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A NOTE ON DIFFERENCE SEQUENCES

JIN-W00 PARK

ABSTRACT. It is well known that for a sequence a = (ao, a1, ...) the general term
of the dual sequence of a is a,, = ¢g o ta ] +-+en, wherec={(co,...,cn
is the dual sequence of a. In this paper, we find the general term of the sequence
(co,c1,...) and give another method for finding the inverse matrix of the Pascal
matrix.

And we find a simple proof of the fact that if the general term of a sequence
a = (ao, a1,...) is a polynomial of degree p in n, then AP™la = 0.

Let a = (ag, a1, a2, ...) be a sequence of numbers. The difference sequence Aa =
(Aag, Aay, Aay, . ..) is defined by Aa; = a;41—a;, i > 0. Forp=0,1,2, ..., the pth-
order difference sequence APa = (APag, APay, APay,...) of a is defined inductively
by APa = A(AP"!a) where A%a = a. The infinite matrix

ag a1 as

Aao Aa1 Aag
Aa: A2a0 A2a1 A2a2

is called the difference matriz of a and the sequence (ag, Aag, A2ay, . . .) is called the
dual sequence of a. Note that if Aa = [a;], then a;_1 j41 — ai—1j = a4

Let a and 3 be subsets of {1,2,...}. For a given matrix 4, A[a|8] denotes the
submatrix of A using rows numbered « and columns numbered S.

The following two theorems are well known facts.

Theorem A ([1, Theorem 8.2.2]). Let a = (ag,a1,az,...) be a sequence and let

c = (cg,c1,C2,...) be the dual sequence of a. Then

w=a) va(T) v ra()

for eachn =0,1,2,....
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By the Theorem A, if we know the general term of the dual sequence of a, then
we can find the general term of a, and the relationship between the sequence a and

its dual sequence is
0 al = pcT

where P is the matrix which is defined by

e iz
“ 0 otherwise

and is called the Pascal matriz.

Theorem B ([1, Theorem 8.2.1]). If the general term of a sequence a = (ag,a1,...)
is a polynomial of degree p in n, then APTla = 0.

From now on, we will find the general term of the dual sequence of a sequence a,

and give the simple proof of the Theorem B.

Theorem 1. Let a = (ag, a1,as,...) be a sequence and let ¢ = (c1,¢1,¢2,...) be a
dual sequence of a. Then

Cn = an (g) - Qp_1 (?) + @p_o (Z) +- 4+ (—-1)"ag<z>,

Proof. We prove this theorem by induction on n.

If n = 0, it is clear because of ¢y = ag and (g) = 1. So we assume that the
theorem holds for n — 1. Then, by the definition of the difference matrix of a and
the induction hypothesis,

o = §(~1>’°(”; Han-s - g(—nk(“; Dan-se
_ (" N 1) an + §<»1)* (” N 1)an_k
(G ()
= (n g 1) an + :z;(‘l)’“ (n ; 1>an—k + 2(—1)k (Z : D an—k

+(=1)" (: : D ap
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mene 0 () (20) e
- :é(—n’“ (Fan-s+ 17720 = 310 (F s

k=0
O
To prove the Theorem B, we use the induction on the index of the sequence
APHla. Let APtla = (b, by, .. .). Since by = 0, the case of k = 0 is trivial. Assume
that it is true for all k < n—-1. Let a = {p+1,...,p+n} and 8 = {1,...,n}.
Consider the submatrix Aa[c|g] of Aa. If b, = a, then, by the definition of A, and

induction hypothesis, EAa[|f] is a upper triangular matrix where E = [e;;] is a

1 ifi+ji=n
eii =
" 0 otherwise.

permutation matrix with

Since the first column of A,[a|A] is 0, a is also 0. Hence b, = 0 and so the Theorem
B is proved. O

Remark. By Theorem 1, we know that

n
=S (=1 Jonss =012,

k=0

If we put t =n — k, then

n
Cn = ;(—l)n“t (n’i t) ay.

So we know that the relationship between a sequence a and the dual sequence ¢ of

a is

(2) cl = Qa’

where the matrix Q = [g;;] is defined by

(-1)I(r) i,
Gij = I .
0 otherwise.

By the equation (1) and (2), al = PQaT for all sequence a. Hence Q is the
inverse matrix of the Pascal matrix P.

This is a simple proof for finding the inverse matrix of the Pascal matrix.
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