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LIE IDEALS AND DERIVATIONS OF ¢-PRIME RINGS

HUANG SHULIANG

ABSTRACT. Let R be a 2-torsion free o-prime ring with an involution o, U a nonzero
square closed o-Lie ideal, Z(R) the center of R and d a derivation of R. In this paper,
it is proved that d = 0 or U C Z{R) if one of the following conditions holds:

(1) dlzy) ~ 2y € Z(R) or d{zy) — yz € Z(R) for all z,y € U.

(2) di{z)od(y) =0or d(z)od(y) =z oy for all z,y € U and d commutes with o.

1. INTRODUCTION

" Throughout the present paper R will denote an associative ring with center Z(R).
For any z,y € R, the symbo! [z,y] stands for the commutator zy — yz and the
symbol z o y denotes the anti-commutator zy + yz. In all that follows the symbol
Sas(R), first introduced by L. Oukhtite, will denote the set of symmetric and skew
symmetric elements of R, i.e. Sa,(R) = {x € R | o(z) = £z}. An involution o
of a ring R is an anti-automorphism of order 2 (i.e. an additive mapping satisfying
‘o(zy) = o(y)o(z) and o(z?) = z for all z,y € R). An additive subgroup U of R
is said to be a Lie ideal of R if [u,r] € U for all u € U and r € R. A Lie ideal U
which satisfies o(U) = U is called a o-Lie ideal. If U is a Lie (resp. o-Lie) ideal of
R, then U is called a square closed Lie (resp. o—Lié) ideal if u2 € U for all u € U.
The fact that uv + vu = (u + v)? — 1?2 — v € U together with uwv — vu € U yields
that 2uv € U for all u,v € U. Therefore, for all r € R and u,v € U, we have both
2r[u, v] = 2[u, 7v] — 2[u,rJv € U and 2[u,v]r = 2[u,vr] — 2v[u,r] € U. This remark
will be used freely in the whole paper. An additive mapping d : R ~— R is called
a derivation if d(zy) = d(z)y + zd(y) holds for all z,y € R. A ring R is called
2-torsion free, if whenever 2z = 0, with 2 € R, then £ = 0. Recall that a ring R is
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prime if for any a,b € R, aRb = 0 implies a = 0 or b = 0. A ring R equipped with
an involution o is said to be a o-prime ring if for any a,b € R, aRb = aRo(b) =0
implies @ = 0 or b = 0. It is worthwhile to note that every prime ring having an
involution o is o-prime but the converse is in general not true. Such an example
due to L. Qukhtite is as following: Let R be a prime ring, S = R x R° where R°
is the opposite ring of R, define o(z,y) = (y, ). From (0,2)S(z,0) = 0, it follows
that S is not prime. For the o-primeness of S, we suppose that (a,b)S(z,y) = 0
and (a, b)So((z,y)) = 0, then we get aRz x yRb = 0 and aRy x zRb = 0, and hence
aRr = yRb = aRy = tRb = 0, or equivalently (a,b) =0 or (z,y) = 0.

Recently, L. Qukhtite, S. Salhi and L. Taoufiq extended some results of prime
rings to o-prime rings (see{1-9]). In [10], M. Ashraf and N. Rehman proved that if
d is derivation of a prime ring R such that d(zy) — 2y € Z(R) or d(zy) —yz € Z(R)
for all z,y in a nonzero ideal I, then R is commutative. In [11], M. Ashraf and N.
Rehman proved that if d is nonzero derivation of a 2-torsion free prime ring R such
that d(z) o d(y) = 0 or d(z) od(y) = zoy for all z,y € I, where I is a nonzero ideal
of R, then R is commutative. The author [12] extended these results to o-ideal of
o-prime ring. The purpose of this paper is to extend the above results to some more
general settings. Meanwhile, as there were only a few papers on o-prime rings, it
seems that the present paper would develop the study of the subject in this direction.

2. SOME PRELIMINARIES

We shall do a great deal of calculation with commutators and anti-commutators,

routinely using the following basic identities: For all z,y,z € R;

[zy, 2] = zly, 2] + [z, 2]y and [z, y2] = y(z, 2] + [z, y]2
zo(yz) = (woy)z — ylz, 2] = y(woz) + [z, vz

(zy)oz = z(yoz) — [z, 2]y = (zoz)y + =z[y, 2].
We shall also make use of several known results, which we now state as lemmas:

Lemma 2.1 ([1, Lemma 4]). IfU € Z(R) is a o-Lie ideal of a 2-torsion free
o-prime ring R and a,b € R such that o(a)Ub=aUb=0, thena =0 orb=20.

Lemma 2.2 ([2, Lemma 2.3]). Let R be a 2-torsion free o-prime ring, U a nonzero
o-Lie ideal of R. If [u,v] = 0 for all u,v € U, then U C Z(R).
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Lemma 2.3 ([2, Lemma 2.4]). Let R be a 2-torsion free o-prime ring, U a nonzero
o-Lie ideal and d a nonzero derivation of R. If d(U) C Z(R), then U C Z(R).

Lemma 2.4 (|2, Theorem 1.1]). Let R be a 2-torsion free o-prime ring, U a nonzero
o-Lie ideal and d a nonzero derivation of R. If d*(U) = 0, then U C Z(R).

3. THE MAIN RESULTS

Theorem 3.1. Let R be a 2-torsion free o-prime ring with an involution o, U a
nonzero square closed o-Lie ideal and d a derivation of R. If d(zy) — zy € Z(R) or
d(zy) — yr € Z(R) for allz,y € U, thend =0 or U C Z(R). '

Proof. Assume that U € Z(R) andlet Gy = {z € U | d(zy) —zy € Z(R) forally €
U} and Gy = {z € U | d(zy) —yz € Z(R) for all y € U}. Then G; and G; are
additive subgroups of U and U = G1|JG3. But a group can’t be a union of two of
its proper subgroups, hence U = G) or U = G,. Suppose that U = G, then

d(w)y +ad(y) —zy € Z(R) for all z,y € U. (1)
Replacing y by 2yz in (1) we get
(d(z)y + zd(y) — zy)z + zyd(z) € Z(R) for all z,y,z € U.
And therefore 0 = [(d(x)y + zd(y) — zy)z + zyd(z), z] = [zyd(z), 2], hence
zyld(z), z] + zly, 2]d(z) + [z, 2]yd(z) = 0 for all z,y,z € U. (2)
Replacing = by 2wz in (2) and using (2), then we have [w, z|zyd(z) = 0 and therefore
[w, 2]Uyd(z) = 0 for all w,y,z € U. (3)
If z € UM Sas(R), then (3) yields [w,2]Uyd(z) = 0 = o([w, z])Uyd(z) whence it
follows yd(z) = 0 by Lemma 2.1, in which case d(2)Ud(z) = 0 = o(d(2))Ud(z)
and thus d(z) = 0, or [w,z] = 0. Accordingly, d(z) = 0, or [U,2] = 0 for all
z € UNSas(R). Let u € U, as u— o(u) € U()Sa,(R), then d(u — o(u)) = 0
or [Uyu — o(u)] = 0. If d(u — o(u)) = 0, replacing z by o(u) in (3) we find that
o([w,u])Uyd(u) = 0, which leads to d(u) = 0 or [U,u] = 0. If [U,u— o(u)] = 0, then
[w,u] = [w,o(u)] for all w € U which gives, because of (3), o([w,u])Uyd(u) = 0,
whence it follows that [w,u] = 0 or d(u) = 0. In conclusion we find that d(u) = 0
or [U,u] = 0 for all w € U. Consequently, U is a union of two additive subgroups

Ui and Uy, where Uy = {u € U | d(u) = 0} and U = {u € U | [U,u] = 0}. But a
group can’t be a union of two of its proper subgroups and thus U = U; or U = Us.
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The fact that U € Z(R) forces, because of Lemma 2.2, U = U;. We therefore have
d(U) = 0, whence it follows, according to Lemma 2.3, that d = 0. Now suppose that
U = G;, then we have d(z)y + zd(y) — yz € Z(R) for all z,y € U. Using the similar

techniques as used in [10, Theorem 2.3], we obtain

[z, 2)zyd(z) = 0 for all z,y,2z € U. 4)
Replacing z by 2zu in (4) we get [z, z]Juzyd(z) = 0 and therefore

[z, z2]Uzyd(z) = 0 for all z,y,z € U. (5)

For all z € U Saq(R), from (5) o([z,2])Uzyd(z) = 0 and hence zUd(z) = 0, in
which case = 0 or d(x) = 0, or [z, z] = 0. Consequently d(z) =0, or [z,U] = 0 for
all z € U Sa,(R). Using the same techniques as used above, we get d = 0. a

Theorem 3.2. Let R be a 2-torsion free o-prime ring with an involution o, U a
nonzero square closed o-Lie ideal and d a derivation of R which commutes with o.
Ifd(z)od(y) =0 ord(z)od(y) =zoy for allz,y € U, thend =0 or U C Z(R).

Proof. Assume that U € Z(R). Using similar arguments as in the beginning of the
proof of Theorem 3.1, we get d(z) od(y) =0 for all z,y € U or d(z) od(y) =zo0y
for all x,y € U. Suppose that

d(z)od(y)=0for all z,y € U. (6)
Replacing y by 2yz in (6) we get
[d(z),y)d(z) — d(y)ld(z),2] =0 for all z,y,z € U. (7
Substituting 2[u, v]d(z) for y in the above relation, we obtain
[d(z), [w, v]ld(z)d(2) — d([w, v])d(z)[d(z), 2] — [u,v]d*(z)[d(z), 2] = O
According to (7), one can replace in the above relation d(z)[d(z), 2] by [d(z), z]d(z)

which gives
[d(z), [u, v]]d(z)d(z) — d([u, v))[d(z), 2)d(2) — [u,v]d*(z)[d(z), 2] = O
Since [d(z), [u, v]]d(z) — d([u,v]){d(z), z] = 0 by (7), we then get
[u, v]d?(z)[d(z), 2] = O for all u,v,z,2 € U. (8)

Replacing v by 2vw in (8) and using (8), we obtain [u,v]wd?(z)[d(z),z] = 0 and
therefore
[u, v]Ud?%(x)[d(z), 2] = 0 for all u,v,z,z € U. (9)
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As U € Z(R), then [U,U] # 0 by Lemma 2.2, and from (9) it follows that
d?®(z)[d(z),z] = 0 for all z, z € U. (10)

Putting 2yz for z in (10), we arrive at d?(z)y[d(z), z] = 0 and therefore
d?(z)U[d(z),z] =0 for all 2,z € U. (11)

For all z € U () Sa,(R), since d commutes with o, from (11) it follows that d?(z) = 0
or [d(z),z] = 0 for all z € U. Using the same techniques as used in the proof of
Theorem 3.1, we conclude that d?(z) = 0 or [d(z),U] = 0 for all z € U. Let
Uy ={ueU|d*u) =0} and Uy = {u € U | [d(u),U] = 0}, it is clear that
Us and Uy are additive subgroups of U and U = Us|J U4 and hence U = Us or
U =Uy. IfU = Uz, then d?(U) = 0 and Lemma 2.4 forces d = 0. If U = Uy, then
[d(z),y] =0 for all z,y € U. Taking 2r[y, 2] instead of y, where r € R, we obtain
[d(z),7][y, 2] = 0 for all 2,3,z € U and r € R. The substitution of rs for r in the

above relation gives [d(z),7]s[y, 2] = 0 and therefore
l[d(z),r]R[y,2] =0 for all z,y,z € U and r € R. (12)
Since U is a o-Lie ideal, then [d(z), "|Ro([y, z]) = 0 and (12) yields that [d(z),7] =0
or [y,2] =0 forall z,y,2 € U and r € R. As U € Z(R), then [U,U] # 0 and thus
[d(z),r] = 0. Accordingly, d(U) C Z(R), whence it follows, applying Lemma, 2.3,
that d = 0. Now suppose that
d(z)od(y) =zoyfor all z,y € U. (13)
Substituting 2yz for y in (13) we get
(d(z) o y)d(2) ~ d(y)[d(z), 2] — yld(z),d(z)] + y[z,2] =0 for all z,y,2 € U. (14)
Replacing y by 2d(z)[u,v] in (14) and using (14) we obtain

d?(z)[u, v}[d(z), 2] = 0 for all u,v,z,z € U. (15)

Substituting 2wz for z in (15) and using (15), we have d?(z)[u, v]w[d(z), z] = 0 and
therefore

d?(z)[u, v)Ud(z), 2] = 0 for all u,v,z,z € U. (16)

For allz € U () Sa,(R), since d commutes with o, from (16) it follows that d?(z) = 0

or [d(z), 2] = 0 for all z € U. Reasoning as above, we conclude that d = 0. O
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