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P-I-OPEN MAPPINGS, P-I-CONTINUOUS MAPPINGS AND
P-I-IRRESOLUTE MAPPINGS

J1 YooN KiMm®* AND CHANG Su KimP

ABSTRACT. The notions of P-Z-open (closed) mappings, P-I-continuous mappings,
P-I-neighborhoods, P-Z-irresolute mappings and Z-irresolute mappings are intro-
duced. Relations between P-I-open (closed) mappings and Z-open (closed) map-
pings are given. Characterizations of P-Z-open (closed) mappings are provided.
Relations between a P-T-continuous mapping and an I-continuous mapping are
discussed, and characterizations of a P-Z-continuous mapping are considered. Con-
ditions for a mapping to be an Z-irresolute mapping (resp. P-Z-irresolute mapping)
are provided.

1. INTRODUCTION

In 1990, D. Jankovié, and T.R. Hamlett have introduced the notion of Z-open sets
in topological spaces. Since then, several kinds of Z-openness, that is, (weakly) semi-
Z-open set, 5-Z-open sets, (-Z-open sets, a-Z-open sets, b-Z-open sets, (weakly) pre-
Z-open sets, etc. are introduced, and several properties and relations are investigated
(see [2, 3, 8,9, 10, 11, 12, 25, 28]). In [18], Kang and Kim first introduced the notions
of pre-local function, semi-local function and a-local function with respect to a
topology and an ideal, and investigated several properties. They next introduced
the concept of P-Z-open set and P-Z-closed set in ideal topological spaces, and
investigated related properties. They discussed relations between Z-open sets and
P-I-open sets. Finally they introduced the notion of P-x-closure, and investigated
many properties related to P-Z-open set, pre-local function, semi-local function and
a-local function with respect to a topology and an ideal.

In this paper, we deal with P-Z-open mappings, P-Z-continuous mappings and P-
Z-irresolute mappings. In section 3, we define the notion of P-Z-open (closed) map-
pings, and give relations between P-Z-open (closed) mappings and Z-open (closed)
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mappings. We provide characterizations of P-Z-open (closed) mappings. In section
4, we define a P-I-continuous mapping and a P-Z-neighborhood, and then we inves-
tigate relations between a P-I-continuous mapping and an Z-continuous mapping.
We discuss characterizations of a P-Z-continuous mapping. In the final section, we
introduce the notions of P-Z-irresolute mappings and Z-irresolute mappings. We

give conditions for a mapping to be an Z-irresolute mapping (resp. P-Z-irresolute

mapping).
2. PRELIMINARIES

Through this paper, (X, 7) and (Y, ) (simply X and Y) always mean topological
spaces. A subset A of X is said to be semi-open [19] (respectively, a-open [26]
and pre-open [24]) if A C Cl(Int(A)) (respectively, A C Int(Cl(Int(A4))) and A C
Int(Cl(A))). The complement of a pre-open set (respectively, an a-open set and a
semi-open set) is called a pre-closed set (respectively, an a-closed set and a semi-
closed set). The intersection of all pre-closed sets (respectively, a-closed sets and
semi-closed sets) containing A is called the pre-closure (respectively, a-closure and
semi-closure) of A, denoted by pCl(A) (respectively, aCI(A) and sCI(A)). A subset
A is also pre-closed (respectively, a-closed and semi-closed) if and only if A = pCl(A)
(respectively, A = aCl(A) and A = sCl(A)). We denote the family of all pre-open
sets (respectively, a-open sets and semi-open sets) of (X, 7) by 7P (respectively, 7¢
and 7°).

An ideal is defined as a nonempty collection Z of subsets of X satisfying the
following two conditions.

(1) If A€ T and B C A, then B € I. (heredity)
(2) f A€Z and B €Z, then AU B € Z. (finite additivity)

An ideal topological space is a topological space (X, 7) with an ideal Z on X, and
it is denoted by (X, 7,T). For a subset A C X, the set

A, I)={z€e X :UNAZTforeach U € 7(z)}
is called the local function of A with respect to 7 and T, where
r(zy={Uer:zeU}.
We will use A* and/or A*(Z) instead of A*(r,T).

Lemma 2.1 ([16]). Let (X,7) be a topological space with ideals T and J on X. For
subsets A and B of X, we have the following assertions.



P-I-OPEN MAPPINGS, P-I-CONTINUOUS MAPPINGS 385

(i) Ac B = A* c B*.
(i) Zc J = A*(J) C A*(2).
(iii) A* = Cl(A*) C Cl(A) (A* is a closed subset of C1(A)).
(iv) (A")* c A~
(v) (AUB)* = A*UB*.
(vi) A*\ B*=(A\ B)*\B*C (A\ B)~.
i) Uer=UnA*=UNUNAY C(UnA)~
(viii) BeZ = (AUB)* = A* = (A\ B)*.

Definition 2.2. Let (X, 7,Z) be an ideal topological space. A subset A of X is said
to be Z-open [1] if A C Int(A*).

The set of all Z-open sets in ideal topological space (X,7,Z) is denoted by
ZO(X,r,T) or written simply as ZO(X) when there is no chance for confusion.

Definition 2.3 ([18]). Let (X,7,Z) be an ideal topological space and let A be a
subset of X. Then the set

A(rI)={zre X:UNAEZT for each U € 7P(z)}
is called the pre-local function with respect to 7 and Z, where
™P()={Uer?:.zeU}.
We will use Ay and/or A;(Z) instead of Az(r,T).

Lemma 2.4 ([18]). Let (X,7,T) be an ideal topological space and let A be a subset
of X. Then

(1) If T = {0}, then Ay = pCl(A), A; = sCl(A) and A} = aCl(A).

(i) If T = P(X), then A, = A; = A}, = 0.

Lemma 2.5 ([18]). Let (X, 7) be a topological space with ideals T and J on X, and
let A, B be subsets of X. Then
(i) AcB= A;C B;.
(i) ZC J = A;(T) C A(T).
(iil) Ay = pCl(A;) C pCl(A) (4} is a pre-closed subset of pCl(A)).
(iv) (Ap)p C 4.
(v) BeI= B, =0.
(i) Uer*=UnNA,=UNnUnNA), c(UnA).
(vii) BeI = (AUB); = A; = (A\ B);.
(viii) Ag(ZNJT) D Ap(T) U Ap(T).
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Definition 2.6 ([18]). Let (X,7,Z) be an ideal topological space. A subset A of X
is said to be P-Z-open if A C pInt(A;). A subset B of X is said to be P-I-closed if
the complement of B is P-I-open.

The set of all P-Z-open sets in (X, 7,7) is denoted by PIO(X,7,7). Simply
PIO(X,,I) is written as PZO(X) or PIO(X,7) when there is no chance for
confusion.

Definition 2.7 ([1]). A mapping f : (X,7) — (Y,&,J) is said to be Z-open (resp.
I -closed) if for each U € 7 (resp. U° € 7), f(U) is an Z-open (resp. Z-closed) set.

Theorem 2.8 ([18]). Let A € PIO(X,7). Then A is I-open.

Remark 2.9. By Theorem 2.8, we know that P-Z-open set implies Z-open set. By
[1, Remark 2.2], we know that Z-open set implies pre-open set. Hence we can deduce

that P-Z-open set implies pre-open set. The converse is not true, in general.

Theorem 2.10 ([18]). Let {U; € PIO(X) : i € A} be a class of P-I-open sets in
an ideal topological space (X, 7,T). Then |J {U; € PIO(X) :i € A} is P-I-open.
i€A

Theorem 2.11 ([18]). If A is P-I-closed in an ideal topological space (X,7,I), then
A D (pInt(A)),".
Lemma 2.12 ({17]). Let A be a subset of a topological space (X, 7). Then the fol-
lowing assertions are satisfied.

(i) (pInt(A))® = pCl(A°).

(i) (pCL(A))° = pInt(4°).

3. P-Z-OPEN MAPPINGS AND P-Z-CLOSED MAPPINGS

Definition 3.1. A mapping f: (X,7) — (Y, &, J) is said to be P-Z-open (resp. P-
I-closed) if for each U € 7 (resp. U¢ € 1), f(U) is a P-I-open set (resp. P-Z-closed
set).

Example 3.2. Consider a topological space (X,7) with X = {a,b,c} and 7 =
{0, X, {a}, {b,c}}, and consider an ideal topological space (Y, k,T) where Y = {1, 2,
3,4}, k = {0,Y,{3},{1,2},{1,2,3}}, and T = {0, {1}}. Then

PIO(Y,x) = {0,{2},{3},{2,3},{2,3,4}}.
Let f : (X,7) — (Y,k,Z) be a mapping given by f(a) = 2 = f(b) and f(c) = 3.
Then f({a}) = {2}, f({b,c}) = {2,3}, f(X) = {2,3} and f(@#) = 0. Hence f isa P-
T-open mapping. Let g : (X,7) — (Y, ,T) be a mapping given by g(a) = 1 = g(b)
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and g(c) = 4. Then g({b,c}) = {1,4} = g(X), 9g({a}) = {1} and g(0) = 0. Hence ¢
is a P-I-closed mapping.

Theorem 3.3. Let f : (X, 7) — (Y, %,7T) be a P-Z-open (resp. P-I-closed) mapping.
Then f is an I-open (resp. I-closed) mapping.

Proof. Suppose that f : (X,7) — (Y,k,Z) be a P-Z-open (resp. P-Z-closed) map-
ping. Let G € 7 (resp. G° € 7). Then f(G) is a P-Z-open set (resp. P-I-closed
set) in Y. Since P-Z-open (resp. P-I-closed) set is an Z-open (resp. I-closed) set
by Theorem 2.8, f(G) is an Z-open (resp. Z-closed) set. Hence f is Z-open (resp.
Z-closed). O

The converse of Theorem 3.3 may not be true as seen in the following example.

Example 3.4. Consider a topological space (X,7) with X = {a,b,¢,d} and 7 =
{0,X,{a,b},{a,b,c}}, and consider an ideal topological space (Y, x,Z) where Y =
{1,2,3,4}, « = {0,Y,{3},{1,2},{1,2,3}}, and T = {@,{1}}. Then a mapping
f:(X,7) = (Y,s,T) given by f(a) =1, f(b) =2 = f(c), and f(d) = 3 is Z-open.
Since f({a,b}) = {1,2} ¢ {2} = pInt({1,2};), we know that f is not P-Z-open.
Corollary 3.5. Let f : (X,7) — (Y,k,Z) be a P-I-open (resp. P-I-closed) map-
ping. Then [ is a pre-open (resp. pre-closed) mapping.

Proof. Using Theorem 3.3 and Remark 2.9, we know that f is a pre-open (resp.
pre-closed) mapping. ' ’ (]
Example 3.6. Consider a topological space (X,7) with X = {1,2,3} and 7
{0,X,{1},{2,3}}, and consider an ideal topological space (Y,k,Z) where ¥ =
{a,b,¢,d}, k = {0,Y,{c},{a,b},{a,b,c}}, and T = {0,{a}}. Then a mapping
f:(X,7) = (Y,&,ZT) given by f(1) = b= f(2) and f(3) = c is P-Z-open. But
f is not an open mapping because f(1) = {b} & x for {1} € 7.

i

Example 3.7. Consider a topological space (X,7) with X = {1,2,3} and 7
{0, X,{1},{2,3}}, and consider an ideal topological space (Y,k,Z) where Y
{a,b,c,d}, & = {0,Y,{c}, {a,b},{a,b,c}}, and T = {0,{a}}. Then a mapping
g: (X, 1) — (Y,k,T) given by ¢g(1) = ¢, 9(2) = a, and g(3) = b is an open mapping.
But g is not a P-Z-open mapping since g({2,3}) = {a,b} ¢ pInt({a,b};) = {b} for
{2,3} e

il

Remark 3.8. We know that the P-Z-open mapping and the open mapping are

independent notions as seen in Examples 3.6 and 3.7.
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Theorem 3.9. Let f: (X,7) — (Y,k,J) be a mapping. Then the following state-
ments are equivelent.

(i) f is a P-T-open mapping.

(if) For each x € X and each open neighborhood U of x, there exists a P-I-open

set W C Y containing f(x) such that W C f(U)
Proof. (i) = (ii). Suppose that f is a P-T-open mapping. Let z € X. Then for each
open set G containing z, f(z) € f(G). Since f is P-T-open, f(G) is a P-T-open set
in Y. Putting W := f(G), we obtain (ii).
(ii) = (i). Let G be an open set in X. Then for any z € G, there exists

W, € PIO(Y, k) such that f(z) € W C f(G). This implies that f(G) = U f(x) c

U Wi € f(G). Hence U Wz = f(G). By Theorem 2.10, f(G) is Pf—open
z€G
Therefore f is a P-I-0 pen mappmg. O

Theorem 3.10. Let f: (X,7) — (Y,k,I) be a mapping. Then f is P-I-open if
and only if it satisfies the following assertion:
3.1) f(Int(A)) C pInt(f(A)p)
forall A in (X, 7).
Proof. Suppose that f is a P-Z-open mapping. Let A be a subset of X. Then Int(A4)
is an open set and f(Int(A)) is a P-Z-open set. Hence

F(Int(4)) € plnt(f(Int(A));) C plnt(fF(A)}).

Conversely, suppose that, f satisfies (3.1). Let G be an open subset of X. Then
f(G) = f(Int(G)) C pInt(f(G);). Hence f(G) is a P-Z-open set in (Y, s, Z). There-
fore f.is a P-Z-open mapping. g

Corollary 3.11. Let f : (X,7) — (Y,k,I) be a mapping satisfying the inclusion
f(Int(A)) C pInt(f(A);) for all A in (X, 7). Then f is an T-open mapping.

Proof. Straightforward. O

If f is an Z-open mapping then is Theorem 3.10 true? The answer is negative as
seen in the following example.
Example 3.12. Consider a topological space (X,7) with X = {a,b,c,d} and 7 =
{8, X, {a,b},{a,b,c}}, and consider an ideal topological space (Y, x,Z) where ¥ =
{1,2,3,4}, « = {0,Y,{3},{1,2},{1,2,3}}, and T = {B,{1}}. Then a mapping
f:(X,7)— (Y,k,T) given by f(a) =1, f(b) =2 = f(c), and f(d) = 3 is an Z-open
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mapping. If A = {a,b,d}, then f(Int(A4)) = f({a,b}) = {1,2} and
pInt(f(A);) = pInt({1,2,3};) = pInt({2,3,4}) = {2,3,4}.

Hence we know that f(Int(A)) ¢ pInt(f(A)y)-
Theorem 3.13. Let f : (X,7) = (Y,k,I) be a mapping. Then f is P-I-open if
and only if it satisfies the following assertion:
(32) Int(f~Y(B)) C /™' (plnt(By))
for all B in (Y,&,T).
Proof. Suppose that f is P-Z-open. Let B be a subset of Y. Then f~!(B) is a
subset of (X, 7). Since f is P-Z-open, we obtain
f(Int(f~1(B))) < pInt(F(f~1(B));).
It follows that
Int(f~H(B)) C £ (f(Int(f~*(B))))

C £ (pInt(f (71 (B))))

C £ (Int(By)).

Conversely, suppose that f satisfies (3.2). Let ¢ be an open set in (X, 7). Then
Int(f1(f(G))) C f’l(pInt(f(G);)) since f(G) is a set in (Y,k,Z). Since G C
FHF(@)) and Int(G) = G, we have

G c Int(f~'(f(G))) C £~ (pInt(f(G)}))-

This implies that f(G) C f(f~(pInt(f(G)}))) C pInt(f(G);). Hence f(G) is a
P-Z-open set in (Y, k,Z). Therefore f is P-Z-open. O

If f is an ZT-open mapping then does Theorem 3.13 hold? The answer is negative
as seen in the following example.

Example 3.14. In Example 3.12, let B = {1,2}. Then
Int(f~}(B)) = Int({a, b,c}) = {a, b, c}

and f~1(pInt(B;)) = f~!(pInt({2})) = {b,c}. Hence we know that Int(f~*(B)) ¢
F1(pInt(B;)).
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Theorem 3.15. Let f : (X,7) — (Y,k,7) be a mapping. Then f is P-I-closed if
and only if it satisfies the following assertion:
(3.3) pCI(((£(C1(A4))%)5)°) C f(CI(A))
for A in X.
Proof. Let f be a P-I-closed mapping. Then
F(CI(A))° € pInt((F(CLA));)-

Hence pCI(((f(C1(4)));)%) C f(CI(4)).
Conversely, assume that (3.3) is valid and let B be a closed set in X. Then

pCI(((F(B))3)) = pCU((f (CUB))%),)°) C F(CUB)) = f(B).
This implies that f(B)® C pInt((f(B)°);). Hence f is a P-I-closed mapping. d

If f is an Z-closed mapping then do f satisfy the following assertion?
pCI(((£(C1(A4))°);)°) C f(CL(A))

The answer is negative as seen in the following example.
Example 3.16. Let (X, 7) be a topological space with X = {a,b,¢,d} and 7 =
{8, X,{a,b},{a,b,c}}, and consider an ideal topological space (Y, x,Z) where Y =
{1,2,3,4), & = {0,Y,{3},{1,2},{1,2,3}}, and T = {0,{1}}. Then a mapping
f:(X,7) = (Y,k,I) given by f(a) = 2 = f(b), f(c) = 1, and f(d) = 4 is an
Z-closed mapping. Let A = {d}. Then we know that pCI(((f(CI(A))°);)°) = {1}
and f(Cl(A)) = {4}. Hence

pCI(((£(CL(A4))%)p)) £ F(CL(A)).
Theorem 3.17. Let f : (X,7,7) — (Y,k,J) be P-I-open such that
(34) (VA C X)(f(A%) C f(A); or f(AT) C f(A)).
Then the image of each Z-open set is P-I-open.

Proof. Suppose that f : (X,7,Z7) — (Y,k,J) is a P-Z-open mapping. Let A be an
Z-open set in X. Then A C Int(A*). Since f is a P-Z-open mapping, f(Int(A*)) is
a P-T-open set in Y. It follows that

f(A) € f(Int(A")) C pInt(f(Int(A"));) C pInt(f(A™);).
Since f(A*) C f(A);, or f(A*) C f(A), we have
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f(A) C pInt((f(A)p)p) C pInt(f(A)p),
and so f(A) C pInt(f(A);). O

The converse of Theorem 3.17 is not valid as seen in the following example.

Example 3.18. Consider two ideal topological spaces (X, 7,7) and (Y, , J) where
X = {a,b,c,d}, 7 = {0,X,{a,b},{a,b,c}}, T = {0,{a}}, Y = {1,2,3,4}, & =
{0,Y,{1,2},{1,2,3}}, and J = {0,{3}}. Then a mapping f : (X,7,I) — (Y,%,J)
given by f(a) = 1, f(b) = 2 = f(c) and f(d) = 4 is a P-Z-open mapping in
which the image of each Z-open set is a P-Z-open set. But if A = {b,c} then
f(AY) = f(X) ={1,2,4} £ {2} = f(A); = f(A).
Corollary 3.19. Let f : (X,7,Z) — (Y,k,J) be P-I-open. Assume that every
subset A of X satisfies f(A*) C f(A); or f(A*) C f(A). Then the image of each
P-T-open set is P-I-open.
Proof. We can obtain the result by analogous way to Theorem 3.17. [
We have a question : In Theorem 3.17, if we use the following condition
(3.5) (VA C X)(f(4") C f(A)")
instead of the condition (3.4), then does Theorem 3.17 hold?
We provide a partial answer to the above question.
Theorem 3.20. Let f: (X,7,T) - (Y,k,J) be P-I-open such that
(VA C X)(f(A7) C F(A))
(VB CY)((B*), C Bp).
Then the image of each I-open set is P-I-open.

(3.6)

Proof. Suppose that f : (X,7,Z) — (Y,k,J) is P-Z-open. Let A be an Z-open set
in X. Then A C Int(A*). Since f is P-Z-open, f(Int(A*)) is a P-Z-open set in Y.
It follows that
f(A) C f(Int(A%))
C plnt(f(Int(A*))p)
C plnt(f(A%);)
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C pInt((f(A)*);)

C pInt(f(A);).
Hence f(A) is a P-Z-open set in Y. O
Theorem 3.21. Let f : (X,7) — (Y,k,I) be a P-I-open mapping. If W C Y and

F is a closed set in X containing f~'(W), then there exists a P-I-closed set H in
Y containing W such that f~1(H) C F.

Proof. Let f : (X,7) — (Y,k,Z) be a P-IT-open mapping. Suppose that W C Y
and F is a closed set in X containing f~1(W). Then F€ is open in X and f(F¢) is
P-T-open in Y. Putting H := f(F°), we get
fIW)c F= fi(we o Fe

= f(f1 (W) D f(F°)

= WD f(fH(W®)) D f(F°)

=>WcC f(F)°=H,
and f~Y(H) = f~Y(f(F°)°) C (F°)¢ = F. Hence H is a P-I-closed set containing
W and f~1(H) C F. O
Lemma 3.22. For any bijective mapping f : (X,7) — (Y,k,I), f is P-T-open if
and only if f is P-I-closed.
Proof. Suppose that f is P-Z-open. Let F be closed in X. Then F¢ is open in X.
This implies that f(F¢) = f(F)¢is P-Z-open in Y. Hence f(F) is P-I-closed in Y.
Therefore f is a P-I-closed mapping,.

Conversely, we can obtain the result by analogous way O
Theorem 3.23. Let f : (X,7) — (Y,x,J) and g : (Y,k,T) — (Z,6,H) be two
mappings, where T, J,H are ideals on X,Y and Z respectively. Then

(1) go f is P-Z-open if f is an open mapping and g is a P-I-open mapping.
(ii) Assume that g(V*) C g(V); or g(V*) C g(V) for every subset V of Y. If f
is Z-open and g is P-T-open, then go f is P-T-open.
Proof. (i) Straightforward.
(ii) Let A C X be an open set. Since f is Z-open, f(A) is an T-open set. Since

g is P-T-open, it follows from Theorem 3.17 that g(f(A)) is a P-I-open set. Hence
go f is a P-Z-open mapping. O
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Corollary 3.24. Let f : (X,7) — (Y,k,J) and g : (Y,k,T) — (Z,8,H) be
two mappings, where I, 7, H are ideals on X,Y and Z respectively. Assume that
g(V*) C g(V)y or g(V*) C g(V) for every subset V of Y. If f is P-I-open and g is
P-T-open, then go f is P-T-open.

Proof. Straightforward. O

If f is P-T-open and g is P-Z-open then is go f P-T-open? The answer is negative
as seen in the following example.

Example 3.25. Consider a topological space
(X = {17 2a 3, 4}vT = {@, X’ {]-) 2}) {la 2’ 3}})

and ideal topological spaces (Y,x,J) and (Z,d,H) where Y = {z,y,z}, « = {0,
Y, {z}}, T = {0,{y}}, Z = {a,b,¢,d}, 6§ = {0,Z,{c},{a,b},{a,b,c}}, and H =
{0,{a}}. A mapping f: (X,7) — (Y, &, J) given by f(1) =z, f(2) =y = f(3), and
f(4) = z is a P-I-open mapping. And a mapping g: (Y, &, J) — (Z,8,H) given by
g(z) = b, g(y) = d, and g(z) = c is a P-T-open mapping. Let A = {1,2} € 7. Then
go f(A) = {b,d} is not a P-Z-open set in (Z,8,H). Hence g o f is not a P-Z-open
mapping.

Remark 3.26. From Theorem 3.3 and Example 3.25, we know that the answers to
the following questions are negative.

(i) If a mapping f is P-T-open and a mapping g is Z-open, then is g o f P-I-
open?

(ii) If a mapping f is ZT-open and a mapping g is P-Z-open, then is g o f P-I-
open?

(iii) If a mapping f is Z-open and a mapping g is Z-open, then is go f P-T-open?

If a mapping f is P-Z-open and a mapping g is open, then is g o f P-Z-open?

The answer is negative as seen in the following example.

Example 3.27. Consider the example as presented in Example 3.25. A mapping
f:(X,7) > (Y,k,T) given by f(1) =z, f(2) =y = f(3), and f(4) = z is a P-I-
open mapping. And a mapping g : (Y, «,J) — (Z, 8, H) given by g(z) = ¢, g(y) = qa,
and g(z) = b is an open mapping. Let A = {1,2} € 7. Then go f(A) = {a, c} is not
a P-Z-open set in (Z,4,H). Hence go f is not a P-Z-open mapping.
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Let f: (X,7) = (V,x,7) and g : (Y,k,T) — (Z,4,H) be two mappings. We
have two questions as follow.

(i) If go f is P-T-open and g is P-T-open, then is f an open mapping?
(ii) If go f is P-Z-open and f is open, then is g a P-T-open mapping?

The answers to these questions are negative as seen in the following two examples.

Example 3.28. Let X = {1,2,3,4}, 7 = {0, X, {1,2},{1,2,3}}. Let Y = {z,y, 2}
k={0,Y,{z}}, J = {0,{y}} and let Z = {a,b,c,d}, § = {0, Z, {c}, {a, b}, {a,b,c}},
H = {0,{a}}. Consider mappings f : (X,7) — (Y,k,J) given by f(1) = z = f(2),
fB)=2z= f(4)and g : (Y,k,J) — (Z,6,H) given by g(z) = b, g(y) = d and
g(z) = c. Then go f and g are P-T-open. But f is not an open mapping because
f(A)={z,z} grfor A= {1,2,3} €.
Example 3.29. Let X = {1,2,3,4}, 7 = {0, X, {1,2},{1,2,3}}. Let Y = {z,y, z}
k={0,Y,{z},{z,y}}, T = {0,{y}} and let Z = {a,b,¢,d}, § = {0, Z, {c}, {a,b},
{a,b,c}}, H ={0,{a}}. Consider mappings f : (X,7) — (Y,&,J) given by f(1) =
f2)=7B)==, f(4)=yand g: (Y,x,J) — (Z,6,H) given by g(z) = b, g(y) = ¢,
g(z) = a. Then go f is P-T-open and f is open. But g is not a P-Z-open mapping
because g(Y') = {a,b,c} is not a P-T-open set in Z.

4. P-I-CONTINUOUS MAPPINGS

Definition 4.1. A mapping f : (X,7,7) — (Y, k) is said to be P-Z-continuous if
(V) e PIO(X,7,I) for all V € &.
Example 4.2. Let X = {a,b,c,d} with topology 7 = {8, X, {a, b}, {a,b,c}} and an
ideal T = {0, {c}}. Then we know that

PIO(X,7,I) = {0,{a}, {b},{a, b}, {a,d}, {b,d}, {a,b,c},{a,b,d}, X }.
Let Y = {1,2,3,4,5} with topology x = {0,Y,{2},{3},{2,3}}. Then a mapping
f:(X,mI) - (V) given by f(a) = 2, f(3) = 3, and f(c) = 5 = f(d) is a
P-T-continuous mapping.

Theorem 4.3. If a mapping f : (X,7,T) — (Y,&) is P-I-continuous, then it is
I -continuous.

Proof. 1t follows from Theorem 2.8. O

Corollary 4.4. If a mapping f : (X,7,7) — (Y,&) is P-T-continuous, then it is

pre-continuous.
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Praof. Tt follows from Remark 2.9, "

Is any Z-continuous mapping a P-Z-continuous mapping? The answer to this
question is negative as seen in the following example.

Example 4.5. Consider an ideal topological space (X, 7,Z) where X = {a,b, ¢, d},
= {0, X, {c}, {a,b},{a,b,c}} and T = {@, {a}}. Then

PTIO(X,r,T) = {0, {b},{c}, {b,c}, {b,c,d}},

I0(X,7,1) = {0, {b}, {c}, {a,b},{b,c}, {a, b, c}, {b, c, d}, X}
Let (Y, &) be a topological space where Y = {1,2,3,4} and

v ={0,Y,{1},{2},{1,2},{1,2,3}}.
Consider a mapping f : (X,7,Z) — (Y,k) given by f(a) = 3 = f(d), f(b) =1
and f(c) = 2. Then f'({1}) = {b}, F7'({2}) = {c}, F7'({1,2}) = {b,c} and
f1{1,2,38}) = X = f~1(Y). Hence f is Z-continuous. But f is not P-Z-continuous
because f71({1,2,3}) = X is not P-Z-open.
Is any P-I-continuous mapping a continuous mapping and vice versa? The fol-
lowing examples show that the answer to this question is negative.

Example 4.6. Let (X, 7,7) be an ideal topological space with X = {a,b,¢,d}, 7 =
{0, X, {a,b},{a,b,c}}, and T = {0,{a}}. Consider a topological space (Y, ) with
Y = {1,2,3} and « = {0,Y,{1},{2},{1,2}}. Let f: (X,7,Z) — (Y,&) be defined
by f(a) = f(b) = f(c) = 1 and f(d) = 3. Then f~'({1}) = {a,b,c} = f~'({L,2}),
F1({2}) = 0'and f~1(Y) = X. Hence f is continuous. But f is not P-Z-continuous
because f~1(Y) = X is not P-Z-open.

Example 4.7. Consider an ideal topological space (X,7,T) with X = {a,b,c},
T ={0,X,{a}}, and T = {0,{b}}. Let Y = {1,2,3,4} with topology « = {0, Y,
{1,2}, {1,2,3}}. Define a mapping g: (X,7,Z) — (Y,&) by g(a) =1, g(b) = 2 and
g(c) = 4. Then g71({1,2}) = {a,b} = f71({1,2,3}) and f~1(Y) = X. Hence f is
P-T-continuous. However, f is not continuous because f~1({1,2}) = {a,b} is not
open. :

Definition 4.8. Let (X,7,7) be an ideal topological space. A subset S of X is

called a P-I-neighborhood of z if S is a superset of a P-Z-open set G containing x.

Example 4.9. Let X = {a,b, ¢, d} with a topology 7 = {0, X, {a, b}, {a,b,c}} and
an ideal T = {0, {c}}. Then
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PIO(X,7,I) = {0,{a}, {b}, {a, b}, {a,d}, {b,d}, {a,b,c}, {a,b,d}, X},

and the set S = {a, ¢, d} is a P-T-neighborhood of a because there exists a P-Z-open
set {a,d} such that a € {a,d} C S. But S is not a P-Z-neighborhood of ¢.

Theorem 4.10. For a mapping f : (X,7,I) — (Y,K), the following statements are

equivalent.

(i) f is P-I-continuous.
(ii) For each z € X and each V € k containing f(z), there exists

W e PIO(X,7,T)

containing x such that f(W) C V.

(iii) For each x € X and each V € k containing f(z), f'l(V); is a P-I-
neighborhood of .

(iv) For each x € X and each V € k containing f(z), f”l(V); is a pre-
neighborhood of x.

Proof. (i) = (ii) Let z € X and V € k containing f(z). Since f is P-Z-continuous,
f~Y(V) is a P-TI-open set. Putting W := f~1(V), we have f(W) C V.

(i) = (i) Let A be an open set in Y. If f~}(A) = @ then f~!(A) is clearly
P-T-open. Assume that f71(A) # 0. Let z € f~!(A). Then f(z) € A, which
implies that there exist P-Z-open W containing z such that f(W) C A. Thus W C
fY(FW)) c f71(A). Since W is P-I-open, z € W C pInt(W,) C pInt(f"l(A);‘,)
and so f~!(A) C pInt(f~!(A);). Hence f~1(A) is a P-I-open set and so f is P-I-
continuous.

(if) = (iii) Let z € X and V € & containing f(z). Then there exist P-T-open
W containing x such that f(W) C V. It follows that W C f~1(f(W)) c f~1(V).
Since W is P-I-open,

‘z €W CpInt(Wy) C plnt(fH(V)y) C f7H (V)5

Hence f~(V); is a P-I-neighborhood of z.

(iii) = (iv) By Remark 2.9, it is straightforward.

(iv) = (i) Let A be an open set in Y. If f~1(A) = 0 then f~1(A) is clearly P-Z-
open. Assume that f~1(A) # 0 and let = € f~(A). Then f(z) € A. Since f~1(A)},
is a pre-neighborhood of z, there exists a pre-open set H suchthatx € H C f "‘1(A);“,.
Since H is pre-open, ¢ € H = pInt(H) C pInt(f'l(A);) and so
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fHA) c pInt(f~'(A);). Hence f~!(A) is a P-T-open set. Therefore f is P-I-
continuous. 0

Theorem 4.11. For a mapping f : (X,1,1) — (Y, k), the following statements are
equivalent.

() f is P-I-continuous.
(if) The inverse image of each closed set in'Y is P-I-closed.
(iii) For each subset A of Y, f~!(Int(A)) C pInt(f~'(A);).

Proof. (i) = (ii) Let F be a closed subset of X. Then F° is open in Y. Since f is
P-I-continuous, f~1(F°) = (f~}(F))° is P-I-open. Hence f~!(F) is P-I-closed.
(ii) = (i) Let G be an open set in (Y, ). Then G® is closed. By (ii), f~1(G®) =
(f~YG))¢ is P-I-closed. Hence f~1(G) is P-Z-open, and so f is P-Z-continuous.
(i) = (iii) Suppose that f is P-Z-continuous. Let A be a subset of Y. Then
f~(Int(A)) is P-Z-open. It follows that

f~1(Int(A)) C pInt(f~!(Int(A));) C pInt(f~1(A);).

(i) = (i) Let A be an open set in (Y,x). Then f~!(A) = f~1(Int(A4)) C
pInt(f~1(A);) by (iii). Hence f~1(A) is P-T-open. Therefore f is P-Z-continuous.
O

Proposition 4.12. Let (X,7,Z) be an ideal topological space. Then the following
statements are equivalent.
(i) X=X;.
(ii) 77 NZ = {0}. (77 is a set of all pre-open sets in (X, T)).
(iii) If A € Z, then pInt{A) = 0.

Proof. (i) = (ii) Suppose that 7P NZ # {@}. Then there exists G(# 0) € 7PNZ. Let
a€G,ie,a X \G. Then G € 7°(a) and X NG = G € I. Thus a ¢ X, and so
X, C X\G. Since G # 0, X, # X. This is a contradiction. Hence 77 N T = {0}.

(ii) = (iii) Let A € Z. If A = @ then clearly pInt(A) = @. Assume that A is not
empty. Then for every H € 7P \ {0}, we have H ¢ T by (ii) and so, H ¢ A. Hence
plnt(A4) = 0.

(ili) = (i) Let = € X. If there exist G, € 7P(z) such that G, N X € Z, then
Gz = pInt(G;) = pInt(G; N X) = @ by (iii). It is a contradiction. Hence G, NX €T
for every G; € 77(z) and so z € X;;. This means that X = X. ]
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Theorem 4.13. Let (X, 7,T) be an ideal topological space. If U C Uy for every
pre-open U, then X = X7.

Proof. Since X is always pre-open, X C X by the hypothesis. In general, X; C X.

Hence X = X ]
The converse of Theorem4.13 may not be true as seen in the following example.

Example 4.14. Let X = {a,b, ¢, d} with topology T = {0, X, {a, b}, {a,b,c}}, ideal

T = {0, {c}}. Then 7* = {0, {a}, {b}, {a, b}, {a, ¢}, {a,d}, {b, c}, {b, d},

{a,b,c}, {a,b,d},{a,c,d},{b,c,d}, X}. We knows that X = X, but there exist a

pre-open set {a,c} such that {a,c} ¢ {a,c}; = {a}.

Theorem 4.15. If f : (X, 7,T) — (Y, &) is P-I-continuous, then X = X;.

Proof. Suppose that f : (X,7,Z) — (Y, k) is.P—I-continuous. Since Y is an open
set in (Y,x) and f is P-I-continuous, f~!(Y) = X is a P-Z-open set and thus
X C pInt(X,) C X;. Hence X = X because X; C X in general. O

The converse of Theorem 4.15 may not be true as seen in the following example.
Example 4.16. Let X = {a,b, ¢, d} with topology 7 = {0, X, {a, b}, {a, b, c}}, ideal
T = {0,{c}}. Let Y = {1,2,3} with a topology x = {0,Y, {1},{1,2}}, ideal J =
{0,{2}}. Consider a mapping f : X — Y defined by f(a) = 2 = f(b), f(c) = 1,
f(d) = 3. Then X = X7 but f is not P-I-continuous.

Remark 4.17. By Proposition 4.12 and Theorem 4.15, we can deduce that if f :
(X,7,T) — (Y, k) is P-I-continuous, then the following statements are valid.
i) X=X;.
(ii) 7PN T = {B}, (P is a set of all pre-open sets in (X, 7)).
(iii) If A € Z, then pInt(A) = 0.

5. P-T-IRRESOLUTE MAPPINGS

Definition 5.1. A mapping f: (X, 7,Z) — (Y,k,J) is said to be P-I-irresolute if
f~YV) e PIO(X,1,I) for all V € PIO(Y,k,J).

Definition 5.2. A mapping f : (X,7,7) — (Y,k,J) is said to be Z-irresolute if
fUV) e I0(X,1,T) for all V € TO(Y, &, J).

Example 5.3. Let (X,7,7) be an ideal topological space with X = {a,b,c,d},
T =1{0, X, {c}, {a,b},{a,b,c}}, T = {0, {a}}, and let (Y, k, J) be an ideal topological
space with Y = {1,2,3,4}, x = {0,Y, {1,2},{1,2,3}} and J = {0,{2}}. Then



P.-Z-OPEN MAPPINGS, P-Z-CONTINUOUS MAPPINGS 399

I0(X,1,I) = {0, {b}, {c}, {a, b}, {b,c}, {a,b,¢}, {b,c,d}, X},
PIO(X,7,I) = {0, {b}, {c}, {b,c}, {b,c,d}},

I0(Y,s,J) = {0,{1}, {1,2}, {1, 3}, {1,4},{1,2,3},{1,2,4},{1,3,4}, Y},
PIOY,k, J) = {0,{1},{1,3},{1,4},{1,3,4}}.

(a) A mapping f: (X,7,Z) — (Y,«,J) given by f(a) =2, f(b) =1, f(c) =4 =
f(d) is both P-T-irresolute and Z-irresolute.

(b) A mapping g : (X,7,T) — (V,k,J) given by g(a) = 2 = g(d), g(b) = 1,
g(c) = 3 P-I-irresolute which is not Z-irresolute.

(c)A mapping h : (X,7,T) — (Y,&,TJ) given by h(a) = 3, h(b) =1, h(c) =2 =
h(d) Z-irresolute which is not P-Z-irresolute.

(d) A mapping ¢ : (X,7,I) — (Y,k,J) given by i(a) = 1, i(b) = 2 = i(c),
i(d) = 3 is neither Z-irresolute nor P-Z-irresolute.

The above example shows that an Z-irresolute mapping and a P-Z-irresolute
mapping are independent.

Theorem 5.4. If a mapping f: (X,7,Z) — (Y, k) satisfy the following conditions,
o [ is P-T-continuous.
o UV C FHV) or fTH(V) € fTHV)y for eack V C Y

then f is both an I-trresolute mapping and a P-I-irresolute mapping.

. Proof. Assume that f satisfy two conditions. It is sufficient to show that the inverse
image of Z-open set is P-T-open set because every P-Z-open set is an Z-open set by
Theorem 2.8. Let A be an Z-open set. Then A C Int(A*). Since f is P-Z-continuous,
f~1(Int(A*)) is P-Z-open and hence f~!(Int(A*)) C pInt(f~(Int(A*));). It follows
from the second condition that

F7H(A)  pInt(f~ 1 (Int(A%));)
C plut(f~(A4%);)
C pInt(f 7 (A)}):
Hence f~1(A) is P-T-open. Since every P-I-open set is an Z-open set by Theorem
2.8, f is both an Z-irresolute mapping and a P-Z-irresolute mapping. ]
The following example shows that a P-T-continuous mapping is neither an Z-

irresolute mapping nor a P-Z-irresolute mapping.

Example 5.5. Consider two ideal topological spaces (X, 7,7) and (Y, s, J) where
X = {a,b,¢,d}, 7 = {0, X,{a,b},{a,b,c}}, T = {§,{c}}, ¥ = {1,2,3,4}, & =
{0,Y,{3},{1,2},{1,2,3}}, and J = {0,{1}}. Define a mapping f : (X,7,Z) —
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(Y,&,T) by f(a) =3, f(b) =1, f(c) =4 and f(d) = 2. Then f is a P-I-continuous
mapping. Note that A = {2} is both an T-open set and a P-Z-open set in (Y, k, J).
But f~1(A) = {d} is neither an Z-open set nor a P-Z-open set. Hence f is neither
an ZI-irresolute mapping nor a Z-irresolute mapping.
Theorem 5.6. If a mapping f : (X,7,Z) — (Y,k,T) satisfy the following condi-
tions,
o f is Z-continuous.
o FTHVY) C Y V) or fTYV*)  F7HV)* for each V C Y.
then f is an Z-irresolute mapping.
Proof. Assume that f satisfy two given conditions. Let A be an Z-open set. Then
A C Int(A*). Since f is Z-continuous, f~!(Int(A*)) is Z-open. It follows that
F7HA) € F (Inb(4%))
C Int(f~}(Int(A4*))*)
C Int(f~1(4%)*)
C Int(f~(4)%)
so that f~1(A) is Z-open. Therefore f is an Z-irresolute mapping. 0
The following example shows that although a mapping f satisfy two conditions
of Theorem 5.6, f may not be a P-Z-irresolute mapping.
Example 5.7. Let X = {a,b,c,d}, 7 = {0, X, {a, b}, {a,b,c}} and Z = {0, {c}}. Let
Y ={1,2,3}, s = {0,Y,{1},{1,2}}, and J = {0, {2}}. A mapping f: (X,7,I) —
(Y,&,J) given by f(a) = f(c) =1, f(b) =2, and f(d) = 3 is Z-irresolute and satisfy
the condition
AV cf i WV)or AV C fY (V) foreach V C Y.
But f is not P-I-irresolute because f~1({1}) = {a,c} & PIO(Y, &, J).
Theorem 5.8. Let f: (X,7,I) — (Y,k,J) be a mapping. If
F7H(4y) c plnt(f71(A);)
for each A CY, then f is a P-I-irresolute mapping.

Proof. Let A be a P-I-open set. Then A C pInt(A,) which implies that
FHA) € F7H(pInt(4;)) € f71(4;) C plnt(f7(A);).

Hence f is a P-Z-irresolute mapping. O
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The converse of above theorem may not be true as seen in the following example.
Example 5.9. Let X = {a,b,¢c,d}, 7 = {0, X, {a,b},{a,b,c}} and T = {®, {c}}. Let
Y = {1,2,3}, x = {0,Y,{1},{1,2}}, and J = {0, {2}}. A mapping f: (X,7,I) —
(Y,k,J) given by f(a) =1, f(b) =2 = f(c) and f(d) = 3 is P-I-irresolute. For a
set A = {1}, we have

F7HAp) = X ¢ plnt(f71(A);) = {a}.

If f=1(A}) C pInt(f~'(A);) for each A C Y, then is f a Z-irresolute mapping?
The answer is negative as seen in the following example.
Example 5.10. Let X = {a,b,c,d}, 7 = {0, X,{c},{a,b},{a,b,c}} and T =
{0,{a}}. Let Y = {1,2,3,4}, x = {0,Y,{1,2},{1,2,3}}, and J = {0,{2}}. A
mapping f : (X,7,I) — (Y,k,J) given by f(a) = 2 = f(d), f(b) =1, f(c) =3,
is satisfied f~1(A3) C pInt(( f’l(A));) for each A C Y. But f is not a Z-irresolute
mapping because f~1({1,2}) = {a,b,d} ¢ ZO(X,,T) for {1,2} € ZO(Y, &, J).
Theorem 5.11. Let f: (X,7,T) — (Y,x,J) be a mapping. If

FHAY) € Int(f71(A4)")
for each A CY, then f is an T-irresolute mapping.
Proof. Let A be an Z-open set. Then A C Int(A*) which implies that
FHA) € 71 (Int(A%) € F7H(AY) < Int(F7H(A)Y).

Hence f is an I-irresolute mapping. O

The converse of above theorem may not be true as seen in the following example.
Example 5.12. Let X = {a,b,¢,d}, 7 = {0, X, {a,b},{a,b,c}} and T = {0, {c}}.
Let Y = {1,2,3}, « = {0,Y,{1},{1,2}}, and J = {0,{2}}. A mapping f :
(X,7,I) — (Y,k,J) given by f(a) =1 = f(c), f(b) =2 and f(d) = 3 is Z-irresolute.
For a set A = {3}, we obtain

FH(Ap) = {d} ¢ plut(f~1(A)") = 0.

If f~1(A*) ¢ Int(f~1(A)*) for each A C Y, then is f a P-Z-irresolute mapping?
The answer is negative as seen in the following example.

Example 5.13. Let X = {a,b,¢,d}, 7 = {8, X, {a,b},{a,b,c}} and T = {0, {c}}.

Let Y = {1,2,3,4), x = {,Y,{3},{1,2},{1,2,3}}, and J = {0, {1},{3},{1,3}}.
A mapping f : (X,7,T) — (Y,&,J) given by f(a) =2 = f(c), f(b) =1, f(d) =3,
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is satisfied f~1(A*) C Int(f~1(A)*) for each A C Y. But f is not a P-Z-irresolute
mapping because f~1({2}) = {a,c} & PIO(X,1,I) for {2} € PIO(Y,k,J).
Lemma 5.14 ([18]). Let A be a subset in an ideal topological space (X, 7,T). Then
pInt(A;) C Int(A*).
Lemma 5.15 ([18]). For any subset A of an ideal topological space (X, T,T), we
have
(i) A, C A~
(i) A, C pCl(A).
Corollary 5.16. Let f : (X,7,Z) — (Y,k,J) be a mapping. If
FH(AY) C plnt(£7(A);)
for each A CY, then f is both an I-irresolute mapping and a P-T-irresolute map-
ping.
Proof. Since A; C A* by Lemma 5.15(i), f”l(A;) C fYA*). It follows that
f"l(A;) cfian c pInt(f"l(A);‘,) C Int(f~!(A)*) by the hypothesis and Lemma
5.14. Thus f is both P-Z-irresolute and Z-irresolute by Theorem 5.8 and Theorem
5.11. O
Theorem 5.17. For two mappings f : (X,7,I) = (Y,k,J) and g : (Y,k,T) —
(Z,8,H), the following statements are valid.
(i) If f is P-I-irresolute and g is P-I-irresolute, then g o f is P-I-irresolute.
(ii) If f is P-I-irresolute and g is P-I-continuous, then go f is P-I-continuous.
(iii) If f is T-irresolute and g is T-irresolute, then g o f is I-irresolute.
(iv) If f is T-irresolute and g is P-I-continuous, then go f is IT-continuous.
(v) If f is T-irresolute and g is I-continuous, then go f is IT-continuous.
Proof. Straightforward. O
Theorem 5.18. Let mapping f : (X,7,T) — (Y,k,7), g: (Y,k,T) — (Z,6, H). If
g s an injective mapping then the followings are valid.
(i) If g is P-I-open and go f is P-I-irresolute, then f is P-I-continuous.
(ii) If g is T-open and g o f is I-irresolute, then f is I-continuous.
(i) If g is open and go f is P-I-continuous, then f is P-I-continuous.

(iv) If g is open and go f is IT-continuous, then f is I-continuous.

Proof. Straightforward. O
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