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WEAKLY CANCELLATIVE ELEMENTS IN SEMIGROUPS

JonGg MooN SHIN

ABSTRACT. This paper gives some sorts of weakly cancellative of elements which
are to be or not to be left magnifying elements in certain semigroups and gives a
semilattice congruence in a weakly separative semigroup.

1. INTRODUCTION

The notion of a left (right) magnifying element of a semigroup was introduced
by E. S. Ljapin[6]. In [1, 2, 3, 8, 10] and related papers authers determined many
properties of magnifying elements of semigroups. In {12], K. Tolo introduced the
notion of strongly left (right) magnifying elements of a semigroup. This kind of
magnifying elements also arises in connection with another interesting problem, the
possible factorization of semigroups. It is well known that any cancellative semigroup
can have no left (right) magnifying element. In this paper, we discuss some sorts
of weakly cancellative elements, which are to be or not to be left (right) magnifying
elements in certain semigroups. And we give analogues of some of results in the
separative semigroups. For undefined terms used in this paper, we referred to [11].

2. SEMICANCELLABLE ELEMENTS

We recall that an element a of a semigroup S is said to be left magnifying if there
exists a proper subset M of S such that aM = §.

Dually, a right magnifying element is defined.

Note that any idempotent element of a semigroup is not a left (right) magnifying
element and that any cancellative semigroup can have no a left (right) magnifying

element [6].
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We recall that an element of a semigroup S is said to be strongly left magnifying
if there exists a proper subsemigroup T of S such that T = §. Dually, a strongly
right magnifying element is defined. This notion is due to K. Tolo [12].

Note that every strongly left magnifying element of a semigroup S is a left mag-

nifying element.

Definition. A semigroup S is said to be factorizable if § = AB, where A and B

are proper subsemigroups of S.

Example ([8]). If a is a strongly left maginifying element of the semigroup S, then
there exists a proper subsemigroup T of S such that aT = §. Thus § =< a> T,
where < a > S since a commutative semigroup contains no magnifying element.

Hence S is factorizable.

We recall that a proper subset M of a semigroup S is said to be minimal for the
left magnifying element a if aM = S and a(M ~ {m}) # S for any m € S. This
notion and the following Lemma are due to F. Miglinorini [10).

Lemma 2.1 ([10]). Let a be a left magnifying element of a semigroup S. Then there
ezists a proper subset M of S which is minimel for a such that aM = S.

Let a be a left maginifying element of a semigroup S. Is it possible that among
the proper minimal subsets M for aM = 8§, a certain set could be found, which is
subsemigroup of §?7. This is possible, as the following Lemma shows.

Lemma 2.2 ([3]). Let a be a left magnifying element of a semigroup S with left
identity. Then there exists a minimal right ideal T of S which is minimal for a such
that «T = S.

Definition. An element a of a semigroup S is said to be left semicancellable if

as = at, s,t € S, there exists r € S such that ar = a and rs = rt.

Definition. An element a of a semigroup S is said to be left e-cancellable if there

exists ¢ € § such that as = at,s,t € §, implies ae = a and es = et.

Note that any idempotent e € S is left e-cancellable and every left e-cancellable

element is left semicancellable [5].

Remark. If a is a left e-cancellable element of a semigroup S and e? = e in S,
then a may be a left magnifying element of S.
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Example. Let S = B(p, q) be the bicyclic semigroup generated by two elements p
and g with the relation pg = 1. Then the elements of S can be displayed as follows;

1 p p* P
g g ap* qp®

a’p ¢*p® ¢*p
¢ép ¢*p? ¢p

Let e = ¢p. Then e is an idempotent of S. For ps = pt for some s, t € S, pe =
p(gp) = p. From ps = pt, gps = gpt. So, es = et. Thus p is a left e-cancellable
element of S. Since the set ¢S does not contain p, ¢S is a proper subset of S. And
p(¢S) = (pq)S = S. Hence p is a left magnifying element of S.

Theorem 2.1. If a left semicancellable element a of a semigroup S with left identity

is a left magnifying element, then a is a left e - cancellable element of S and €? = e.

Proof. Let a € S be left semicancellable element. Suppose that a is a left magnifying
element of S. Then by the Lemma 2.2., there exists a minimal right ideal T of S
which is minimal for @ such that a7 = S. Let s € § — T. Then as = at for
some t € T. Since aT = S, there exists v € T such that a = av. Since a is left
semicancellable, there exists s € S such that as’ = (av)s’ = a and §'s = §'t.
Thus vs's = vs't. We put e = vs', thene = vs' € TS C T since T is a minimal
right ideal of S. Thus e € T and ¢ = ae and es = et. Here e is not a left identity
of S by the choice of s and t. Moreover, ae = ae?. Now assume that e # e2. Then
a(T — {€?}) = aT = S,and T — {e?} # T. This contradict to the minimality of
T. Thus e = e. Hence a is a left e- cancellable element of S and e? = e. O

3. WEAKLY SEPARATIVE SEMIGROUP

We recall that a semigroup S is said to be weakly separative if for any a, b €
S, a® = ab = b? implies a = b.

This notion is a weak version of a cancellative semigroup.
Definition. A semigroup S is said to be medial if for any a, b, z, y € §,
axyb = ayzxbh.

We recall that an element a of a semigroup S is said to be completely regular if
there exists * € S such that a = aza and ax = za.
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Lemma 3.1 ([3]). If a is a completely reqular element of a semigroup S, then a s

not a left magnifying element of S.

Lemma 3.2 ([11]). em Let S be a semigroup. Then a is a completely regular
element of S if and only if a € a2S N Sa?.

Theorem 3.1. If S is a medial weakly separative semigroup. Then S can have no

left magnifying element.

Proof. Suppose that S is a medial weakly separative semigroup. Assume that a is
a left magnifying element of S. Then there exists a proper subset M of S such that

= §. Also, aS = S. So, a®S = aS = S. Thus there exists z € S such
that @ = a?z. This implies, by using the mediality of S, a?> = a%za = a(aza) =
azaa = (az)(a®z)a = (aza)?®. Since S is weakly separative, a = aza. Since
£ € S = aS,z = ay for some y € S. Thus za® = aya®. This implies, by
using the mediality of S, (za?)? = (za?)(za?) = (za?)(aya?) = (cva2)(ayaa) =
(za®)(aaya) = (za®)(aza) = (zaz)a, and (za?)a = (ay )a = a(ya)a® ==
a(ay)a? = ara® = (aza)a = a?. So, (za?)? = (a:a2)a = a*. Since S is weakly
separative, za?> = a. Thus a € a?5 N Sa®. By Lemma 3.2, a is a completely
regular element of S. By Lemma 3.1, a is not a left magnifying element of S. This

is a contradiction. O

We recall that a semigroup S is (1,2)—commutative if for any a, b, ¢ € S,a(bc) =
(bc)a. This notion is a weak version of a commutative semigroup.

A semigroup S is left (right) separative if for any a, b € S,ab = a? and ba =
b? (ab = b? and ba = a?) imply @ = b. A semigroup is separative if it is both left and
right separative. Note that a semigroup is separative implies it is weak separative.

the converse holds in a commutative semigroup.

The following results are some analogues in the separative semigroups [11].

Lemma 3.3. Let S be an (1,2)-commutative weakly separative semigroup. Then
the following statements hold. For any a, b, z,y € S,

(1) za = zb if and only if ax = bx.

(2) 22a = z2b if and only if xa = zb.

(3) zya = zyb if and only if yra = yxb.
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Proof. (1) Suppose that za == zb for all z, a, b € S. Then (az)? = (az)(az) =
a(za)z = a(zb)x = a(zbz) = a(bzz) = axzb = az®b by using the (1,2) - commuta-
tivity of S. Similarly, (bz)? = b(zb)z = b(za)z = (za)zb = (zaz)b = (azz)b = az?b.
Thus (az)? = (az)(bz) = az?b = (bz)? for all z,a,b € S. Since S is weakly
separative, ax = bz. The opposite implication follows by symmetry.

(2) Suppose that z%a = z°%b for all z,a,b € S. Then z(za) = z(zb). So,
zar = zbx by (1,2) - commutativity of S. by using the (1,2) - commutativity of
S, (az)? = a(zaz) = a(zbr) = (az)(bz) = a(zbz) = a(brz) = azzb = az®bh, and
(bz)? = b(xbz) = b(zaz) = blazz) = bax® = az?h. Thus (az)? = (az)(bz) = (bx)?.
Since S is weakly separative, az = bz. By (1), za = zb.

(3) Suppose that zya = zyb for all a, b, z, y € S. Then zyay = zyby. By (1),
yayzr = ybyz. This implies yayza = ybyza. By (1), ayzay = byzay and ayzby =
byzby. So, ayrayr = byzayz and ayzbyr = byzbyz. Thus (ayz)? = (byz)(ayz)

“and (byz)? = (ayz)(byzx). By using the (1,2) - commutativity of S, (ayz)(byz) =
(ayz)b(yz) = b(yz)(ayz) = (byz)(ayz). So, (ayz)® = (ayz)(byz) = (byz)®. Since
S is weakly separative, ayz = byz. By (1), yza = yxb. The opposite implication
follows by symmetry. O

Definition. Let S be a semigroup, and let o is a congruence on S. o is called a

semilattice congruence if S/o is a semilattice.

Theorem 3.2. Let S be an (1,2) - commutative weakly separative semigroup. Define
a relation o0 on S by xoy if for anya, b € S, xa = zb if and only if ya = yb. Then

o 15 a semilattice congruence.

Proof. We can easily prove that ¢ is an equivalence relation on S. Let zoy and
z € 8. Then xa = zb if and only if ya = yb for any a, b, € S. Since ¢ and b
are arbitrary, £(za) = z(2b) if and only if y(za) = y(2b). So, (zz)a = (zz)b if and
only if (yz)a = (yz)b for any a, b, € S. Thus zzoyz. Next, if (zz)a = (22)b,
then z(za) = z(zb). By (1) of Lemma 3.3, (za)z = (xzb)z. So, z(az) = z(bz).
By definition of o, y(az) = y(bz). By (1) of Lemma 3.3., (az)y = (b2)y. So,
a(zy) = b(zy). By (1) of Lemma 3.3., (zy)a = (zy)b. Again if (zy)a = (zy)b, then
z(ya) = z(yb). By (1) of Lemma 3.3., (ya)z = (yb)z. So, y(az) = y(bz).

By definition of ¢, z(az) = z(bz). By (1) of Lemma 3.3, (az)z = (bz)z. So,
a(zz) = b(zz). By (1) of Lemma 3.3, (2z)a = (22)b. Thus (2z)a = (2z)b if and only

if (zy)a = (zy)}b. Hence zz o 2y, and hence ¢ is a congruence on S. Let o, € S/o.
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Then by (2) of Lemma 3.3., z2a = x2b if and only if za = zb for any a, b € S. So,
z?oz. Thus (0;)% = 0,0, = 0,2 = 0. Hence S/o is a band. Let 04, 0y € S/o.
Then by (3) of Lemma 3.3., zya = zyb if and only if yza = yzb. So, zyoyz.
Thus 04y = oy;. Hence 0,0y = 03y = 0y = 040, and hence S/o is commutative.

Therefore S/ is a semilattice. O

Theorem 3.3. Every idempotent of an (1,2) - commutative weakly separative semi-

group S is central.

Proof. Let a € S, and let e is an idempotent in S. Then by using the (1,2)
- commutativity of S, (ea)? = (ea)(ea) = (ea)(eea) = (ea)(eae) = (ea)(aee) =
(ea)(ae) = (eea)(ae) = (eae)(ae) = (aee)(ae) = (ae)?. Thus (ea)? = (ea)(ae) =

(ae)?. Since S is weakly separative, ea = ae. Hence e is central. O
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