a Banach space,
respectively. A mapping g : X — Y is called a Cauchy mapping (respectively,
a Jensen mapping) if g satisfies the functional equation g(z + y) = g(z) + g(y)
(respectively, 29(%3) = g(z) + ¢g(y)). For a given mapping f : X x X — Y, we
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define

le(:v,y,z) = f(x+y,z) - f(x,z) - f(y,z),

Bf(ens) =21 (2255 - e, - 0.2

for all z,y,2 € X. A mapping f: X x X — Y is called a Cauchy-Jensen mapping
if f satisfies the functional equations C1f = 0 and Jof = 0.

In 2006, Park and Bae [10] obtained the generalized Hyers-Ulam stability of a
Cauchy-Jensen mapping in the following theorem. ‘

Theorem A. Let 9,9 : X x X x X — [0,00) be two functions satisfying

o0

¢(z,y,2) Z{ 1<p(2ﬂc2y,Z)+ w(ar y,3 Z)}<00
j=0

o

$(z,9,2) z[wm Py, 92) + (e 2)| < oo

forallz,y,z€ X. Let f: X x X — Y be a mapping such that

||C’1f(:v,y, 2)3 < So(wayaz)’
||J2f($,y,2)” < 'd)(x)y} Z)

forallz,y,z € X. Then there exist two Cauchy-Jensen mappings Fo,Fy : X x X —
Y such that ‘

"f(lll', Z/) - FC’(z’y)“ < (,5(23,&7, y),
I1f(z,9) — f(z,0) = Fs(z,p)ll < (.9, ~y) + ¥z, —y,3y)

for allz,y € X. The mappings Fg,Fj: X x X — Y are given by
. 1 ) .
Folz,y) = lim —1(@a,y), Fs(@y) = lim =f(,3)
j—oo 27 j—oo 3

forallz,ye X.

Jun et al. [3,4, 5] improved the Park and Bae’s results.

In this paper, we investigate the generalized Hyers-Ulam stability of a Cauchy-
Jensen functional equation. Under the different inequality condition, we have ob-
tained the more improved stability results than that of Theorem A.
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2. STABILITY OF A CAUCHY-JENSEN FUNCTIONAL EQUATION

Jun et al. [5] established the basic properties of a Cauchy-Jensen mapping in the

following lemma.

Lemma 1. Let f: X x X — Y be a Cauchy-Jensen mapping. Then

ﬂmw=4w(%,%)—@"—w>(w,)

se) = LELED 4 or (£, )

4n
72
) 2z, ) + f(2z, —2")

[\Dla

B Ta—
_ f@,2%) (

= e

f(o,y) = LE22") (7'—

1
2n 4n
forallz,y e X and n € N.

Now we have better stability results than that of Theorem A.
Theorem 2. Let p, ¢ : X X X x X — [0,00) be two functions satisfying

oo

1 . . ) , , )
(1) > 55 (0@, 27y, 22) + (2w, 2y, 22)) < o0
Jj=0

forallz,y,z€ X. Let f: X x X — Y be a mapping such that

(2) IC1f(@,y, 2)ll < ¢(z,y,2),
(3) ”Jgf(.’E,y, Z)” < w(‘ray’z)

forallz,y,z € X. Then there ezists a unique Cauchy-Jensen mapping F: X x X —
Y such that

oo
0(2z,29,0)
17@.9) ~ Fle) sz P2 7c,0)

(4) 7+

+ i o(Vx, V2,2 y) + 24(27x, 271y, 0) + (2, 272, 0)
7=0
forallz,y € X. The mapping F : X x X — Y is given by
1 S 1 .
F(z,y):= im |=f(2z,27y) + = f(2z,0)
Jj—o0 4.7 2.7

forallz,ye X.
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Proof. By (2) and (3), we get
. 1 ,
Nif(sz,m - ﬁf(zﬂ“m,m]]
l
2].,_1 ”le(2]‘7" Vg O)“ < (p(2-7:1} 2Jm 0)1
and
1 o . 1 . . .
|50 @e ) - 1(@72,0) - (@22 - 112,0)
_ le(zjma 2'7377 2J+]y) - 2J2f(2‘7$, 2J+lya 0) — le(zjwa 2'71‘7 O)
- 4i+1
020z, 27z, 294 y) + 29(20z, 291y, 0) + (2, 29, 0)
< PYES
for all z,y € X and j € N. For given integers I,m (0 <1 < m),

m—1

(5) Hf 2,0) f(2:x O} 2# (2,272, 0)
7=l
and
|72 - 12,0 - 7@z, 2m) - 52,0
" 92,2z, 2 y) + 24p(2z, 27y, 0) 4 (2 x, 272, 0)
(6) 2_: nesnT v T

for all z,y € X. By (1), the sequences {4 (f(2'z,0)— f(0,0))} and {5 (f(@x,27y)-
f(2'z,0))} are Cauchy sequences for all z,y € X. Since Y is complete, the sequences
{2%(f(2jz,0) — £(0,0))} and {f;(f(zja:,ij) — f(2'2,0))} converge for all 2,y € X.
Define Fi,Fo: X x X - Y by

1 .
F](-’L‘, y) = ]11{20 2_Jf(2jw70),

and

1 . ) . 1 . )
Fy(z,y) = lim —[f(2z,2y) - f(2'2,0)] = lim — f(2'z,27y)
j—o0 49 j—oo 49
for all z,y € X. By (2), (3) and the definitions of F} and F», we get
C1Fi(z,y,z) = lim -leCIf(2jw, 27y,0) = 0,
j—o0 21
J2F1(z,y,2) = 0,
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C1F(z,y,2) = ‘lim —-.[01(231,2Jy,2jz) - C1(272,2°y,0)] =0,

JQFQ(m’ya )_ hm _"J2(2J:L' 2]y723 ) 0

j—oo 4
for all z,y,z € X and so F}, F» are Cauchy-Jensen mappings. Putting [ = 0 and

taking m — oo in (5) and (6), one can obtain the inequalities
If(z,0) - Fi(z,y)| < Z o(2,2z,0)

and

Hf(x,y) - f(CL',O) - FQ(SL‘,Z])”

N~ o2, Y, 2Hy) 4 29 (P, 297y, 0) + o(Pz, 22, 0)
- Z 47+1

j=0
for all z,y, 2 € X. From the above inequalities, it follows that F' is a Cauchy-Jensen

mapping satisfying (4), where F' is given by

F(I,y) = Fl(m)y) + F2(x7y)'
Now, let F’ : X x X — Y be another Cauchy-Jensen mapping satisfying (4). By (1)
and Lemma 1, we have

1

1F @) - Pyl = | 5 - F)es, 2"y>+(1n =) (F - F)a0)

< IF = NE2 2]+ 5I(E = HE",0)
1 N ron
(= F)@z, )|+ 1 (f — P, 0)]
52531_ (2z, 27z, 0) +ZM
j=n Jj=n
20(x, Ve, 29 1y) + 4p(2iz, 271y, 0)
+ Z * Zij+1
j=n

forall 2,y € X and n € N. As n — oo, we may conclude that F(z,y) = F'(z,y) for
all z,y € X. Thus such a Cauchy-Jensen mapping F : X x X — Y is unique. O

Remark. If ¥ : X x X x X — [0,00) in Theorem 2 satisfies the inequality

[o.¢]

1 L 1 S
Z gga(ZJm, 2y, 272) + Z E’d}(?w, 2y, 27z) < ©
7=0 j=0
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for all z,y,2 € X instead of (1), then we obtain the result in Theorem 2 except the

uniqueness of F.

Theorem 3. Let ¢, 9 : X x X x X — [0,00) be two functions satisfying

o0
(o X2 Y 2 Yy z

forallz,y,z € X. Let f : X x X = Y be a mapping satisfying (2) and (3) for all
z,y,2 € X. Then there ezists a unique Cauchy-Jensen mapping F : X x X —» Y
satisfying

I£(e.9) = Pl < 32255, 55.0)

[e o]
-1 rz Y zz
(7) +§;4 ( (23 o w(w T 1,0)+sa<2] 50
j:

forallz,y € X. The mapping F: X x X — 'Y 1is given by
= lim [ E Yy i —ohyf(

forallz,ye X.

Proof. By the similar method in the proof of Theorem 2, we get two Cauchy-Jensen
mappings Fy, Fy defined by

Fi(z,y) := lim 2J'f(§§.-,0)

Paoy) = jm 4| 1( 5. - (%)

for all z,y € X and F is a Cauchy-Jensen mapping satisfying (7) where F' is given
by

F(.T,y) = Fl(x>y) +F2(a:,y)

Now, let F/ : X x X — Y be another Cauchy-Jensen mapping satlsfymg (7). Using

=50

Lemma 1, we have

1F(z,y) — F'(z,y)|| <

AN

-2, L)
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5ol ) (e (300
243“ ( o)

for all z,9y € X and n € N. As n — 0o, we may conclude that F(z,y) = F'(z,y) for
all z,y € X. Thus such a Cauchy-Jensen mapping F : X x X — Y is unique. [

Theorem 4. Let ,7: X x X x X — [0,00) be two functions satisfying
o ¢]
I 934, 0F I 9dq 93
Z (2] % 2})—{—24] (2,27y,272) + (2 x,27y,272)) < 00

forallz,y,z € X. Let f: X x X — Y be a mapping satisfying (2) and (3) for all
z,y,z € X. Then there exists a Cauchy-Jensen mapping F : X x X — Y satisfying

1£(z,9) ~ Fz,9) |<Z2“ (w z 0)

5 X oYz, Yz, 20 y) + 24p(20x, 27y, 0) + (20 x, 272, 0)
® £y o

J=0

for all z,y € X. The mapping F: X x X - Y 1is given by

F(z,y) = lim Hf(wx 2y) — (2ja:,0)+2jf<%,0>]

forallz,ye X.
Proof. We can obtain Fj as in Theorem 3 and F3 as in Theorem 2, so F is a

Cauchy-Jensen mapping satisfying (8) where F is given by

F(.’L‘,y) = F](Z‘,y) + FQ(-T,:I/)-

Applying Theorem 2, we easily get the following corollary.
Corollary 5. Let p,q,0 be nonnegative real numbers with p,q < 1 and p # 1. Let
f: X xX —>Y be a mapping such that
IC1f (2, y, 2)|| < O(ll=lP + llyl” + [12117),
1J2f (2,3, 2)Il < 6=l + llyll? + fz1|7)



174 KiL-Woung Jun, Ju-Ri LEE & YANG-H! LEE

for all z,y,z € X. Then there exists a Cauchy-Jensen mapping FF: X x X =Y
such that

26 46 20
15(2,9) ~ Fla, ) € g ol + (|2P T e 2,) ol

29+1g 2°4

(9) T g

flwli?

forallz,ye X.
Applying Theorem 4, we easily get the another corollary.

Corollary 6. Let1 < p < 2,9 < 2 and let f,0 be as in Corollary 5. Then there exists
a unique Cauchy-Jensen mapping F: X x X — Y satisfying (9) for all z,y € X.

Applying Theorem 3, we easily get the following corollary.

Corollary 7. Let p,q > 2 and let f,0 be as in Corollary 5. Then there exists a
unique Cauchy-Jensen mapping F: X x X — Y satisfying (9) for allz,y € X.

3. STABILITY OF A CAUCHY-JENSEN MAPPING ON THE PUNCTURED
DOMAIN.

The following lemma [7] requires to prove Theorem 10. Throughout this section,
let A be a subset of X satisfying the following condition:
for every z # 0, there exists a positive integer n, such that nz ¢ A for all |n| > n;
and nz € A for all |n| < ng.

Lemma 8. Let f: X x X — Y be a mapping such that
le(fb’,y: Z) =0, JQf(m’ Y, Z) =0

for all x,y,z € X\A. Then there exmists a unique Cauchy-Jensen mapping F :
X x X =Y such that

F(z,y) = f(z,9)
for all z,y € X\A. In particular
F(z,y) = f(z,y)
for all (z,y) € (X x X)\(4 x A).
Corollary 9. Let f : X x X — Y be a mapping such that
Cif(z,y,2) =0, Jaf(z,y,2) =0
for all z,y,z € X\{0} and f(0,0) =0. Then f is a Cauchy-Jensen mapping.
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Theorem 10. Let p,9: X x X x X — [0,00) be two functions satisfying (1) for
all z,y,z € X\A. Let f : X x X — Y be a mapping satisfying (2) and (3) for all
z,y,z € X\A. Then there exists a unique Cauchy-Jensen mapping F: X x X - Y
such that

o~ D1(2z,27y) o= P22z, 27y)
(10) 1f(z,y) = Flz. 9l <D : +y P,

, 2 ,
7=0 J=

for all z,y € X\ A, where &1, P, are given by
1 1 1 1
(I)l(.’lt, y) = 5111(% Y, "y) + Z‘/)(%, Y, —y) + ZW(ﬁ,w,y) + Z‘p(xa Zz, —y)7

1 1
The mapping F : X x X — Y is given by

iy o oi
F(z,y) := lim ———————f(2 x,'2 y) + lim ————f( aF,O)
j—o0 43 j—o00 27

forallz,y e X.
Proof. By (2) and (3), we get
f(@=2,0)  f(2"*12,0) H

27 2j+1

= grall2l2f (P2, 2y, —2y) - Jof (212, 27y, —27y)
1 . .
— J J

< 2]'@1(2 z,2 y),

H f(2z,2y) — f(P2,0)  f(29F1g, 204 y) — f(29+12,0) “
47 - 43+1

1
43+1

— Do f (P2, 2y, ~Vy) - C1f (27,20, 27 y) — Jof (2z, 2y, —27y)

— Jof(203,3 - 2y, 20y) + Jo f(2x, 3 - 27y, —27y)

+ §J2f(2j+1:1], 2Jy7 __2Jy) + Eclf(Z?'ra 21:1:7 2]?}) + §le(2]xv 2Jx7 _ij)

|

1 o
< E¢2(2J‘Ta2]y)
for all z,y € X\A and j € N. For given integers I,m (0 <! < m),

-1
H ol - om < E E¢1(2Jx)2'7y)a

j=l

(11)
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(12)

Hf@l“’2ly)47 f@'2,0)  f@@me,2my 4),,, f(2"z,0) “ Z:f— (272, 27y)

for all z,y € X\ A. By (1), the sequence {f(zéf’o)}, {f(27:1:,27y4)!]—f(27z,4.)} are Ca_uchy
for all z,y € X\ A. Since Y is complete, the sequences {ﬂ%f—’gl}, {f (2]x’2jyi,_f (21%0)}
converge for all z,y € X\A. Define F; : X x X - Y by

f(2z,0)
for all z,y € X and define Fj : X x (X\{0}) - Y by

f(Pz,20y) - f(2z,0) . f(2z,2y)
Fyf@,y) = —»oo X )47 =jli»rf>lo 43

for all y € X and = # 0. Since
J J oy 93 —93p 93
lim (f(0,2 y) _ [(@z,2y)+ f(-Vx,2 y)) —o,

we can define Fp : X x X —» Y by

Fi(z,y) =

f(2z,27y)
47

for all z,y € X. Putting [ = 0 and taking m — oo in (11) and (12), one can obtain

Fy(z,y) = lim
j—oo

the inequalities

17@0) - File,p)ll < 3 5:(2z, 27),
j=0
17(@9) = £(2,0) ~ (e, )l < 3 5 ®a(272,2%)

LY
It
o

for all z,y € X\A. From (2) (3) and the definitions of F; and F3, we get
Ci1Fi(z,y,2) = llm 2]+1 [Jof (2 (x +y), 22, —272) — Jof (202,272, —272)

— Jof(2y, 272, —292) + C1 f (22, 27y, 2 2)
+C1f (22,2, ~22)] = 0,
JoF1(z,y,2) =0,
C1f(2x,20y,272) _
ye ;
Jof (29, 29y, 2 2)

J2F2($1y)z) = hm : =0
Jj—oo . 47

Ci1Fy(z,y,2) =
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for all z,y,z € X\{0}. By Corollary 8, F}, F; are Cauchy-Jensen mappings. Hence,
F is a Cauchy-Jensen mapping satisfying (10), where F' is given by

F(SL‘,y) = Fl(zvy) + FQ(:L'ay)

for all z,y € X. Now, let F/ : X x X — Y be another Cauchy-Jensen mapping
satisfying (10). By (1) and Lemma 1, we have

”F(Ivy) - Fl(m’y)”

1 1 1 1 1
— 3| G+ ) - e+ (5 - &) - P 2|

< S l(F = NEe, )+ L I(EF - N2, ~2)
+ a2l = FY@, )|+ I~ (2", 2"

- i 81 (272, 27y) + @p(2z, 27y) + 1(Pw, —27y) + Do(2x, —Vy)
< i

ij=n
for all z,y € X\A4 and n € N. As n — oo, we may conclude that F(z,y) = F'(z,y)
for all z,y € X\A. By Lemma 8, F(z,y) = F'(z,y) for all z,y € X as desired. O

Corollary 11. Letp< 1 and 8 > 0. Let f : X x X — Y be a mapping such that

1C1f (2,9, )] < OllzlI” + llyllP + 1I2117)
172 (2, 5, 2)Il < 6Cllzll + lyll® + 11]17)

forallz,y,z € X with ||z||, ||y||, ||z]] = 1. Then there exists a unique Cauchy-Jensen
mapping F : X x X — Y such that

I5.5) = el < (S50 + 22 ol

4 84w 42. P
0 p
+ (g + HEEZ Yoy

for all ||z||, lyll = 1. If |||, [lyll > 1 and p < O, then 27, 3% ||z||?, [|y||” < 1. So, we
get the following corollary.

Corollary 12. Let p < 0 and let f,0 be as in Corollary 11. Then there exists a
unique Cauchy-Jensen mapping F: X x X — Y such that

| f(z,y) — F(z,y)| < 1460

for all \|z|l, llyll = 1.
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